Logic and accurate proofs

0268 - Discrete Mathematics
March 8, 2018

1 Instructions

Solve as many problems as you can by March 15. You can work on the
problems as a pair, in this case write both names on the paper. Make sure to
verify your solutions and solutions of your partner.

2 Problems

Problem 1 What is going on here?!
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A Precisely identify and explain the mistake(s) in this bogus ($&i#HY) proof.

B Every positive real number r has two square roots, one positive and the
other negative. The standard convention is that the expression /r refers
to the positive square root of r. Assuming familiar properties of mul-
tiplication of real numbers, prove that for positive real numbers r and

’ Jrs= Vs

Problem 2 It is a fact that the Arithmetic Mean (ZARF1) is at least as
large as the Geometric Mean (JL{ij*F#4) , namely,

a—2|—bZ "

for all non negative real numbers a and b. But there’s something objectionable
(fELI3E3Z 1)) about the following proof of this fact. What’s the objection, and
how would you fix it?



Bogus proof.
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(a—0)" >0, which we know is true.

The last statement is true because a — b is a real number, and the square of a
real number is never negative. This proves the claim. |

Problem 3 Hint: Contradiction (JZiFi:) .

A Let n € N. Explain why if n? is even—that is, a multiple of 2—then n is
even.

B Explain why if n? is a multiple of 3, then n must be a multiple of 3.

C Prove that if a - b = n, then either a < \/n or b < \/n, where a, b, and n
are nonnegative real numbers.

Problem 4 Write down with quantifiers and formal logical relations the fol-
lowing sentences. Any logically equivalent statements are fine. Simpler version
of each sentence are generally preferred.

A In order for all students to pass this course every student must not skip any
homework assignments and in each joint homework none of the students
should completely rely on the other person to solve all their problems.

B Both students receive 0 score for a solution to a homework problem if
there is the same solution in someone else’s homework.

Problem* 5 Lemma 1 Let the coefficients (F%{) of the polynomial ag +
a1z +asx? + -+ apm_12™ 1+ 2™ be integers (#%%) . Then any real root (52
¥048) of the polynomial is either integral or irrational (FE¥E%L) .

A Explain why the Lemma immediately implies that %k is irrational when-
ever k is not an m-th power of some integer.

B Carefully prove the Lemma.

You may find it helpful to appeal to:

Fact. If a prime p is a factor of some power of an integer, then it is a factor
of that integer. (UNRBUEL p RIEBEFMEL. W2 E—E L% BHE
. )

You may assume this Fact without writing down its proof, but see if you can
explain why it is true.



