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This project proposal describes my research plans for the near future. It is de-
voted to the program in Foundations of Mathematics which dates bacidels
discovery of Incompleteness. The main goals can be grouped as the eight con-
crete tasks below. Ramsey-theoretic, well-order-theoretic and well-quasi-order-
theoretic considerations have always been the usual sources of independence re-
sults, since the pioneering discoveries of J. Paris and H. Friedman. We are going
to obtain independence results in these and other parts of ‘concrete’ mathematics:
Ramsey theory (Tasks 4, 5, 6, 7, 8), well-quasi-order theory (Tasks 2 and 3), ana-
lytic combinatorics (Task 3), braid theory (Task 1), number theory (Tasks 4 and 7)

and the theory of chaotic dynamical systems (Task 5).
In each of the eight tasks, there are already some preliminary results and it is
somehow clear how to obtain final theorems.

Objective | Preliminary results and how to proceed \

Task 1 Braids These conjectures are motivated by Dehornoy’s order-
Establish logical strength of statementing < of positive braids as~”~ and Burckel’s orderin
about braids, such as “for every infiniteof n-strand positive braids as*" . It is clear how
sequence of positive braids, there is amy, proves well-orderedness of braids with a fixed
infinite increasing subsequence”. Prov@&umber of strands. Some unprovability results im-
I¥,-unprovability of some miniaturisa- mediately follow from I3,-unprovability of transfi-
tions, e.g., “for everyK there isN such| nite induction up tas*", some other results need extra
that for any sequenc®;, B,, ..., By of | braid-theoretic work.
positive braids such tha3;| < K + i,
there are < j < N such thatB; < B;".

Task 2 Kruskal and GMT It is an easy observation in [6] that in a moddl F
Develop model theory for Kruskal's theg-1%1, if a cut I satisfies the infinite Kruskal theorem
rem and Graph Minor Theorem. (IKT) then is regular. In [6], we have a sketch that

I is also strong, using characterisation of strong ini-
tial segments from [12]. The proof uses ultrafilters
as in [12] and automatically re-proves tH&T im-
plies ACAy. It also works if you restriciKT to bi-
nary trees. The next problem is to show how an initial
segment satisfyin@A can be built out of certain non-
standard instances of Finite Kruskal Theorem.
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Objective

| Preliminary results and how to proceed \

Task 3 Phase transition for GMT

For every primitive recursive numbe
a, introduce the statemen&M, as:

“for all K there isN such that for any
sequence of graph&s;,Gs,...,Gy

such thalG;| < K + a - \/logi, there
arei < j such thatG; is a minor of
G;". We are planning to prove tha
there is a real number such that for
every primitive recursive real numbg
a, we have: ifa < r thenGM, is

13, -provable but ifa > r thenGM,, is

PA-unprovable.

There is a similar conjecture about u
provability threshold for Kruskal with
gap condition which can be solved
the same time. A successful completi

of this task may shed some light on theunprovable ones. (This involves analysing the behaviou
long-standing open problem of the ac-generating functions on the complex plane.) Step 3 is to

tual logical strength of the Graph Ming
Theorem.

This conjecture is inspired by Weiermann’s Theorem [16]: |let
rKT, be the statement “for alk there existsV such that if
{T;}X¥, is a sequence of finite trees such and foriatt N,
IT;| < k + a-log(i) then there aré < j < N such that
T; is inf-preserving embeddable infg”. Weiermann proved
that for a certain (presumably transcendental) numbeawve
have: ifa < r thenKT, is IX-provable but ifa > r then
t KT, is PA-unprovable. The first unprovability result of Finit
Kruskal Theorem was introduced and proved by H. Friedman
2rin [8], for graph minor theorem see [10]. Provabilitnyl‘%
and unprovability ofKT, were established by M. Loebl and
J. Matosek [13].
I am planning to prove the Graph Minor version modgl-
theoretically. The plan is to borrow the technique from Task 2
n+to build initial segments of models out of nonstandard instances
of Finite Kruskal Theorem and Graph Minor Theorem. Step 1
atis to do the proof forf>:;. Step 2 is to include analytic com
pDibinatorics considerations to separate provable instances

D

from
I of

rtice how the unprovability proof transfers beyohd,, at least
to PA.

Task 4 Zeta-function
Establish analogues of Friedman’s sin

principle (see [3]) for Riemann zeta-Viola theorem on transcendence degreerofHere, we plan

function. A final theorem may look
like: for anyn > 2, the statement “for
all m, there isN such that for any se
A = {ay,aq,...,ay} of rational com-
plex numbers, there i&f C A of size

In my recent paper [3], we gave unprovability proofs for
esharper versions of Friedman’s sine-principle, using Rhin-

to prove similar theorems in another context. The proof (if suc-
cessful) will rely on a lemma similar to Lemma 2 in [3]: for
t anye > 0 and any dimension, any number< and any func-
tiong: [K]™ — [—1, 1], there is a set of rational numbefis=
{a1,as,...,ax} such that forany; < iy < -+ < i, < K,

m such that for any twa-element sub4{ we have
setsa;, < a;, < --- < a;, anda;, <
ag, < ---ay, in H, we have|(a,;, - lg(i1, 42, . . ., in) —sin(as, - ai, -+~ a;,)| <e.
1
i(gzunpr(lc;(;;blg (igfzna_kf_ @) < 5 The abundance of zeroes of zeta-function on the critical Jine
hints at the possibility to prove an analogous lemma.
Task 5 Dynamical system One possible shape of a final theorem may be: “there exists

Prove analogues and generalisations
Friedman’s sine-principle for chaoti
dynamical systems.

@ diffeomorphism of a smooth compact manifold which has a
c countable set of periodic points such that existence of a chaotic
invariant set is not provable in Peano Arithmetic”. This ling is
currently pursued jointly with Sergey Kryzhevich (a dynamical
systems expert). We shall build examples that are meaningful
and interesting for the chaos theory community.

There are several other attractive formulations to end up
One of them uses Sharkovsky's order, another one replaces sine
by the logistic map. Logistic map (with large parameter) ex-
hibits very chaotic behaviour which will probably allow me to
prove a lemma as in Task 4, so, building upon [3], this inde-
pendence result seems to be within easy reach.

ith.
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| Objective | Preliminary results and how to proceed \
Task 6 Density The strength oRT3 has been recently shown to be approximated by
Approximation of strength of Hind; their densities in [4] (i.e. WKL, 4 RT3 has the samHZ-consequences
man’s and Milliken’s theorems by asIAg + U,e,,Va3b [a, ] is n-densé2, 2)). Analogous constructions
their densities. This will also aft were designed for Canonical Ramsey Theorem and Regressive Ramsey
fect the strength of related theg-Theorem (also in [4]). Recently, the approach to strength of infinitary
rems, e.g. Auslander-Ellis theoremstatements via densities was extended (in [5]) from pure Ramsey Theory
about dynamical systems. to cover also Kruskal's theorem, Hilbert Basis theorem and a few gther
examples. Preliminary results in this Task have been obtained jqintly
with A. Weiermann [4, 5].
Task 7 Indiscernibles As a very rudimentary example, take the usual indiscernibles used in
Explore further possibilities withh PA-independence proofs (as in [14]) and notice thatifer j, theith
Paris’ indiscernibles to produceand thejth indiscernible elements andc; will have the same congru-
new unprovability results, hope-ence classes modulo all primes up tot¢he th prime. This observation),
fully of number-theoretic nature. | combined with usual pigeonhole arguments, has been used to weaken
the largeness condition in versions®H or regressivity condition in
versions ofKM, see e.g. [1]. However, in the contextl®fl and KM,
this rudimentary argument is weaker than Weiermann'’s threshold re-
sults forPH (see [17] or, for model-theoretic approach, see my paper
[2], for sharpest threshold results, see Carlucci-Lee-Weiermann Theo-
rem). We shall ussieve theorylearning from [7]) to produce a not-sa-
trivial argument which will bear number-theoretic consequences.
Task 8 Infinitary Ramsey Theory | In [4], | gave model-theoretic proofs of logical strength of Canon-
Establish logical strength of sey-ical Ramsey theorem for pairs and Regressive Ramsey theorem for
eral infinitary statements from mod-pairs (thus model-theoretically re-proving existing recursion-theotretic
ern Ramsey Theory (see Todorceresults). The three ways to establish logical strength of new infinitary
vic's book [15]): e.g. Pudlak-Bdl | ramseyan principles of [15] are: first to look for (mutual) implicatigns
theorem, Gowers’ theorems, somewith principles of known strength (e.qRT, RT}I, RT?) and unknown
statements about blocks and barristrength (e.g.RT3, CAC), secondly to try model-theoretic construc-
ers, about strategically Ramsey setons (as in [4] or [12]), thirdly, try density approach as in Task 6.
and about oscillation stability.

Let me finally mention some ideas which | shall try to realise in the longer run.

1. It is usually pointless to spe

turn out to be unprovable wit

culate which classical open problems in mathestatigisl
hout expert knowledge of those open problems. However, for

one such open problem this may be possible. This is Schirtzgpsthesis H, which begs

to become an independence
polynomialsFi (z), Fa(x), ...,

result. It says (see [7]): “for any finite collection of irreducible
F, (z) with integer coefficients and such thd,,, F; has

no fixed prime divisor, there exist infinitely-many integersuch that for alf < n, F;(m)
are prime”. This conjecture is extremely strong and its formulation already provides some
necessary ingredients for independence proofs (e.g. the enumeration\gffalimulas

can be extracted).

cardinal axioms. In the case
dinal axioms correspond to

The historical prototypes dtH and the earliePA-unprovable statements [14] dagge

of arithmetic, closedness properties postulated by large car-
closedness properties of initial segments of models of arith-

metic. It would be good to borrow ideas from modern theory of large cardinals to intro-

duce new kinds of initial seg

ments (other than semi-regular, regular, stieexgendible

andn-Ramsey) which will give new independence results in arithmetic. Hopefully, even

relatively direct arithmetical t

ranslations of large cardinals will work.
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3. Find aPA-unprovable statement in terms of existence of a winning strategygame of
Noughts and Crossegon an unbounded many-dimensional board). We will attempt to do
it via finding an unprovable version of the Hales-Jewett theorem or by directly formulating
the rules in a way that ensures that for a certain game, the resulting “generalised diago-
nal” can be converted into our desired set of indiscernibles. Recall that first examples of
indicators were also built in terms of games between two players (see [14, 12]).

4. Learning to buildnodels of strong theorieqe.g. ZF or extensions oZF as in [9], [11])
directly, ‘by hands’. (Clearly, this will be a construction of a countable oriented graph.) The
additional principles which we shall need to employ in order to make the direct construction
work will be the unprovable statements we are seeking.
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