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Model Checking – The Big Business

temporal logic automata

BDDs

bounded model checkingfixpoints

on-the-fly m.c.

real-time systems

quantitative m.c.

probabilistic systems

hybrid systems

SAT/SMT

SPINNuSMV

UPPAAL
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Model Checking – Be Generous

model checking as a method in program verification

model checker

transition system temporal formula

program correctness property

yes/no, counterex.

abstraction formalisation
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Model Checking – Be Generous

model checking as a generic method for problem solving

model checker

transition system formula

any system any property

yes/no, output

encoding formalisation
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Model Checking for Decision Problems

how to use model checking technology to solve decision problem P

1 take suitable logic L with decidable model checking problem

2 find suitable encoding enc for instances of P

3 find suitable defining formula ϕP

x ∈ P iff enc(x) |= ϕP

4 optimise model checking algorithm for L into algorithm for P
using partial evaluation
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String Problems

input: w1, . . . ,wn ∈ Σ∗

compute

I longest common substring (LCST):
v such that wi = . . . v . . . for all i = 1, . . . , n

I shortest common superstring (SCST):
v such that v = . . .wi . . . for all i = 1, . . . , n

I longest common subsequence (LCSS):
a1 . . . ak such that wi = . . . a1 . . . a2 . . . . . . ak . . . for all i = 1, . . . , n
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Algorithmic Solutions to String Problems

input: w1, . . . ,wn ∈ Σ∗, assuming |wi | ≤ m

I dynamic programming in O(mn)

I suffix tree algorithm in O(mn)
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String Problems via Computational Logic

goal: take suitable logic L

define these string problems in L on suitable input representation

use model checking and partial evaluation to design algorithms for
LCST, SCST, LCSS

slight mismatch: LCST, SCST, LCSS are computation problems
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The Modal µ-Calculus

syntax

[Andersen’94,Otto’99]

ϕ ::= q | q | ϕ∧ϕ | ϕ∨ϕ | 〈a〉ϕ | [a]ϕ | X | µX .ϕ | νX .ϕ

| {̄i ← j̄}ϕ

with 1 ≤ i ≤ d

interpreted in states of a transition system

p, q

p

q

a

b

a

b

ba

b |= νX .µY .〈b〉(q ∧ X ) ∨ 〈a〉Y
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The Polyadic µ-Calculus

syntax [Andersen’94,Otto’99]

ϕ ::= qi | qi | ϕ∧ϕ | ϕ∨ϕ | 〈a〉iϕ | [a]iϕ | X | µX .ϕ | νX .ϕ | {̄i ← j̄}ϕ

with 1 ≤ i ≤ d

interpreted in d-tuples of states of a transition system

1p, q

3
p

2
q

a

b

a

b

ba

b |= 〈b〉1〈b〉2〈a〉3(q1 ∧ p2)
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The µ-Calculus

syntax

[Andersen’94,Otto’99]

ϕ ::= qi | qi | ϕ∧ϕ | ϕ∨ϕ | 〈a〉iϕ | [a]iϕ | X | µX .ϕ | νX .ϕ | {̄i ← j̄}ϕ

with 1 ≤ i ≤ d

interpreted in d-tuples of states of a transition system

p, q

3
p

1, 2

q

a

b

a

b

ba

b |= 〈b〉2〈a〉3(q1 ∧ p2)
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The µ-Calculus

syntax

[Andersen’94,Otto’99]
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1
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a

b

a

b
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The Polyadic µ-Calculus

Fact: Lµ = L1µ ≤ L2µ ≤ . . . ≤ Lωµ

standard example: L2µ can define bisimilarity

νX .
(∧

q

q1 ∨ q2

)
∧
(∧

a

[a]1〈a〉2X
)
∧ {(1, 2)← (2, 1)}X

other simulations definable [Andersen’94, L./Lozes/Vargas’12]

Thm.: Lωµ = PTIME/∼ [Otto’99]

Thm.: L2µ satisfiability is undecidable [Otto’99]

Thm.: Ldµ model checking in O((enk)d) [L./Lozes’12]
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Defining String Problems in Lωµ

consider input w1, . . . ,wn as transition system, e.g.

ΦLCST = νX .
( ∧
i=1

ii
)
∧

∨
b∈{a,c,g,t}

〈b〉1〈b〉2〈b〉3X

≡ ⊥

1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

3 3 3 3 3 3 3 3 3

c g t a c g a g

a a c g t a g

a g c g t a c g

longest common substrings acg and cgt found in penultimate
iteration
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Defining String Problems in Lωµ
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Defining String Problems in Lωµ
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Defining String Problems in Lωµ

consider input w1, . . . ,wn as transition system, e.g.
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Defining String Problems in Lωµ

consider input w1, . . . ,wn as transition system, e.g.

ΦLCST = ν4X .
( ∧
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Using Partial Evaluation

observations on model checking ΦLCST

I deterministic transition relation

I sets of n-tuples with exactly one state per input word

I operations: union, left-shift-by-one, intersection

I needed in each step: occurrences of a, c, g, t

maintain occurrence sets for b ∈ {a, c, g, t}

Occ(b) := {ji | wi (j) = b}

extend to occurrences of subwords w ∈ {a, c, g, t}+ by

Occ(bw) := Occ(b) ∩ {ji | (j + 1)i ∈ Occ(w)}
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Solutions

Def.: w is solution if ∀i ∃j . ji ∈ Occ(w)

Lemma: bw is solution ⇒ w is solution

Algorithm LCST

procedure LCST(w1, . . . ,wn)
S ← Σ
compute Occ(b) for all b ∈ Σ
repeat
S ′ ← S
S ← {bw | w ∈ S ′, b ∈ Σ}
compute Occ(bw) for all bw ∈ S
eliminate non-solutions from S

until S = ∅
return {(w ,Occ(w)) | w ∈ S ′}

end procedure
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Example (Continued)

31, 61, 02, 12,
52, 03, 53

01, 41, 22,
23, 63

11, 51, 71, 32,
13, 33, 73

21, 42, 43

a
c g t
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Example (Continued)

31, 61, 02, 12,
52, 03, 53

01, 41, 22,
23, 63

11, 51, 71, 32,
13, 33, 73

21, 42, 43

a
c g t

21, 42, 4302 ∅ 51

a c g t
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Example (Continued)

31, 61, 02, 12,
52, 03, 53

01, 41, 22,
23, 63

11, 51, 71, 32,
13, 33, 73

21, 42, 43

a
c g t

21, 42, 43

t

31, 12, 53 ∅ 13 ∅

c g t
a
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Example (Continued)

31, 61, 02, 12,
52, 03, 53

01, 41, 22,
23, 63

11, 51, 71, 32,
13, 33, 73

21, 42, 43

a
c g t

21, 42, 43

t

31, 12, 53

a

∅ ∅61, 52, 03
01, 41, 22,
23, 63

g ta c
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Example (Continued)

31, 61, 02, 12,
52, 03, 53

01, 41, 22,
23, 63

11, 51, 71, 32,
13, 33, 73

21, 42, 43

a
c g t

21, 42, 43

t

31, 12, 53

a

61, 52, 03
01, 41, 22,
23, 63
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∅ ∅ ∅ 11, 32, 33

ga
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Example (Continued)

31, 61, 02, 12,
52, 03, 53

01, 41, 22,
23, 63

11, 51, 71, 32,
13, 33, 73

21, 42, 43

a
c g t

21, 42, 43

t

31, 12, 53

a

61, 52, 03
01, 41, 22,
23, 63

a c

11, 32, 33

g

∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ 51 42 31, 12, 53 ∅ 13 ∅ ∅ 01, 22, 23 ∅ ∅

a c g t a c g t a c g t c g t a gta c
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Example (Continued)

31, 61, 02, 12,
52, 03, 53

01, 41, 22,
23, 63

11, 51, 71, 32,
13, 33, 73

21, 42, 43

a
c g t

21, 42, 43

t

31, 12, 53

a

61, 52, 03
01, 41, 22,
23, 63

a c

11, 32, 33

g

31, 12, 53 01, 22, 23

a c
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Further Optimisations

for instance: bw not a solution ⇒ bwb′ not a solution

 point to longest prefix

31, 61, 02, 12,
52, 03, 53

21, 42, 43

t

a

01, 41, 22,
23, 63

31, 12, 53

a

c

11, 51, 71, 32,
13, 33, 73

61, 52, 03

a
01, 41, 22,
23, 63

31, 12, 53

a

c

g

21, 42, 43

11, 32, 33

01, 22, 23

c

g

t
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Complexity Analysis

input w1, . . . ,wn with |wi | ≤ m

Theorem 1

Algorithm LCST can be made to explore at most O(nm) many
occurrence sets.

Proof idea: partition nodes in this graph into three kinds

I non-extendable to the left ≤ m

I extendable to the left by multiple letters ≤ nm

I others ≤ m
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Benchmark

LCST against suffix tree algorithm on genome analysis between
bacteria / viri
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Online Potential

conceptual comparison between LCST and suffix tree algorithm

I similar tree-like data structure similar optimisations possible

I built differently
I suffix tree alg. processes input words one-by-one

I LCST processes common subwords one-by-one

rule of thumb: after half the running time
I suffix tree alg. finds longest common substring of half the

inputs

I LCST finds half-longest common substring of all inputs
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