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Óñëîâíûå âåðîÿòíîñòè

• Ω, B ⊂ Ω;

• ΩB = {A ∩ B|A ⊆ Ω};
• Pr[A | B] = Pr[AB]

Pr[B] ;

• Ïóñòü A1,A2, . . . ,An � ïîëíàÿ ñèñòåìà íåñîâìåñòíûõ
ñîáûòèé (AiAj = ∅,

⋃
Ai = Ω).

• C = CA1 ∪ CA2 ∪ · · · ∪ CAn.

• (Ôîðìóëà ïîëíîé âåðîÿòíîñòè)
Pr[C ] =

∑
i Pr[CAi ] =

∑
i Pr[C | Ai ] Pr[Ai ]
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Íåçàâèñèìîñòü

• A,B ⊂ Ω íàçûâàþòñÿ íåçàâèñèìûìè, åñëè
Pr[AB] = Pr[A] Pr[B];

• Pr[A | B] = B, Pr[B | A] = A;

• Ïðèìåð. Ω = {00, 01, 10, 11}, âñå èñõîäû ðàâíîâåðîÿòíû.
A � ïåðâûé áèò ðàâåí 0, B � ñóììà áèòîâ ÷åòíà.
Pr{A} = 1

2 , Pr{B} = 1
2 , Pr{AB} = 1

4 ;

• Ñîáûòèÿ {Ai}i∈I íàçûâàþòñÿ âçàèìíî íåçàâèñèìûìè, åñëè
äëÿ âñåõ T ⊆ I âûïîëíÿåòñÿ Pr[

⋂
i∈T Ai ] =

∏
i∈T Pr[Ai ].

• A âçàèìíî íåçàâèñèìî îòíîñèòåëüíî {Bi}i∈I , åñëè äëÿ
ëþáîãî T ⊆ I âûïîëíÿåòñÿ Pr[A] = Pr[A |

⋂
i∈T Bi ]

• (Äèñêðåòíûå) ñëó÷àéíûå âåëè÷èíû ξ è η íàçûâàþòñÿ
íåçàâèñèìûìè, åñëè äëÿ âñåõ a, b ∈ R âûïîëíÿåòñÿ
Pr[ξ = a, η = b] = Pr[ξ = a] Pr[η = b].
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Ëîêàëüíàÿ ëåììà

• A1,A2, . . . ,An � ñîáûòèÿ.

• G (V ,E ) � ãðàô çàâèñèìîñòåé:
• V = {1, 2, . . . , n}
• Ai âçàèìíî íåçàâèñèìî ñî âñåìè Aj , ÷òî (i , j) /∈ E .

• Ëåììà. [Ýðäåø-Ëîâàñ]. G � ãðàô çàâèñèìîñòåé ñîáûòèé
A1,A2, . . . ,An.

• Còåïåíè âñåõ âåðøèí ≤ d .
• Pr[Ai ] ≤ p
• 4pd ≤ 1

Òîãäà Pr[A1 · A2 · · ·An] > 0

• Äîêàçàòåëüñòâî.
• Èíäóêöèåé ïî m äîêàæåì, ÷òî Pr[Ai1 | Ai2 · · ·Aim ] ≤ 2p.
• Áàçà m = 1 î÷åâèäíà
• Ïóñòü 1 ñìåæíà ñ 2, 3, . . . , k è íå ñìåæíà ñ k + 1, . . . ,m
• Pr[A | BC ] = Pr[AB|C ]

Pr[B|C ]
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Ëîêàëüíàÿ ëåììà
Ëåììà. [Ýðäåø-Ëîâàñ]. G � ãðàô çàâèñèìîñòåé ñîáûòèé
A1,A2, . . . ,An. Còåïåíè âñåõ âåðøèí ≤ d , Pr[Ai ] ≤ p, 4pd ≤ 1.
Òîãäà Pr[A1 · A2 · · ·An] > 0
Äîêàçàòåëüñòâî.

• Èíäóêöèåé ïî m äîêàæåì, ÷òî Pr[Ai1 | Ai2 · · ·Aim ] ≤ 2p.
• Áàçà m = 1 î÷åâèäíà
• Ïóñòü 1 ñìåæíà ñ 2, 3, . . . , k è íå ñìåæíà ñ k + 1, . . . ,m
• Pr[A | BC ] = Pr[AB|C ]

Pr[B|C ]

• Pr[A1 | A2 · · ·An] = Pr[A1A2···Ak |Ak+1···Am]

Pr[A2···Ak |Ak+1···Am]

• Pr[A1A2 · · ·Ak | Ak+1 · · ·Am] ≤ Pr[A1 | Ak+1 · · ·Am] =
Pr[A1] ≤ p

• Pr[A2 · · ·Ak | Ak+1 · · ·Am] = 1− Pr[
⋃k

i=2 Ai | Ak+1 · · ·Am] ≥
1−

∑k
i=2 Pr[Ai | Ak+1 · · ·Am] ≥ 1− 2p(k − 1) ≥ 1− 2pd ≥ 1

2
• Pr[A1 | A2 · · ·An] ≤ p

1/2 = 2p.

• Pr[A1 · · ·An] =
∏n

i=1 Pr[Ai | A1 · · ·Ai−1] ≥ (1− 2p)n > 0.
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Î ðàñêðàñêàõ

• F � ñåìåéñòâî k-ýëåìåíòíûõ ìíîæåñòâ.

• |F| ≤ 2k−1, òîãäà âñå ýëåìåíòû ìîæíî ïðàâèëüíî
ðàñêðàñèòü â äâà öâåòà (∀S ∈ F â S äîëæíû áûòü
ýëåìåíòû îáîèõ öâåòîâ).

• Òåîðåìà. [Ýðäåø-Ëîâàñ] Åñëè êàæäûé ýëåìåíò F
ïåðåñåêàåò íå áîëüøå 2k−3 äðóãèõ, òî ñóùåñòâóåò
ïðàâèëüíàÿ ðàñêðàñêà F â äâà öâåòà.
Äîêàçàòåëüñòâî.

• F = {S1, . . . ,Sm}.
• Ðàñêðàñèì êàæäûé ýëåìåíò ñ âåðîÿòíîñòüþ 1

2 ñëó÷àéíî.
• Ai : âñå âåðøèíû Ai ïîêðàøåíû â îäèí öâåò
• Pr[Ai ] = 21−k

• Íàäî äîêàçàòü Pr[A1 · · ·Am] > 0
• Ãðàô çàâèñèìîñòåé: ñîåäèíÿåì Ai è Aj , åñëè Si ∩ Sj 6= ∅.
• d = 2k−3, 4pd = d23−k ≤ 1
• Óòâåðæäåíèå ñëåäóåò èç ëîêàëüíîé ëåììû.
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k-SAT

Òåîðåìà. Ôîðìóëà â k-ÊÍÔ (â êàæäîì äèçúþíêòå âñå
ïåðåìåííûå ðàçíûå), â êîòîðîé êàæäàÿ ïåðåìåííàÿ âõîäèò íå

áîëåå, ÷åì â 2k−2

k äèçúþíêòîâ, âûïîëíèìà.
Äîêàçàòåëüñòâî.

• Ðàññìîòðèì ñëó÷àéíûé íàáîð çíà÷åíèé ïåðåìåííûõ.

• Ai � i-é äèçúþíêò íå âûïîëíåí.

• Pr[Ai ] = 2−k .

• Ãðàô çàâèñèìîñòåé: ñîåäèíÿåì Ai è Aj , åñëè i-é äèçúþíêò
è j-é äèçúþíêò èìåþò îáùèå ïåðåìåííûå.

• d ≤ 2k−2, 4pd ≤ 1.

• Óòâåðæäåíèå ñëåäóåò èç ëîêàëüíîé ëåììû.
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Îðèåíòèðîâàííûå öèêëû

• G (V ,E ) � îðèåíòèðîâàííûé ãðàô, èç êàæäîé âåðøèíû
èñõîäèò ≥ δ ðåáåð è âõîäèò ≤ ∆ ðåáåð.

• Òåîðåìà. Åñëè äëÿ íåêîòîðîãî k âûïîëíÿåòñÿ íåðàâåíñòâî
4∆δ(1− 1

k )δ ≤ 1, òî â G åñòü ïðîñòîé îðèåíòèðîâàííûé
öèêë, äëèíà êîòîðîãî êðàòíà k .
Äîêàçàòåëüñòâî.

• Ìîæíî ñ÷èòàòü, ÷òî èç êàæäîé âåðøèíû èñõîäèò ðîâíî δ
ðåáåð.

• Ïóñòü f : V → {0, 1, . . . , k − 1} � ñëó÷àéíà ðàñêðàñêà. Öâåò

êàæäîé âåðøèíû âûáèðàåòñÿ ñëó÷àéíî è ðàâíîâåðîÿòíî.
• v ∈ V , Av � íå ñóùåñòâóåò âåðøèíû u ∈ V , ÷òî (v , u) ∈ E
è f (u) = f (v) + 1 mod k.

• Pr[Av ] = (k−1)δ

kδ = (1− 1
k )δ.

• Ãðàô çàâèñèìîñòåé: Au è Av ñîåäèíÿåì ðåáðîì, åñëè

(N+(u) ∪ {u}) ∩ N+(v) 6= ∅
• d ≤ δ∆, 4pd ≤ 1
• Pr[

∧
v∈V Av ] > 0.
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Ïðîèçâåäåíèå ìàòîæèäàíèé
Òåîðåìà. X1,X2, . . . ,Xn � âçàèìíî íåçàâèñèìû. Òîãäà
E[X1X2 . . .Xn] = E[X1] E[X2] . . .E[Xn].
Äîêàçàòåëüñòâî.

E[X1X2 . . .Xn] =
∑
x

x Pr{X1X2 . . .Xn = x} =

∑
x1,x2,...,xn

x1x2 · · · xn Pr{X1 = x1,X2 = x2, . . . ,Xn = xn}
(íåçàâèñèìîñòü)

=∑
x1,x2,...,xn

x1 Pr{X1 = x1}x2 Pr{X2 = x2} . . . xn Pr{Xn = xn} =

(
∑
x1

x1 Pr{X1 = x1})(
∑
x2

x2 Pr{X2 = x2}) . . . (
∑
xn

xn Pr{Xn = xn}) =

n∏
i=1

E[Xi ]
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Îöåíêè ×åðíîâà-Õîåôäèíãà

• X1,X2, . . . ,Xn � âçàèìíî íåçàâèñèìûå ñëó÷àéíûå
âåëè÷èíû, ïðèíèìàþùèå çíà÷åíèÿ èç {0, 1};

• m = E
∑n

i=1 Xi ;

• Öåëü: ïîëó÷èòü
Pr[| 1n

∑n
i=1 Xi − 1

nm| ≥ δ] ≤ ÷òî-òî ìàëåíüêîå

• X i = Xi − pi

• Pr[ 1
n

∑n
i=1 Xi − 1

nm ≥ δ] = Pr[ 1
n

∑n
i=1 X i ≥ δ] =

Pr[et
∑n

i=1 X i ≥ etδn] ≤ E[et
∑n

i=1 Xi ]
etδn

• E[et
∑n

i=1 X i ] =
∏n

i=1 E[etX i ]

• E[etX i ] = pie
t(1−pi ) + (1− pi )e

t(0−pi ) ≤ et2/8

• Pr[ 1
n

∑n
i=1 Xi − 1

nm ≥ δ] ≤ (et2/8)n

etδn = e(t2/8−tδ)n

• t = 4δ

• Pr[| 1n
∑n

i=1 Xi − 1
nm| ≥ δ] ≤ 2e−2δ2n
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Îöåíêè ×åðíîâà

• X1,X2, . . . ,Xn � îäèíàêîâî ðàñïðåäåëåííûå âçàèìíî
íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû.

• Pr{Xi = 1} = p,Pr{Xi = 0} = 1− p.
E Xi = p,E X = E

∑n
i=1 Xi = np;

• Pr{|
∑

Xi

n − p| ≥ ε} ≤ 2e−2ε2n

• 1000 ðàç áðîñàëè ìîíåòêó. Îöåíèòü âåðîÿòíîñòü òîãî, ÷òî
âûïàëî áîëüøå 550 îðëîâ?

• e−2 1000
400 = e−5.
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Îöåíêè ×åðíîâà: ïðèìåíåíèå

• f : {0, 1}n → {0, 1}
• Êàê âû÷èñëèòü µ = 1

2n

∑
x∈{0,1}n f (x)?

• Ñãåíåðèðîâàòü m ñëó÷àéíûõ ñòðî÷åê:
x1, x2, . . . , xm ∈ {0, 1}n

• Ïîñ÷èòàòü X = 1
m

∑m
i=1 f (xm)
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Îöåíêè ×åðíîâà â ìóëüòèïëèêàòèâíîé

ôîðìå

• X1,X2, . . . ,Xn � âçàèìíî íåçàâèñèìûå ñëó÷àéíûå
âåëè÷èíû, ïðèíèìàþùèå çíà÷åíèÿ èç {0, 1};

• X =
∑n

i=1 Xi , m = EX ;

• Öåëü: ïîëó÷èòü Pr{X ≥ (1 + δ)m} ≤ ÷òî-òî ìàëåíüêîå

• E etXi = (1− pi ) + etpi ;

• E etX = E et
∑

i Xi = E
∏

i e
tXi =

∏
i E etXi =∏

i (1 + pi (e
t − 1)) ≤

∏
i e

pi (e
t−1) = e

∑
i pi (e

t−1) = em(et−1)

• Pr{X ≥ (1 + δ)m} = Pr{etX ≥ e(1+δ)mt} ≤ E etX

e(1+δ)mt ≤ em(et−1)

e(1+δ)mt

• t = ln(1 + δ)

• Pr{X ≥ (1 + δ)m} ≤
(

eδ

(1+δ)(1+δ)

)m

• Pr{X ≤ (1− δ)m} ≤
(

e−δ

(1−δ)(1−δ)

)m

• Ñëåäñòâèå. Pr[|X −m| ≥ cm] ≤ 2e−min{c2/4;c/2}m
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