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ABSTRACT

Loewy’s decomposition of a linear ordinary differential op-
erator as the product of largest completely reducible compo-
nents is generalized to partial differential operators of order
three in two variables. This is made possible by consider-
ing the problem in the ring of partial differential operators
where both left intersections and right divisors of left ideals
are not necessarily principal. Listings of possible decom-
position types are given. Many of them are illustraded by
worked out examples. Algorithmic questions and questions
of uniqueness are discussed in the Summary.

1. INTRODUCTION

About one hundred years ago Loewy proved the funda-
mental result that any ordinary differential operator may be
represented uniquely as the product of largest completely re-
ducible operators, i.e. operators that are the left intersection
of irreducible operators of lower order [10]; see also Chap-
ter 2 of the book [12]. This decomposition provides a de-
tailed understanding of the structure of the solution space of
the corresponding differential equation. Therefore it would
be highly desirable to generalize it to partial differential op-
erators as well. Amazingly this has never really been done
since Loewy’s original work. In this article Loewy decom-
positions of third-order operators in two variables are con-
sidered in detail; the possible limitations are also discussed.
In the subsequent section some basic notations from differ-
ential algebra are introduced; details may be found in the
book by Kolchin [9] or the articles by Buium and Cassidy [2]
or Quadrat [11]. The main part of the article is organized
according to leading derivatives of the respective operators.
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2.BASIC DIFFERENTIAL ALGEBRA

In this section some basic terminology from differential
algebra that is used throughout the article will be intro-
duced. Rings of differential operators D = F|[0,0,] or
D = Q(z,y)[0s,0y] are considered; F is a universal differ-
ential field. F or Q(z,y) are called the base field. Let the
left ideal I be generated by elements I, € D, i = 1,...,p.
Then one writes I = (l1,...,lp). Because right ideals are
not considered, sometimes [ is simply called an ideal. As a
rule, the [; are assumed to form a Janet basis in the term
order grlex with x > y. If z is some differential indetermi-
nate, l;z = 0, i = 1,...,p, is the corresponding system of
pde’s. The following shorthand notation is frequently used.
If only the leading terms of the generators of an ideal are of
interest the non-leading terms are omitted; it is denoted by
(.)rr.

Let I C F[0s,0y] be an ideal and H; its Hilbert-Kolchin
polynomial ([9], page 130; [2], page 602). The degree deg(Hr)
of Hy is called the differential type of I. Its leading coeffi-
cient lc(Hy) is called the typical differential dimension of I.
The pair (deg(Hr),lc(Hr)) has been baptized the gauge of
the ideal I [7].

Let I and J be two ideals. Important constructions are
the greatest common right divisor Gerd(I,J) or the sum
ideal; and the least common left multiple Lelm(I, J) or the
left intersection. In [7] it has been shown how they are com-
puted algorithmically. Finally the relative syzygy module
Syz(I,J) of I and J = (g1,...,gq) is generated by

{h=(h1,...,hg) € DV h1g1 + ...+ hqgq € }.
Define two ordinary differential operators by
Dym =dpm + a1dgm—1 + ... + am—1ds + am,
Dyn =dyn +bidyn—1 + ...+ bpn_1dy + bn;
m and n are natural numbers not less than 2. Several ideals
generated by an operator of order three and one of these

operators will occur later in this article. A special notation
is introduced for them as shown in the table below. These
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relation to the iteration scheme introduced by Laplace, see
[6], vol. II, Chapter V, it is suggested to call them Laplace
divisors. The pair of upper indices of the ideals in Table 1



denotes the gauge of the respective ideal.

Notation | Leading term ideal
1 m) [ (Onyy O
5(171) (n) (Oway, Oyn) LT
S5 (m) | (Dray O )1

Ty () | {Oeyy Oy )T

e (Ozazz, Oxay) LT

Table 1. Some ideals of gauge (1,1) and (1,2) and order
of derivatives not higher than 3. The ideals involving the
parameter m or n will occur later on as Laplace divisors.

It turns out that the intersection ideals generated by two
first-order operators are of fundamental importance for un-
derstanding the different decomposition types discussed later
in this article. They are described in the following two the-
orems. The first theorem has been proved in [7].

THEOREM 2.1. Let the ideals I; = (0 + a;0y + b;) for
1 =1,2 with I # I be given. Both ideals have gauge (1,1).
There are three different cases for their intersection 11 N Ia,
all are of gauge (1,2).

i) Separable case a1 # as. If( 31 — 222 ) :( %
there holds It NIz = (Ozz)LT and
b — azb b1 —b
hoth= (o4 M o by
a; — az a; — az

1) Double oot a1 = a2 = a, by # ba. There holds
LinIy, = {(0zz)rr and I1 + I =< 1).

iit) If the preceding two cases do not apply there holds
Ii NIz = (Ozwa, Ovay)rr and It + Io = (1).

If a decomposition comprises an operator with leading
derivative 0y, the following result is required.

THEOREM 2.2. Let the ideals Iy = (0 + a10y + b1) and
I = (0y + ba2) be given. There are two different cases for
their intersection Iy N Ia.

Z) ]f (b1 7a1b2)y = bg,z there holds Iy NI = (&cy)LT and
I + Iy = (02 + b1 — a1ba, 8y + ba).

1) If the preceding case does not apply there holds
LNl = <8my,8zyy>LT and I + I = <1>
The proof involves a slight modification of the proof of Theo-
rem 2.1, it involves essentially Janet basis calculations. The
special case that n first-order equations originate from the
factorization of an operator of order n is treated next.

LEMMA 2.3. Let L be a partial differential operator in x
and y with leading term Ogn, and let l; = Oy + a;0y + by,
i =1,...,n, a; # a; fori # j, be n right divisors of L.
Then the intersection ideal generated by the l; is principal
and is generated by L.

Just like factoring an ordinary differential operator in-
volves solving Riccati equations 3 + ay® + by + ¢ = 0, fac-
toring pde’s in the plane may require to solve equations of
the form

zm—l—azy—kbzz—i—cz—i—d:()

where a, b, ¢, d are from the base field. For obvious reasons
they are called partial Riccati equations. They have been
discussed in detail in [7].

),

3. PDE'SWITHLEADING DERIVATIVE = O

This case is also interesting for historical reasons because
it was the first third order partial differential operator for
which factorizations were considered [1]. Especially the op-
erator discussed in Blumberg’s thesis, see Example 3.7 be-
low, attracted a lot of interest.

PROPOSITION 3.1. Let the third order linear partial dif-
ferential operator

Dam:ac = Ozzx + Alaamcy + AQa:cyy + A3ayyy
+A4azz + A58zy + A68yy + A7az + A88y + A9
(1)
be gwen with Ar € Q(z,y) for all k. Its first order right
factors O + a0y + b are essentially determined by the roots
a1, a2 and as of a® — A1a® + Asa — A3 = 0. The following
alternatives may occur.

1) If a1, a2 and as are three pairwise different rational
solutions and the corresponding b; are determined by
(8), each pair a;,b; satisfying (9) and (10) yields a
factor l; = 0y + a;0y + b;. If there are three factors,
the operator is completely reducible and there holds
Dywe = Lelm(ly, l2,13). If there are two factors, their
intersection may not be principal. If only a single pair
satisfies conditions (9) and (10), or there is only a sin-
gle rational solution which satisfies them, there is only
a single factor.

1) If a1 = a2 is a twofold rational solution that does not

satisfy (8), and as # a1 is a simple rational solution,

a single right factor Oy + a3z0y + bs exists if as, and b3

as determined by (8) satisfy (9) and (10).

i41) If a1 = as is a twofold rational solution satisfying (8),

a3z # a1 is a simple rational solution, and asz and bs

as determined by (8) do not satisfy (9) and (10), the
following subcases may occur.

a) There is a right factor of the form I(®) = 0, +
@10y + R(z,y, (¢p)) whereas R(z,y, P($)) is the
general solution of (9) satisfying (10); ¢(z,y) is

the first integral of % = ai(z,y), P is an un-
determined function; [(®) leads to a second order
Tight factor Lclm(ll(q)l),lz(q)z)) with q)l 7'é (I>2

specializations of .

b) There are two right factors l; = 0y + a10y +
ri(z,y), © = 1,2, if (9) has rational solutions
ri(x,y) satisfying (10), or if it has a general ratio-
nal solution as in case a), but constraint (10) sin-
gles out the special solutions r1(z,y) and r2(x,y);
l1 and la generate a second order factor Lelm(la, l2).

¢) There is a single right factor | = Oz+a10y+r(z,y)
if (9) has the single rational solution r(x,y) satis-
fying (10), or if it has two rational solutions or a
general rational solution, but (10) singles out the
single solution r(x,y).

w) If a1 = a2 1s a twofold rational solution satisfying (8),
as # a1 is a simple rational solution, and asz and bs
as determined by (8) satisfy (9) and (10), the same
distinctions occur as in the preceding case ii1), supple-
mented by an additional factor Oy + az0y + bs.



v) Ifar = a2 = a3 = %Al is a threefold rational solution,
there holds

AT Ay —3A1A5 + 946 = 0. (2)

The following subcases may occur.

a) If the coefficient of b in
(Ar,e + %AlAl,y + %A1A4 — As)b =
%Al,accc + %AlAl,xy + %A?Al’yy — %Al,xAl,y
+1A4A1 . — S AIAT ) — LA ALAL,
+1A45A1+ 3 A1A7 — As =0
3)

does not vanish, b may be determined uniquely
from it. A factor exists if the constraint

buo + 2 Arbay + L A3by, — 3bb, + Asby — Arbb,
f(%Alyz + %AlAl,y + %A1A4 — As)b,
+b% — Agb® 4 Azb — Ag = 0.
(4)

is satisfied.
b) If the coefficient of b in (3) vanishes, there holds

A+ %AIAl,y + %A1A4 —As =0,

Al,zz + %AlAl,zy + %A%Al,yy + A4A1,z + %Al,zAl,y

Jr%AlA%,y + %A1A4A1,y + %A1A7 —343 =0
(5)

and b is determined by
baw + 2 A1bay + $ATbyy — 3bby + Asby — A1bby
+%(A1,z + %AlAl,y + A1A4)by
+b% — Agb® 4+ Azb — Ag = 0.
(6)

PRroOOF. Dividing the operator (1) by 9, + ady + b, the
requirement that this division be exact leads to the following
set of equations between the coefficients.

a® — A1a® 4 Asa — A3 =0, (7)

(A1 — 3a)as + (3a® — 3A1a + 242)a,

a3 2 _ (8)
Asa” + Asa + (3a 2A1a+A2)b—A6,

(Ay — 3a)b, + (3a® — 3A1a + 2A2)b, — (A1 — 3a)b’
+ (A5 —2A4a — 2A1ay + 3aay — 3az)b
+ Gz + (A1 — @)azy + (a® — Ara+ A2)ay,
—2a,ay+Asa, — (A1 —a)a, — (Asa—As)ay+Ara— As = 0,
9)
buz + (A1 — a)byy + (a° — Ara + A2)by,
— (2az + (A1 — a)ay + Asa — As)by
+(As4—3b)by+(3a—2A1)bby+b° — Asb>+Azb—Ag = 0.

(10)

The algebraic equation (7) determines a. The following dis-
cussion is subdivided by the various cases.

Case i). Assume at first that it has three simple roots a1,
az and az. None of them may be rational, there may be a
single rational solution, or all three roots are rational. For
any of these roots the coefficient of b in (8) does not vanish
because it is the derivative of (7) w.r.t. a. Therefore for each
ai, equation (8) determines the corresponding value b;. For
those values of a; and b; which satisfy the constraints (9)
and (10), a right factor {; = 0z + a;0y + b; exists. If there
are three right factors, by Lemma 2.3 D... is completely
reducible and there holds Dger = Lelm(ly, 2, 13).

Case ii). Assume now there is a twofold rational solution
a1 = az # as of equation (7). The double root a1 = 5(A; —
\/A? — 3A,) is one of the roots of the equation p = 3a® —
2A1a + A2 = 0 of (7). The coefficient of b in (8) vanishes
for a = a1 because it is equal to p; (8) becomes a constraint
for ai. Assume that it is not obeyed. For the root as, the
coefficient bs follows from (8). The existence of a right factor
involving a3 and bs depends on whether they satisfy (9) and
(10). If this is true there is a single right factor 9, +asdy,+bs.

Case 3i). If the double root a1 does satisfy the constraint
following from (8), the corresponding value b = b; has to
be determined from the partial Riccati equation (9) with
a = a;1. Those values of a1 and b, satisfying (10) have to
be singled out. If as and b3 do not satisfy (9) and (10), the
only possible factor is the one involving a; and b1. A simple
calculation shows that the terms of (9) involving derivatives
of b simplify to by +a1by. According to Lemma 5.3 of [7], the
general solution for b; may contain an undetermined func-
tion ® of ¢(x,y), the first integral of % = ai(x,y). The
condition (10) may be satisfied without constraints for ®, it
may restrict it to a certain form, or it may completely elim-
inate the corresponding solution. Similar arguments apply
if there is a single rational s! olution for b;, or if there are
two of them. Whenever two factors are obtained, by case
17) of Theorem 2.1 they generate a principal ideal.

Case iv). If again a; satisfies the constraint following
from (8), and a3 and b3 satisfy (9) and (10) now, the same
alternatives as in case #i7) occur with an additional factor
Oz + agay + bs.

Case v). Finally assume there is a threefold solution
a1 = a2 = az = %Al. Then Ay = %A% and As = %Ai‘
The coefficient of b in (8) vanishes again, it becomes the
constraint (2). The coefficients of b,, b, and b* in (9) van-
ish.

If Az + %Al,y + §A1A4 — As # 0, b is determined by
(3). In order for a factor to exist, in addition (4) must be
satisfied. This is subcase a). In the exceptional case that
the coefficient of b in (3) vanishes, it becomes a constraint
and b has to be determined from (6). This is subcase b). [J

In order to obtain a complete answer comprising all pos-
sible factorizations of the operator (1), second order right
factors have to be taken into account as well. They are
considered next.

PROPOSITION 3.2. Let the third order partial differential
operator (1) be given with Ay, € Q(z,y) for all k. Its second
order right factors

Ozz + aO0zy + bOyy + cOz + dOy + f (11)
are determined by the roots a1, az and as of

a® —2A10° + (AT 4+ Az)a — A1 As + Az = 0.



The following alternatives may occur.

1) If a1, a2 and as are three pairwise different rational
solutions, for each a; the corresponding values of b, c,
d and f follow from equations (20) ... (22). Those
values which satisfy constraints (23) yield a factor.

1) If a1 = a2 # a3 is a twofold solution and by = a% —
Aiar + Aa, there must hold
(A1 —a1)[a1,e + (A1 — a1)ar,y + Arar — As] =

b1,z + (Al — al)bLy + Ayby —
(12)
The coefficient ¢ has to be determined from the partial
Riccati equation

¢z — (a— A1)y C+3a 2A1[(a %A)
—(a—Ai)(a—3A1)y +5(a—
+ﬁ?[azz — Q(Cl — Al)azy

+(a® = 2410+ AD)ayy — ay(a — A1)

+(a — A1) (a}
+A4,za +2A4a; — Asyz — A A5 + As + Aia = 0.

(13)

If it has a rational solution, d and f follow from the

first equation of (21) and (22) respectively. The values
satisfying the constraint

Car — 2(a — A1)cay + (a — A1)%cyy
+(a— A1), — %(a2 — Ara— A3, +
+[(a — A1)(3c — Aa)y + Ase + A + Adlc

A1)As — S As)e

+A7. — (a— A1)A7y + AsA7r — Ag = 0.
(14)
lead to a factor.
i) If a1 = a2 = az = %Al is a threefold solution and

by = £ A3, c is uniquely determined by

(A1,z + %AlAl,y + §A1A4 —As)c= %ALM + %AlAl,zy
+%A%A1,yy + %Al,mAl,y + %A4A1,gc + %AlAiy
+2A AL ALy + 2AT Auy + 2A1(Ass + AD)
—%Al(A&y + A7) - A4A5 - A5,m + A8

(15)
if its coefficient does not vanish. The remaining coef-
ficients follow from

—tAic+ 2A1 .+ 2A1A y + 2A1A, — A5 =0,

f+eca+3Aicy — A+ Ase— A7 = 0.

(16)
In addition the two constraints
ATAy —3A1A5 4+ 946 =0, (17)
Caow + %Alczy + éA%cyy + (244 — 3¢)cq
+(%A1,z + éAlAl,y + §A1A4 — Aic)ey
+c — 24462 + (%A1A4,y + Asx + Ad 4+ A7)c
—2A1 A7y — AyA7 — A7+ Ag =0
(18)

must be satisfied. If the coefficient of ¢ in (15) van-
ishes, it becomes a coonstraint and ¢ has to be deter-
mined from (18).

- Alﬁyay - 2A4ay - A4,ya + A5’y + A7)

(a — A1)(2A4 — 30)]c

ProOF. Dividing the operator (1) by (11), the require-
ment that this division be exact leads to the following set of
equations for the coefficients.

a® — 2410 + (A} + Ag)a — A1 Az + A3 = 0, (19)
b—a®+ Aja— Ay =0, (20)

(A1 —2a)c+d+az + (A1 —a)ay + Asa — As =0,
(a* — Ara+ As)ec — (A; — a)d — by (21)
—(A1 — a)by — Aub+ Ag = 0,
ey — ¢+ Asc— A7 =0, (22)

f+cz+(Al_a)

(Al — a)f — dz — (Al — a)dy — (A4 — C)d—|— As = O,
fo+ (A1 —a)fy + (A — ) f — Ag = 0.
(23)
The algebraic equation (19) determines always a. The fol-
lowing discussion is subdivided by the various cases of the
above theorem.

Case i) Assume it has three simple roots a1 # a2 # as.
The corresponding values b; may be determined from (20).
The coefficient determinant of ¢ and d in (21) is a® — 5 A1a+
1(A? + A,), it is the derivative of (19) w.r.t. a that does
not vanish for simple roots. Therefore for any simple root
a;, the corresponding values ¢; and d; may be determined
from (21). Finally f; follows from (22). These values have

Y to satisfy the constraints (23) in order to determine a factor.

Case 4i) Assume now there is a twofold rational solu-
tion a1 = a2 # as of (19). The double root a1 = %Al +
%\/A% — 3A2 is one of the roots of the equation 3a®>—4Aia+
A} + Az = 0 of (19). In order to exclude a triple root there
must hold A — 34> # 0; by follows from (20). Because
the coefficient determinant of ¢ and d in (21) vanishes for
a = a1, one has to proceed as follows. Eliminating d from
the first equation (21) and substiuting it into the second
one yields the constraint (12). Eliminating d from the first
equation (21), f from (22) and substituting them into the
first equation of (23), the partial Riccati equation (13) for
c is obtained. If it has a rational solution c;, the coefficient
d1 may be obtained from the first equation (21) and fi1 from
(22). Substituting these values into the second equation of
(23), the constraint (14) follows. It may exclude a factor, or
it may constrain the undetermined elements in the solution

of (13).
Case iii) Finally assume there is a threefold solution a1 =
a1 = az = §A1 with the corresponding value by = %A%

Then A; = $ A7 and A3 = = A}. The coefficient determi-
nant for ¢ and d in (21) vanishes. By elimination equation
(15) is Obtained fOI‘ C if Al,x + %AlAl,y + %A1A4 — A5 # 07
and (16) for the remaining coefficients d and e. In order for
a factor to exist, the two constraints (17) and (18) must be
satisfied. In the exceptional case that the coefficient of ¢ in
(15) vanishes, it becomes a constraint; ¢ has to be deter-
mined from (18). [

The next corollary summarizes to what extent the factors
of Propositions 3.1 and 3.2 may be obtained algorithmically.

COROLLARY 3.3. Any first-order factor of (1) correspond-
ing to a simple root of (7), or any second-order factor cor-



responding to a simple root of (19), may be determined al-
gorithmically. In order to determine any such factor cor-
responding to a twofold root of (7) or (19) requires to find
rational solutions of a partial Riccati equation. Finally, a
factor corresponding to a threefold root may be determined
algorithmically if A1 o + %AlAl,y + %A1A4 # As, otherwise
a quasilinear second-oder pde has to be solved for which a
solution algorithm is not known.

PROOF. Testing the conditions of case i) of both Propo-
sition 3.1 and Proposition 3.2 requires only differentiations
and arithmetic in the base field. Case i), iii) and iv) of
Proposition 3.1 dealing with a twofold root of (7) require to
determine rational solutions of the partial Riccati equation
(8) for the coefficient a. To this end a general first-order ode
must be solved as discussed in Appendix B of [7]. The same
argument applies to case 1) of Proposition 3.2. In case v)
of Propopsition 3.1, b follows from the linear algebraic equa-
tion (3) if its coefficient does not vanish; this leads to the
above condition. If it does vanish, b has to be determined
from equation (6). Similar arguments apply for case iii) of
Proposition 3.2) and equation (18) for the coefficient c. [

After the possible factorizations of an operator (1) have
been determined, a listing of its completely reducible com-
ponents may be set up as follows.

THEOREM 3.4. Any differential operator
L= 8zzz + Alazzy + A2azyy + A38yyy

(24)
+A4azz + A561y + Aﬁayy + A7az + Agay + Ag

decomposes into completely reducible components correspond-
ing to one of the types ng;)gc, k=1,...,5, defined as follows;
Logze, Lzz and Ly are completely reducible operators with
leading derivatives Oy, Ozz 0T Oy Tespectively; 5(1’2> is the
tdeal (Ozza, Onay)rT defined in Table 1. Upper indices dis-
tinguish different copies within a type definition.

Ly Loway, L8 LuaLey £, LoLew, £, - LWL LY

L5, Sy=((L), N T
The decomposition [’SZ)L is completely reducible.

Proor. It is based on Propositions 3.1 and 3.2. In the
separable case 7) of Proposition 3.1 there may be three fac-
tors with a principal intersection, this yields type E&lgz
There may be two factors which do not have a principal
intersection. If they are divided out and the decompositions
of the respective second-order factor are taken into account
(see Section 4 of [7]), type £5), is obtained. If case 1) allows
only a single factor, or if case 1), or subcase ¢) of case 1),
or case v) applies, and again the decompositions of the cor-
responding second order left factor are taken into account,
decomposition types ng)z or ng)z follow. For case i4i), the
principality of the intersection of the right factors leads to
type £8,. In case i) the decompositions of case #ii) are
extended by an additional first order factor. According to
Lemma 2.3, combined with the factors already obtained they
generate a principal intersection covered by E;lg;)gc By def-
inition, an irreducible operator (24) corresponds to a type
Eélz)z decomposition. [

COROLLARY 3.5. Let ly, lz and lyzx denote irreducible
operators with leading term Oz, Ozy OT Ogzz. An additional
upper index distinguishes different copies of the respective
operator. ® is an undetermined function of a single argu-
ment. The types £89 defined in Table 2 are refinements of
the types £§fgz, i=1,...,5 defined in Theorem 3.4.

This is an immediate consequence of the proof given for the
preceding theorem if the various factorization alternatives
of Proposition 3.1 and Proposition 3.2 are not merged into
completely reducible components.

EXAMPLE 3.6. Consider the operator
+(1= ) 0ea + (U +2— 3)0ey + (+ 1)y — 500 — 10,

Equation (7) reads a® — (y 4+ 2)a® 4 (y + 1)a = 0 with the
three roots a1 = 0, a2 = 1 and a3 = y + 1, i. e. case 1)
of Proposition 3.1. The corresponding values of b are b; =
1, b = b3 = 0. It turns out that all pairs a;, b; satisfy
conditions (9) and (10). Consequently there are three right
factors Iy = 0 + 1, la = 0, + 0y and I3 = 0, + (y + 1)0,.
There holds L = Lelm(lq,l2,l3), i. e. the decomposition

type is ﬁ&ﬁ;i). The general solution of Lz = 0 is

z2=F(y)e "+ Gz —y)+ H[(y + 1)e™ ]

where F'; G and H are undetermined functions.

EXAMPLE 3.7. (Blumberg 1912) In his dissertation Blum-
berg [1] considered the third order operator

L = 0200+ 0000y + 2002 +2(2+1)0py + 0z + (x +2)9, (25)

generating a principal ideal of gauge (1, 3). He gave its fac-
torizations

. { (02 4 Oy + O + (x4 2)0y) (02 + 1)

(26)
(Ora + 205 + 1)(0x + 20y).

with two completely reducible second order left factors.

This result may be obtained by Proposition 3.1 as follows.
Equation (7) is @® — za® = a®(a — x) = 0 with the double
root a; = 0, and the simple root az = x. The latter yields
b2 = 0. Because these values satisfy (9) and (10), the factor
lo = 0z + x0y is obtained, i. e. case iv) of Theorem 3.1
applies. For the double root a; = 0, from (9) the Riccati
equation

2

bz—b2+(2+g)b—1—f:0
X xr

. . . . . . 1 1

is obtained with the general solution b = 1+ 2 — FE I
Substitution into (10) yields ® = 0, i.e. b = 1 and the factor
1 =0, + 1.

The second order left factor in the first line at the right
hand side of (26) is absolutely irreducible, whereas the sec-
ond order factor in the second line is the left intersection of
two first order factors, i. e. (26) may be further decomposed

into irreducibles as
L =
Lelm(s + 1,0, + 1 — 1)(0, + 20,).
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L5, L85 11
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Table 2. The decomposition types of Corollary 3.5

The intersection ideal of I3 and l2 is not principal, by
Theorem 2.1 it is

Lelm(ly,ls) = (L1 = e — 2200y,
43052 + (22 + 3)0ny — 220y, + 20, + (2x + 3)0y,
Lo = Ouay + 200y — 200a — 200y + 10y,
~La, — (14 Da,)
(28)
with gauge (1, 2), therefore the decomposition (26) is of type

5(151)1 Both generators L, and L2 have the divisors {; and
la. There holds L € Lelm(ly,l2), explicitly L = L1 + xLo.

As a consequence the system of equations L1z = 0 and
Lz = 0 has the two solutions F'(y— 1z?) and G(y)e™*; they
correspond to l2z = 0 and 1z = 0 respectively.

In order to obtain the remaining part of the solution of
Blumberg’s equation Lz = 0 of gauge (1, 1) the relative syzy-
gies module

Syz((L), (L1, L2))
= ((L,), (= 8y + 2,0: — 28, +2+ 1))
= ((1,2), (0,0 + 1+ %))

is constructed. Introducing the new differential indetermi-
nates z1 and z2, the equations z; + xz2 = 0 and 22> + (1 +

%)zz = 0 are obtained with the solution z; = —H(y)e *
and zz = H(y)%efz, H an undetermined function of y. The

desired solution is a special solution of the inhomogeneous

system Liz = —H(y)e™®, L2z = H(y)%e‘z. The solution
of the corresponding homogeneous system is already known,
therefore the general solution of Lz = 0 may be written in

terms of integrations as

1 . I B
Z:F(y—§x2)+G(y)e +/H(y+§x2)e dx

g=y— 522
(29)

where § =y — %xz.

ExAMPLE 3.8. Consider the operator

L=0set+ (@+y—1)0s0y — (@ +Yy)Osyy — (. —y —1)0sa
(= y— 1o — (@” + 2y — 2+ 1)0ay — (2 +1)Dyy
—(zy+z—y+1)8: — (2> + 2y + y)d, — zy — 1.

Equation (7) reads a® — (z + y 4+ 1)a® — (z + y)a = 0 with
roots a1 = 0, az = —1 and ag = ¢ +y, i. e. case i) of Propo-
sition 3.1 applies. Equation (8) yields the corresponding
values

72x2+my—aj—y2—y+2

b1 =1, by = — d b =
! r 2 Toanc os 4z + 5y — 3

Only a; and b; satisfy the constraints (2) and (4). Con-
sequently there is a single first order factor Iy = 9, + 1.
Pursuant to case ¢) of Proposition 3.2 a second order factor
does not exist. Dividing L by [; yields the operator

Oz + (x 4+ 1)0zy + x0yy + (y+1)0z + (zy + 1)0y + x + y
= (0x + 20y +1)(0x + 0y +y)

Consequently the operator L has a type £ decomposition
L= (0 +x0y+1)(0z + 9y +y) (0 + 1).
ExXAMPLE 3.9. Consider the operator

L = Oow+(y+1)0zay+(@4+y+1) 0o+ (zy+a+y° +2y+1) Oy
+ (@ +9)0: + (zy + 2+ 9" + )0y,

Equation (7) reads a*(a —y — 1) = 0 with double root a1 =
a2z = 0 and single root a3 = y + 1. It turns out that case
i) applies with a1 = 0, by = 1 and a3 = y + 1, bs = 0.
The corresponding first order factors yield the divisor as the
principal intersection

Lelm(0:+1, 05+ (y+1)0y) = Oza+(y+1)0zy 402+ (y+1)0,.

Consequently L has the decomposition

(02 + 2+ y)Ledlm(9z + 1,0: + (y + 1)9y)

of type llf;g) .

4. PDE’'SWITH LEADING DERIVATIVE 8my

If an equation does not contain a derivative Ozz5 but only
Oyyy, Permuting = and y leads to an equation of the form
(1) such that the above theorem may be applied. If there is
neither a term Ogzz Or Oyyy, the general third order operator

Dzzy = azzy + Alazyy + AZazz + Adacr:y + A4ayy
(30)
is obtained. Its possible decompositions are described in this
subsection. Like in the previous case, first- and second-order
factors are considered separately.

PROPOSITION 4.1. Let the third order partial differential
operator (30) be given with Ar € Q(z,y) for all k. The
following first order right factors may occur.

1) If A1 #0, a1 =0, a2 = A1, and b is determined from
az — (3a — 2A1)ay — Asa® + Aza — (2a — A1)b = Ay,

a first order right factor Oy + a;0y + b; exists if a; and
b; satisfy the constraints

by —(3a—2A1)by—b*—(2ay+2A2a— A3)b+azy —(a— A1) ayy
+ Asa, — ai — (Aga — Ag)ay + Asa = A6,



bzy +4 (A1 — a)byy + Asb, — (2b +ay + Asa — Ag)by
—A2b? + Asb = Ar.

1) If a = Ay = As = 0, the factor O + b exists with

gy + AsAs — Ay ,
b= A3,y T A, A5 — A Zf A37y + Ax Az — As 7§ 0 and

by — b% + Asb = Asg.

141) If a = A1 = As = 0 and the two constraints
A6,y + AsAg — A7 = 0, Ag,y + AsA3 — A5 =0

are satisfied, the following two subcases may occur.

a) There is a right factor of the form 0z+R(z,y, ®(y)),

where R is the general rational solution of
by —b% 4+ Asb— Ag =0 (31)
involving an undetermined function ®(y).

b) There is a single factor, or there are two factors
Oz +1i(z,y) where ri(z,y) are special rational so-
lutions of (31).

w) A factor Oy + Az exists if the following two constraints
are satisfied.

As = A2 A3 +2A2, + Az y A1 — A3 A,
A7 = Ay A + A,y Ay — A4A% + AzAs 5

+A2,x:c + AQ,xyAl - 2A2,xA2A1.

PROPOSITION 4.2. Let the third order partial differential
operator (30) be given with Ar € Q(z,y) for all k. The
following second order right factors may occur.

1) A factor with leading derivative Oy, does not contain a
derivative Oyy. A factor Opz +a10zy + 20z +a30y +aa
exists if the two constraints

Aty + 241y Az + Az y A1 — Az y
+A3A; — AsAs + As =0,
Adyy + 244y A + AgAs y — Agy
+AZAL — AsAs+ A7 =0
are satisfied. Then a1—A1 =0, az = A3—A1A>— Ay,
as = A4 and a4qg = Aﬁ — Ag,,y — A2A4.
1) A factor Opy + a10yy + a20, + a3dy + as may exists if
one of the four alternatives applies.

a) If the conditions Ay = Ay =0, Az z + %AgAg —
%As =0 and Az zz + A2 Az + %A2A6 - %A7 =0
are satisfied, the coefficients of the factor may be
determined from a1 = 0, a2 = Ao,
a3,z —a2+4 Asas—Ag = 0 and as = Aszas +2A45 ;.

b) If the conditions A1 = As = 0 and AQJ—F%AQA:;—
%A5 # 0 are satisfied, define P = As 5 + Az Az —
As and Q = 2A2,, + AsAs — As. Then a1 = 0,
as = AQ, as = é(Pm + A3P — AxAg + A7) and
as = As(az — As) — Az + As. The following
condition must hold. a3, — a3 + Asaz — As = 0.

c) If A1 # 0 there is a factor with coefficients
al = Al, a2 = Az,

Al,zié a (Al,a: Ay

Al A1 ’ 4 Al Al

if the following constraints are satisfied.

az = As+

2
a37zfa3+A3a37A6 = 0, a4,zfa3a4+A3a4fA7 = 0.

77)A27A2,I+A5

d) If A1 # 0 there is a factor with coefficients a1 = 0,
_ _ A4
a2 = Az, a3 = A, and

as = % — Ay —Ax A1+ AgAl — Ay Az + As

if the following conditions are satisfied
a3, + a3y A1 — A1Azas + Asas + Aras — As = 0,
Q4,0 + a4,y AL — A1 Azas + (As — az)as — A7 = 0.

The proof of the two preceding propositions are similar to
those in the previous section and are therefore omitted.

In order to solve concrete problems it is important to
know to what extent the factorizations described in this sec-
tion may be determined algorithmically. The answer to this
question is given in the following corollary.

COROLLARY 4.3. Any principal divisor of an operator (80)
may be determined algorithmically. The same is true for a
possible Laplace divisor of a given order.

PROOF. Testing the conditions (34) of case ) of Proposi-
tion 5.1 requires only differentiations and arithmetic in the
base field. The same is true for case i), subcase b). In
subcase a) of case ii) the rational solutions of an ordinary
Riccati equation have to be determined which is algorithmi-
cally possible. In [8] the algorithmic construction of Laplace
divisors for fixed values of m or n has been shown. []

THEOREM 4.4. Any differential operator

Dyoy = 8rzy + Alamyy

+A20z0 + A30zy + AsOyy + As0z + AeOy + Ar.
(32)
decomposes uniquely into largest completely reducible compo-
nents corresponding to one of the types E;’;)y, k=1,...,11,
defined as follows; Lyzy, Lyy, Lew, Ly and Ly are completely
reducible operators with leading terms Ozzy, Ozy, Ovz, Oz OT

0y respectively.

L8y Lowy, L5y LoyLa, L8y 1 LusLy,
L8y LoLay, L8y : LyLaa,
O, LWL, £0, 1P, £8,: L,tVr?,
Ly Syz((Baay), TV (m) T (m),
£ Syz((L), 7 () T2 (n),
L85+ Syz((L), I2) 7.

If the completely reducible components are split into irre-
ducible ones, the following refined decomposition scheme is
obtained.

COROLLARY 4.5. Let Uy, ly, lox, loy and lyyy denote ir-
reductble operators with leading derivatives as determined
by the respective subindex. An additional upper index dis-
tinguishes different copies of the respective operator; ® is
an undetermined function of a single argument. The types
E&’,;) defined in Table 3 are refinements of the types L&’gy,
i=1,...,10 of Theorem 5.4.

This is an immediate consequence of the proof given for the
preceding theorem if the various factorization alternatives
of Proposition 3.1 and Proposition 3.2 are not merged into
completely reducible components.



L5 | L5 layly, L5350 : Lelm(lo, I8, £850 : Lelm (T30 (m

L3y L85 gy £85) Lelm(l, 17077, L85 Letm(lyy, L),
L9 Letm(ly, 1), £5D : Letm(T0 (m), 752 ().
[,gc%c)y Lgc%c;) lyyla, Lgczcci) Ldm(l(l),lq(f))lx, C%S):Lclm(

Ly(®)l
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i, L8 llyy, L850 < L Ledm(UD 15, £58Y 1. Lelm (1, (D).

&, LED ey, L5210 Lelm(la,157).

8y F I O B S I () I G g I M

£y L%y - Syz((Dayy), (Dayy, Dam)) (Dayy, (Opm—1 +...)(0x + A2)),
‘Cgclafozj Egclxoyl) Syz(( xyy> <Dmyy7 Dy”>)<Dmyyv (8y"_1 + .. )(ay + A2)>-

L850 | £85" 1 Syz((Beyy), T?) Lelm((Bay + - ) (0 + - ), Dy + - )0y +...)).

N/ ”( Ny

Table 3. The decomposition types of Corollary 4.5

ExAMPLE 4.6. Consider the operator

—Oyy + (zy + 2+ 1)0: — (z — y)0y + 2y + 1.
By case i) of Proposition 4.1 the two factors I1 = 9, — 1 and

lo =0:+0y —y exist. They have a principal left intersection
Opa + Ouy — (y + ) 9y + y; consequently by Theorem 4.4,

L has the type Emy decomposition
= (0y + z)Lclm(0y — 1,0: + 0y — y).

The two first-order right factors contribute F(y)exp (—x)
and G(x — y) exp (%1:2 — zy) to the solution.

5. PDE’'SWITHLEADING DERIVATIVE (%yy

If an equation contains a single mixed derivative of order
three it may be assumed to be Opyy. The corresponding
operator is

Da:yy = 8acyy + Alaxa: + A28xy + ASayy + A48x + A58y + AG-

(33)
Its possible decompositions are discussed in this subsection.
First- and second-order factors are considered one after an-
other. Proofs are again omitted.

PROPOSITION 5.1. Let the third order partial differential
operator (33) be given with Ar € Q(x,y) for all k. The
following first order right factors may occur.

1) A factor with leading derivative O, exists if the two
constraints

As = 2A3, + A2A3,
Ag = Az yy + Az yAs + Az s A1 + A3(As — A1 A3)
(34)
are satisfied; then the factor is Oy + As.

1) For a factor 8y + c to exist there must hold A1 = 0.
Define

P= A47;,; + A3A4 — AG and Q = AQ,QC + A2A3 — A5.
(35)
The following two subcases may occur.

a) If P=10 and Q = 0, a factor 8y + c exists if c is
a solution of ¢y — 4+ Asc — Ay = 0.

b) If Q@ # 0 and P,Q—P(Q,+P)+A:PQ—A,Q* =0

there is the factor 9, + ‘fgz i 21‘;"2‘; — ﬁg }

A complete listing of all possible Loewy decompositions
has to include the divisors of order 2; they are considered
next.

PROPOSITION 5.2. Let the third order partial differential
operator (33) be given with Ar € Q(z,y) for all k. The
following second order right factors may occur.

1) A factor Oyy + 4105 + a20y + a3 exists if there holds
As = Az z + Az Az,

A = Asp — A3z A1 — 2A3A1 0 — Al oo + A3(As — A1 A3).

Then a; = A1, az = A2 and a3 = A4 — A1A3 — Alyz.

1) A factor with leading derivative Oy does not contain a
term with Oyy. A factor Oyy + 0105 + a20y + a3 exists
if one of the following two subcases applies.

a) There holds A1 =0, As —2As3,y — A2A3 =0 and
Ag + Agyyy + AQ’yAS — A5,y — A3A4s = 0. The
coefficient a1 may be determined from the Riccati

equation
ai,y — (1% + Asay — A4 = 0. (36)
The remaining coefficients are az = Az and az =
Aszayr + As,y.
b) There holds A1 = 0 and As # 2As, + AxAs.
Then a2 = Ag, as = A3a1 — Ag Y A2A3 + A5,

Azyy + Az y Az — Asy + Ag — A3A4
245, + AsAs — As

= A+

Substituting a1 into ay,y — a1 + Asa1 — Ay =0
yields a constraint for the coefficients A1, ..., As.

Similar as for operators (30), the decompositions of (33)
may be determined algorithmically to a large extent as is
shown next.

COROLLARY 5.3. Any principal divisor of an operator (83)
may be determined algorithmically. The same is true for a
possible Laplace divisor of a given order.
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The proof is almost identical to that of Corollary 4.3 and is

Table 4. The decomposition types of Corollary 5.5

Its coefficients satisfy conditions (34

) of Proposition 5.1;

therefore omitted.

A full listing of maximal completely reducible components
may be obtained from the preceding results. Any operator
(33) decomposes uniquely according to one of the following
decomposition schemes.

THEOREM 5.4. Any differential operator

decomposes uniquely into largest completely reducible compo-

(37)

nents corresponding to one of the types ﬁlyy, k=1,...,11,
defined as follows; Lyyy, Lay, Lzz, Ly and Ly are completely
reducible operators with leading derivatives awy, Ozy, Ozz,
Oz or Oy respectively.

1 2
Egvy)y t Layy, ﬁgﬂy)y : LyyLa, Efvyy ¢ LayLy,
4
['(ry)y Ly Lyy, ﬁwyy LyLay,

£y LV, L&), VP L.,
1,1 1,1

D (m) 7Y (m)

1,2 2

LT () T (n).

(1,2>) (1,2)
6 6 -

L4y + Ll Ly,
C(I%)y : Syz(@iyy)

L85+ Sy=((L)
‘Cstlyly) : Syz(<awyy>»

The decomposition into irreducible components leads to
the following refined decomposition scheme.

COROLLARY 5.5. Let Iy, ly, lza, lzy and loyy denote ir-
reducible operators with leading derivatives as determined
by the respective subinder. An additional upper index dis-
tinguishes different copies of the respective operator; ® is
an undetermined function of a single argument. The types
i) deﬁned in Table 4 are refinements of the types L5y,
i=1,...,10 defined in Theorem 5.4.

This is an immediate consequence of the proof given for the
preceding theorem if the various factorization alternatives
of Proposition 3.1 and Proposition 3.2 are not merged into
completely reducible components.

ExaMPLE 5.6. Consider the operator
L= 0uyy +2(x+ §) ey + Y0y
+az(z + %)az +2(xy 4+ 2)0, +2* + 4z + %

consequently there is a factor 0, + x. Furthermore there
holds P = 0 and @ = 0 for P and @ defined by (35). The
Riccati equation for c is

cy702+2(:c+%)cf:r(x+%) =0
with the rational solutions ¢ = =z and ¢ = = + %; they

yield the factors dy +x and 9y + = + % with the type £y,

decomposition L = Lelm(0, + y,0y + x,0y +  + %) The
general solution of Lz = 0 is obtained by three integrations
as

1
2= [F(z) + Gla) + H(y)] exp (—zy).
F, G and H are undetermined functions.
ExaMpPLE 5.7. Consider the operator
_ 1 1 11 2 2
L= azyy+(;—2)azy—ayy—;az—(?+;—2)8y+?+5.

There holds Ay =0 and P =Q =0, i. e. case ii), subcase
a) of Proposition 5.1 applies. The equation

cy—CQ—&—(%—Q)c—l—%:O

1
yexp (5y° +y) - C
where C

has the general solution ¢ = T
2

exp (iy +y)+C

is a constant. For C = 0 and C — oo the two rational

solutions ¢ = y and ¢ = —1 are obtalned They yield the

factors 0y +y and 9, — 1 and the type Lzyy decomposition
L= (0, —x)Lcdm(0y +y,0y +1) =
2
—2
G2 —a:)(ayy + %Jrl 8y —
The general solution of Lz = 0 is

z = F(z)exp ( — %y2) + G(x)exp (—y
1 dy

X/H(y)ey (;x —7y /H exp(2y2)y+1

F, G and H are undetermined functions.

y2+y—1)
y+1 )

) +exp (3a? — )




ExAMPLE 5.8. Consider the operator

1

+@+y—jﬂ&+¢w+y+m%+ny+x+z

By case i) and case i), subcase b) of Proposition 5.1 the

type ﬁfy’? decomposition

L =8y +1)Ldm(0z +y,0y + x + %)
= (O + 1) (Dey + (4 )0 +v0y +2y +2)

is obtained. The two arguments of the Lclm yield the so-

lutions z1 = F(y)exp (—zy) and 2z = G(x)% exp (—zy); F

and G are undetermined functions. L may be factorized
as L = (0y +1)(0y + = + %)(Bz + y) from which the third
solution

1 zy—y—1
zs=exp(— (z+1)y)= /H(x)yiy2 exp (zy)dx
Yy (x—1)
follows; H is again an undetermined function. Finally the
general solution of Lz =0 is z = 21 + 22 + 23.

EXAMPLE 5.9. Consider the operator
L = Ouyy — 2200y + yOyy + 220, — 2(zy — 1)0y + x(zy — 2).

By case i) and case i), subcase b) of Proposition 5.1 the
factorizations

B (Oyy — 220y + 2°)(I1 = 0x + )
B { (Oy — 20z + y0y — zy + 3)(I2 = 9y — z).
are obtained. The intersection of {1 and ls is
Lelm(l,la) =
(Ozyy — 2202y + yOyy + 220, — 2(zy — 1)0y + x(zy — 2),
Ozwy — 20wz + 2Yy0Ouy — 2(zy + 1) + y20y — y(wy + 2)).

It is not principal, i.e. L has decomposition type £§D1yly) The
two equations [1z = 0 and l2z = 0 yield the solutions z; =
F(y)exp (—zy) and z2 = G(z)exp(zy). A third solution
may be obtained from the factorization 9y, — 229, + 2> =
(0y —z)(0y — ). It yields

z3 = yexp (—zy) /xH(m) exp (2zy)dx.

The general solution of Lz =0 is z = 21 + 22 + 23.

6. SUMMARY AND CONCLUSION

In this article for the first time Loewy decompositions for
a full class of partial differential equations of differential type
different from zero are considered. It became clear that The-
orems 2.1 and 2.2 are fundamental for a full understanding
of how the various decompositions arise. Furthermore it has
been shown by numerous examples that obtaining such a
decomposition is essentially synonymous with finding its so-
lutions in closed form. However, two basic questions remain
to be discussed.

In the first place this is the uniqueness of a decomposi-
tion as it is the case for ordinary operators. To this end,
one probably has to make the problem more specific by
the requirement that the admitted divisors have differential
type 1, as it is true for the given operators.

Secondly there is the question to what extent these de-
compositions may be obtained algorithmically. For ordinary
operators it is sufficient to determine rational solutions of or-
dinary Riccati equations. It has been shown that for decom-
posing linear pde’s of the plane in general rational solutions
of partial Riccati equations are required. This problem boils
down to finding rational first integrals of a general quasilin-
ear first-order ode; for this problem see [4] and [3]. Up to
this point the discussion concerns principal divisors. Decid-
ing the non-existence of a Laplace divisor requires an upper
bound for its order. It may not be possible to find such
a bound, i.e. this problem may not be decidable. Finally
there remain the exceptional cases mentioned at the end of
Corollary 3.3.

Obviously there are many possible extensions of the re-
sults presented in this article. To mention just a few, there
should be a close connection between the type of solution
and the decomposition type as it is true for ordinary differ-
ential equation, Section 2.1 of [12]. For applications decom-
positions in more than two independent variables would by
highly desirable. Dealing with more than a single dependent
variables would involve modules over the respective rings of
differential operators.
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