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AJITEBPANYECKAA KPUIITOTPADUA:
HOBBLIE KOHCTPYKIIUM U UX HAJEXXHOCTb
OTHOCUTEJIBHO JOKA3YEMOT'O B3JIOMA

© 4. 0. T'PUTOPBLEB, A. KO2KEBHUKOB, C. U. HUKOJIEHKO

MM3BecTHO He Tak Yk MHOT'O CXeM KPUNTOrpadUIeCKUX IPUMITUBOB, OCHO-
BaHHBIX HA MEAX HEKOMMYTaTHBHOU atre6pnr. Kax nas Hopas cxema mpen-
CTaBIAET CYLIECTBEHHBIN NHTEPEC, HOCKOIBbKY AJIA HeAGeIeBbIX KOHCTPYK-
UUU MHOTHE CTaHJapTHBIe aTaku He paboraioT. C APYyroum CTOPOHBI, B
kpunTorpadgun He M3BECTHBHI JOKA3aTEJbCTBA HALEXKHOCTHU, KOTOPBIE OBbI
TO3BOMAIN TPAHCIMPOBATH HAMEXKHOCTH TOIO WIM WHOTO IPUMHUTHBA B
YTBEpXKIeHUA O CIOXKHOCTHBHIX Kaaccax. IlopToMmy mpencTaBiasioT mHTepec
nccIefoBaHUA 6oaee CIa0bIX IMOHATUN HaJEKHOCTH.

B 5Tou paboTe MBI MPEACTABAAEM HOBBIE KOHCTPYKINKA KPUITOTpadu-
YeCKUX IIPUMUTHUBOB HA OCHOBE TE€OPHUU MHBAPMAHTOB I'PYIIN U IMpeaIara-
€M BO3MOXHBIE BAaPHAHTHI UX YCIOXKHEHUA IIA IPAKTUIECKOrO IPUMEHe-
Husa. Kpome TOro, BBEJEHO HOBOE MOHATHE 6340MG € JOKA3AMEAbCMEOM,
TMpPEACTABIAIONIEE COO0U OCTABIEHHYIO BEPCUIO OOBIYHOI'O KPUMTOrpadu-
9eCKOr0 B3JI0Ma, B KOTOPOM B3JOMIIUK JONXKEH MPEJCTABUTH J0KA3ATelb
CTBO TOT'O, 9YTO OH JEUCTBUTEIHLHO MPABUILHO PACIIN(POBAT COOOLIEHNE.
[lokazaHo, YTO KPUOTOCUCTEMBI, OCHOBAHHBEIE HA MHBAPMAHTAX MATPUU-
HBIX TPYII, a TaKXKe BAPUAHT IPOTOKOJIA COMVIACOBAHUA KIOYa AHIIETIb—
Anmens—Tonadersaa A11 MOAYIAPHBIX TPYII, ABIAIOTCA yCTOUMIUBBLIMU
OTHOCUTEIBHO B3JIOMA C JOKasaTerbcTBoM, eciu NP Z RP.

§1. Anre6panyeckas KpunTorpadus

KpunTorpadgusa ¢ OTKPBLITHIM KIIOYOM, HAMAHAA ¢ CAMOTO CBOETO MOSABJIE-
uui [19, 52], akTuBHO mOAB3yeTCA anrebpandeckuMu KoucTpykuuamu. Cucre-
Ma RSA, mampumep, OCHOBaHa HA METOAAX TEOPUHU TUCET; YKE CaMa €6 KOH-
CTPYKIUA COAEPKUT BBIUUCICHUE DYHKIUU JUIepa OT KIoda, ¢(n), a eé Ha-
IEXKHOCTH OCHOBAHA, HA CIOXHOCTY 330291 PA3IONKEHUS IUCET HA, MHOXKUTENN,
TOYHEE T'OBOP:A, HA CIOXHOCTU TaK HasbiBaeMon ,,RSA problem“: moucka xop-
HEW 33JaHHOU CTEMEHN TI0 MOLYJII0 IUCIA 1 = Pq, TAE P U ¢ — TPOCTHIE (CTONT
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OTMETHUTE, ITO 3Ta 3aa9a MOXKET OKa3aThCA HEe SKBUBATCHTHA Pa3I0XKEHUIO
qUcenr Ha MHOXWTENIN; 5Ta Ipobaema MoKa ocTaéresa oTkpeiTon [17, 53, 18]).

OaHaK0 0OBITHO MO aazebpauueckoti Kpunmozpadueti ¢ OTKPHITHIM K-
YOM MTPUHATO TMOHMMATHL HECKOIbKO Golee y3koe MoHATHe. Anrebpamtdeckas
KpunTorpadusa paccMaTpuBaeT KOHCTPYKIUM, B KOTOPBIX OTOOpaXeHWA KO-
JIVPOBAHUA W TEKOAWPOBAHUA ABIAIOTCA ToMOMOpdmamamm rpymm. B [2] na-
éTca caegyomee onpefenenue 20mMomopProti Kpunmocucmembt (Cp. ¢ onpeme-
JeHueM 2, rae BBOJAUTCA TIOHATHE KPUITOCUCTEMEI BOOOIE).

Onpepaenenne 1. Ilycrs H — xoneunas rpynna, H # {e}, G — xoneuno-
nopox aéuHas rpynmna, f : G — H — snudopmusm. [lycts gansr MEOXECTBO R
MpPEeACTABATENCN TMTPABBIX KIACCOB CMEXHOCTH (G TI0 HOPMAJBLHOU TOATPYIIIE
Ker(f) n mHOXecTBO A CIOB B HEKOTOPOM andaBUTe BMECTE C TaKUM OTO-
6paxenmem P : A — G, aro Im(P) = Ker(f). Habop (R, A, P) maswiBaeTca
2omomopPdrot xKpunmocucmemoti Hax H oTHOCUTENRHO [, ecau:

® UMEIOTCA BEPOATHOCTHBIE AJTOPUTMBL [IA CIYyYANHOTO [IOPOXK JEHUA
5IeMeHTOB MHOXeCTB A, G, H, [ BEIMUCICHUS OGPATHOTO IEMEHTA,
u npomsBefenusa B rpynnax G u H, BEPOATHOCTHAA CIOKHOCTH KOTO-
PBIX HOAMHOMHUAJIBHA OT pasMmepa samanuda rpynn G, H u MHOXeCT-
Ba A;

e |R| = |H|, n nna Bcaxoro g € R ero o6pas f(g) MOXHO BEIMHCIATD 34
HOJAMHOMUAJIBHOE OT pas3Mepa 3aIaHud yIaCTBYIOIIUX TPYII BPEMS,
TakXke KaK W JIA BCAKOTO diaeMeHTa h € H MOXHO BBIYUCIATEH €ro
eIMHCTBEHHBIN Ipoo6pas g € R: f(g) = h;

e P aBuseTCA CeKpeTHO-06paTuMbIM OToOpaxerueM (trapdoor).

DopmansHO gaxke B >TOM, 60Jee Y3KOM, CMBICIE alrebpanmdecKas KPUITOo-
rpadusa ¢ OTKPBITHIM KJIIOYOM BCE PABHO MOSABUIACH MPAKTUIECKU OTHOBpE-
MEHHO ¢ KpUNTOrpaduen ¢ OTKPLITHIM KJIOYOM; KPUNTOCACTEMA, OCHOBAHHAA
HA KBAaPATUIHLIX BLIYETAX, OBLIA MEPBOU MOMOMOP(HON KPUITOCUCTEMON U
OHOU U3 TEPBBIX KPUITOCUCTEM BooOGIIe [26, 25].

Onurako cob6cTBeHHO anrebpantieckas KpUnTorpadus B €€ COBpEMEHHOM I0-
HUMAHUM BEAET HAYAMO OT PabOT, CBA3AHHBIX C KPUNTOrPAPUIECKUMUI TIPU-
MUTHBAMU, IOCTPOEHHBIMU Ha HaInnTudeckux Kpusbix [44, 37]. OcHoBHBIE
KOHCTPYKIWHU DTUX TPUMUTHUBOB HA CAMOM €€ MajJ0 OTIMIAIOTCA OT KOH-
CTPYKIIUU, OCHOBAHHBIX Ha JUCKPETHOM Jorapudme, TAKUX KaK TPOTOKOI CO-
rnacoBanua kao4a ludppu—Xemmmana. OCHOBHOE OTAMYME B TOM, 9TO BHI-
YUCTEHUA BEAYTCA B abeleBOU TPYIIE TOYEK DILIUMTUIECKOU KPUBOU BUIA

y? = 2% + ax + b wm y? + zy = 23 + ax? + b; 5TO HO3BOIAET CYIIECTBEHHO
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YMEHBIIUTEL PA3MEPhl KIIOYEN U CAETATH KPUNTOCUCTEMBI HGomee 3 dHeKTuB-
ueivu [13, 57, 32]. B nocrennee Bpemsa B CIITA 6bur mpuHAT psag KpuoTorpa-
PUUIECKUX CTAHIAPTOB, OCHOBAHHBIX HA DIITUNTAYECKUX KPUBHIX.

OTMmeTuM OfHY BaXHYI0 OCOOEHHOCTH. U KIaccuyeckme KOHCTPYKIUU, U
KpunTorpadgpusa Ha DIIANTAIECKUX KPUBBIX UMEIOT AEI0 C GOeAesblMU TPYII-
maMu. JTa JONMOJHUTENLHAA CTPYKTYPA MO3BOIAET CAETATH AITOPUTMBI KOU-
pPOBaHUA U AEKOAUPOBAHUA e1Ié Goaee d>PPEKTUBHBIME, 8, TAKKE CYIIECTBEHHO
YOPOLAET aHAIW3 BO3HEMKAmuX 3axad. OmIHAKO 3a MOCAeTHUE NECATH JET,
HauuHasA ¢ ocHoBomomaraomux pabor [urepa [Mlopa [54, 12], abGeneBbr KoH-
CTPYKIINY OKA3AJIUCH MOABEPTHYTHI HOBOMY THUIY aTaK, CO CTOPOHBI K8AHMO-
8bIT BLIUUCAECHUL. 3ATATA PABTOKEHUA TUCEN HA MHOXUTEIA W JUCKPETHOTO
Jorapudma, Ha KOTOPBIX, C HEKOTOPLIMUA BAapUAIUAMU, OBLIA OCHOBAHBI BCE
Haubosee MOMyIIPHBIE KPUITOCUCTEMBI, BKIIOYAA KPUITOCUCTEMBI, OCHOBAH-
HBIE HA BIUIANTUYIECKUX KPUBBIX, TOLYIUIA TPOCTHIE U 3P PEeKTUBHBIE AITO-
PUTMEBI PelIeHns Ha KBAHTOBOM KoMnbioTepe (cM. Takxke [41, 47] u ra. 20 [10]).
ITO MPOUCXOJUT BCAELCTBUE TOTO, ITO HA KBAHTOBOM KOMITBIOTEPE IPU TTOMO-
M KBAHTOBBLIX Tpeo6pasoBanm Pypbe MOKHO 3dGEKTUBHO PEIIATD 33, TaTy
BBEIUMCJEHUA MOPATKA DIEMEHTA B a0€IeBOU TPYIINE, 9aCTHBIM CIy9aeM KOTO-
pOH, COGCTBEHHO, U ABIACTCA AUCKPETHLIX JorapudmM. Perrenne sTou 3amaxdm
HACTOJHKO MOMOTAET A B3JIOMA KPUMTOrPAPUIECKUX TPUMUTUBOB, OCHO-
BAHHBIX HA A6EIEeBLIX TPYMNAX KOHCTPYKIIAN, ITO B CATYAIINYA, KOT 1A KBAHTO-
BbIe KOMITBIOTEPHI YK€ MPUCYTCTBYIOT HA TOPU3OHTE (XOTA UX MPAKTUIECKUE
HNEePCHeKTUBBL OKA, He [0 KOHIA ACHBI), OPPAHUYABATHCSA KOMMYTATHBHLIMA
KOHCTPYKIUAMHE YXKe HEJOCTATOIHO: XOTEIOCH OBI TIOLYIUTE U HEAbEAEBbl KOH-
CTPYKLIXH, OT KOTOPBIX MOXHO OXMAATh OOIbIIeN ycTonausocTn [8].

VIMeHHO TO2TOMY JUIMNITUYECKUNE KOHCTPYKIUUA M KIACCUIECKUE KPUIITO-
rpadueckue koucTpykiun Judpdpu—Xemrnmana u RSA 6suin 060061mensl, u 3a-
Jata, MOCTPOEHNs TOMOMOP(MHBIX KPAITOCHCTEM OblIa ocTaBIeHa B [22, 59].
[TepBrie maru B UCHONBL30BAHUM ANTEOPAUIECKUX KOHCTPYKIUU, B YACTHO-
CTU TEOPUM TPYIII, I MOCTPOEHUA KPUMTOTrPAPUIECKAX TPUMUATHARBOB ObLIY
caenansl B paborax [11, 46, 48, 49]. Baxub mar Ha myTu pa3spaboTKu He-
abeNeBLIX KPUNTOrPAPUIECKUX TIPUMATABOB coCTaBuau paboTer V. Anmens,
M. Aumens u [I. Tongdensaa, ogHy U3 KOHCTPYKIUUA KOTOPBIX MBI Oymem
noapo6Ho paccMarpusath B §9 [6, 7, 5].

[ansbuenmas pa3zpaboTKa DTUX UAEU MPOMOIKAIACE B paboTax MEPBOro
asropa u . H. Tlomomapenko. Buur paszpaboTan amnmapaT OnpenereHuu, Ta-
KUX Kak omnpegeneHue 1. Bbuim moCcTpPOEHBI KOHCTPYKIUYU HEAOEMEBBIX TOMO-
MOP(HBIX KPUIITOCUCTEM C OTKPBITHIM KIIOUOM [2], KOHCTPYKIMU roMoMopd-
HBIX KPUITOCUCTEM HaI Koabnamu [29], 6su1a paspaboTana obmas cxeMa KOH-
CTPYKIUH GOJee CIOKHBIX TOMOMOPQHBIX KPUITOCUCTEM 13 6;10KOB [31] (sTa
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cxema OyIET UTPATh BAXHYIO POIb B HACTOAMEN PabOTe), MCCICAOBAHA CBA3D
MEX Iy TOMOMOP(MHBIMU KPATTOCUCTEMAMA U KOJIUPOBAHUEM OYJIEBCKUX CXEM
(30].

B pa6ore [1] mepBbiit aBTOp IpeAIOXK I UCTIOAL30BATS I KPUIITOrpadute-
CKUX I[eJIeW TEOPUI0 MHBAPUAHTOB rpymir. B §5 MbI 06Cy MM 5T KOHCTPYKIMM
0onee mMOAPOOHO, a CEeUYac MeperaéM K 0OCYXIEHUIO B3JIOMA, C JOKA3ATETh-
CTBOM — BTOPOU OCHOBOIIOJATAIOMEN WIeN HACTOAIMEN paboThl. DTa CTAThA
npeacTaBIsgeT OO0 CyNIeCTBEHHO PACHIMPEHHYIO BEPCHUio paGoThl [28].

§2. OcnabneHHble pe3ynbTaTbl COBPEMEHHOM KPUNTOrpaduu

CoBpemennas KpunTorpadgus TPAKTUIECKA HE MO3BOMAET MPEIOCTABATH
CTpPOr7Ee [IOKA3ATEIhCTBA HAMEKHOCTH TE€X WIM WUHBIX TPUMATUBOB. Haxu-
HAfA C CAMOU TIEPBOU KOHCTPYKIIAU MIPOTOKOJIA COTMIACOBAHUA Kiato4a [Tuddu—
Xennvana [19] u kpunrocucTeMs! ¢ OTKPHITHIM KiaodoM RSA [52], kpunrorpa-
Bl TOCTPOMIN OIPOMHOE KOJUIECTRBO KOHCTPYKIIUYN, HO HE CMOTVIN MPENOCTA-
BUTH MU 00H020 TOKA3ATENLCTBA UX HAAEXHOCTU. KOHEYHO, HAUTHU OE3YCI0B-
HOE [MOKA3aTEIbCTBO AEUCTBUTENLHO BPAJ JU TOJYIATCA, TIOTOMY UTO OHO
BKJIIOYATO ObI B ceOs mokazaTeascTBo P # NP. Ho u ycinoBubIe mokasaTenb-
cTBa BUaa ,,Eciu P % NP, 70 Takon-TO MpOTOKOI HAZEXKEH“ TOXE HE TAK-TO
MPOCTO TMOAYYIUTH. [len0 3[1ech B TOM, 9TO KIACCUYIECKOE MOHATUE KPUIITO-
rpaduIecKon HAJEXHOCTH €CTECTBEHHBIM 00Pa30M CBA3aHO CO CJIOXHOCTBIO
B CPEIHEM, a HEe KJIACCUIECKOU CIOXHOCTBIO B XyAmem crydae. [Ipusegém mis
IpUMEPA KIACCHICCKOE TIOHATHE CEMAHMUUECKOT HADEHCHOCMU KPATITOCUCTE-
MBI; OHA, OTIPEENAETCA CIEAYIOIIM 06pa3oM (MPUAETCA HAIATE C OPEIETEHUA
COOCTBEHHO KPUNTOCUCTEMEI) [25].

Omnpeaenenune 2. Kpunmocucmema ¢ omrpbimbim K.410%0M S COCTOUT U3
TPEX BEPOATHOCTHBLIX aaroputMmoB (G, E, D) mis mopoxneHus KI4a, KOIU-
POBaHUSA W AEKOAUPOBAHUA COOTBETCTBEHHO, KAX LI M3 KOTOPBIX paboTaeT
B XYALIEM CJIy9ae MOJUHOMUAILHO TOITO.

Anropurm mopox aenus kmoda G Ha Bxoge 1" (rge n — mapameTp HAIEX-
HocTH) mopox aaet mapy G(1") = (e, d) u3 myGaMvHOrO U CEKPETHOTO KIIOUA.
AnropurMm kogupoBanua F momydaeT Ha BXOMA MyOIWYHBIN KIIOY € U COOOIIe-
HUE 1, MOCJHe Yer0 BBIIAET 3aKOAUPOBAHHOE COOOIIEHUE

E(e,m) =c.

Anropurm gexomupoBanua D moldydaeT Ha BXOJ CEKPETHLIX KA d 1 KOT C.
Brixogom D aBasgeTcsa coobIneHune

D(d,c) =m/,
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KOTOPOE MOXET He PABHATHCA UCXOAHOMY COOOIIEHUIO TONBKO TOTIA, KOTAA
E(e,m) = E(e,m’). Takue cuTyanuu HA3BIBAIOTCA KOAAUBUAMU; B JATHHEU-
[IeM MBI MPEATIONATAEM, 9TO KONLIU3UYA TPOUCXOAAT C TMPEHEOPEXUMO MATON
BEPOSATHOCTHIO.

Omnpepgenenune 3. Kpunrocucrema ¢ OTKpuITEIM KaodoM (G, E, D) Ha3biBa-
eTCA CEMARMUUECKYU, HAOENCHOT, €CITU I BCEX TMOITHOMUAATHLHBIX AJTOPUTMOB
M un A, pyuruun h 1 MHOTOWLIEHOB () CYLIIECTBYET TAKOU IMOJIMHOMUAILHBLIN
AIropuT™M B, 9TO mia mocTaTodHO 60abumX k

Pr, [A(lk,c, e) = h(m) | (e;d) — G(1%),m <" M(1%),¢ " E(e,m)

< Pr, [B(1F) = him) | m —" M(1%)] + ﬁ.

Hedopmanbao T1oBOpA, MH000M MOTEHIUAILHBIN B3JIOMIIUK, KOTOPBIA, 3HAIL
pacrpeenenre UCXOAHBIX coo0menun M, moaydaeT Ha, BXOMI 3aKOIUPOBAHHOE
COOOIIeHNEe U TMYOIUIHBIN KAY, HE CMOXET €ro JeKOAUPOBATL 3HAYUTENb-
HO 9aIle, 9eM AIrOPUTM, KOTOPHIM He 3HaeT Huvero, kpome M (M myxHO
MOTOMY, 9TO, HAPUMED, €CAU U3BECTHO, 9TO BCE BPEMs KOAUPYETCA OJHO U
TO Xe COOOIIeHre, TPOTUBHUK AEUCTBUTEILHO CMOXET €ro PacKOAUpPOBATH,
HO eMy A 3TOro He 00A3aTenbHO OyAeT CMOTPEeTb Ha KO W MyOIWIHBIN
km04). OCHOBHAA POGIEMA 3€Ch B TOM, ITO BEPOATHOCTHU B HTOM OIpEee-
HUAU GEPYTCA B TOM 9UUCJIE U TIO PACIPENENeHNI0 Ha BXOAAX KPUMTOCUCTEMHI,
HA COOOGIIEHUAX; HTO, KOHEIHO, TI0 CYIIECTBY, MOTOMY ITO HA MPAKTUAKE OOLIU-
HO MOCTATOYHO B3IAMBIBATHL KPUIITOCUCTEMY HE HA BCEX COOOIIEHMAX, & HA
CYLUIECTBEHHOU UX JOJE.

Hemasuue pe3yabTaThI MO3BOJIWIN CBA3ATE KPUNTOIPADUAIECKYIO CIOKHOCTH
(B cMBICHe ompeneneHusa 3) ¢ MPEANOIOKEHUAMEA O CIOKHOCTU OMPENeTEHHBIX
3aga4 B xyaueM caydae [4, 20, 50, 51]. O gHaxo mOKa ITO STH NP EAIOI0KEHUI
BBIMVIAAT HOCTATOYHO UCKYCCTBEHHBIMY U, KAK U PAHBIIE, HE TPAHCIAPYIOTCA
B MIPEAIONOKEHUS O (HEe)PABEHCTBE TeX WINM UHBIX CJIOKHOCTHBIX KIACCOB. Bo-
o6I1e TOBOPS, MPEACTABIAETCA, ITO COBPEMEHHOU KPUNTOrpaduu eIIé OYeHb
IATEeKO 10 Jdoka3yemo HATEKHBIX KOHCTPYKIUHA. ECThL maxe pesyabTaThl, [O-
BOPAIINE O TOM, ITO 3TO MOXKET OKa3aThCA HEBO3ZMOXHLIM WIU MPUBEAET K
MAJOBEPOATHBIM MOCAEICTBAAM [ CJIOXKHOCTHBIX KIacCOB [16].

HOQTOMy BIIOJTHE €CTE€CTBEHHO, ITO UCCIEO0BATEAN, CTONKHYBIINCH CO CIUII-
KOM TPYyAHOU MPOOIeMOU, Hadamn PaboOTy HAJ ATbTEPHATUBHBIMU OMpeneie-
HUAMU, KPUTEPUAMUA U KOHTEKCTaMM, ObBITAACH JOKa3aTh Ha,rﬂ;é)KHOCTB XOTh
4ero-Hu0y b, XOTh B KAKUX-HUOYIH OMPETeNeHUIX.

[TepBBIll eCTECTBEHHBIN TTOAXOL — PACCMOTPETH HE ,,HACTOAIINE “ KPUITO-
rpaduydeckre TPUMATHUBHL, & UX 6oJee caabble aHAIOTH, TAKUE, HATPUMED, KaK
odnocmoponnue Pynryuu, one-way functions (ormeTnm, 9TO OAHOCTOPOHHAA
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PYHKIUA €IIé He 03HATAET KPUNTOCUCTEMBI C OTKPBITHIM KJIIOYTOM, IS HEE
HyxHa GyHKIUA ¢ cekperom, trapdoor function). I gercTBuTensno, pesyns-
TaThl 00 OJHOCTOPOHHUX (PYHKIUAX OKA3BIBACTCA MPOIIE M0Ka3aTh. Hampu-
MEp, TIOJHBIE OTHOCTOPOHHUE (DYHKIUU (N04H0T MBI HA3BIBAEM TAKYIO (DYHK-
nuio f, 9TO eCau OQHOCTOPOHHUE (PYHKIIMM BOOOIIE CYMECTBYIOT, TO [ TOXe
ONHOCTOPOHHSA) M3BECTHHI yXke gocTaTouHo nasuO (40, 24], a monnble Kpu-
MTOCUCTEMBI ¢ OTKPBITHIM KJIIOYOM MOABUINCH TOTHKO B MOCIEIHUE TOMBI B
paborax XapHuKa 1 mepBoro asropa ¢ coasropamu [27, 33]. Boree Toro, He-
masuo Jleorun Jlesun paszpaboran 6ojee win MeHee €eCTECTBEHHBIE KOHCTPYK-
1Y KOMOMHATOPHBIX IOJHBIX OJHOCTOPOHHUX dyHKIHE [3]; 5Ta paboTa ObLIA
OPOJOMKEHA B UCCICJOBAHUAX BTOPOTO W TPETHETO aBTOPOB [38].

[lpyron moaxom, TOXe TPUBOAAIIAU K Gonee CIaOBIM pe3yabTaTaM, 3a-
KIIOYaeTCa B TOM, IYTOOLI M3MEHUTH CaMO HMOHATHWE HameéxHocTu. Ecam pac-
CMOTpeThb 6oree ciaabble OmpeneaeHnsa HATEKHOCTH, OKA3BIBAETCA BO3MOXHBIM
TIOCTPOUTL faXe AOKa3yeMO HaJEXHBbIe MPUMUTHBLL. Kak mpumep Taxoro
HOXOa MOXHO IPUBECTU TEOPHUIO CA4ab0 odnocmoponnuz (feebly one-way)
dyukumu, pazsuryio A. Xurrresom [34, 35]. B pa6orax Xuirrena ¢yukuun
PACCMATPUBAINCE C TIO3UIINN CXEMHOU CIOXHOCTY B 6a3Uce M3 BCEX OUHAPHBIX
OymeBcKUX QYHKIUHN, 9TO ABIACTCA HAMOOJIEE CJOXKHBIM I NOKA3ATEIHLCTBA
HUXKHUX OLEHOK caydaeM [15, 58]. O gaako eMy yIaaoch TOCTPOUTE TUHEUHYIO
06paTuMyo (pYHKIAIO, BLITUCACHAE KOTOPOU MOYTH B ABA Pa3a MPOIIe, IeM
eé obpallleHne; STU ONEeHKH!, CKOJIb ObI CIAOBIMUA OHM HU ObLIN, OLLTY TMEePBBIMU
abCOMIOTHBIMYU, HU OT Yero He 3aBUCUMBIMU JOKA3ATEILCTBAMU HATEXHOCTHU
OMHOCTOPOHHUX QyHKIUKA. B mocaequee BpeMsa B pa00Tax TPETHLETO aBTOPA
m J. A. Tmpma 6bUIa TOCTPOEHA AHAIOTUYHAA KOHCTPYKIMA CIabou (ByHK-
uun ¢ cekperoM [36]; BO3MOXHO, B OyAylieM yAACTCA MOCTPOUTH U JOKA3ye-
MO HAJEXHYIO KPUITOCUCTEMY (,,HATEKHYIO“, PA3yMEETCA, B BHIIEOMTUCAHHOM
BEChbMAa OTPAHUIEHHOM CMBICITE).

C Apyrou CTOpPOHBI, OBUIM TIONYYEHBI YACTUIHBIE PE3YALTATHI B HAIPABIE-
HUW, T/Jie HAJEXKHOCTD OMPENETeHa, A NPOMUSHUKA 8 TYWeM CAYuae. ITOT
MPOTUBHUK MOJXKEH B3JIAMBIBATH KPUITOCUCTEMY 6ce2da, IS BCEX COOOIIe-
aun. [looTOMYy HEYIUBUTENBLHO, 9YTO B TAKOM KOHTEKCTE MOXHO MOMYYUTH Pe-
3yJAbTATHI, CBA3LIBAIONINE HAMEXKHOCTD CO CIOKHOCTHBIMUA ITPEIITONOXECHUAMEA
[21, 39]. Kenarommm HARTYH AeTaIbHBI 0630p DTOTO W APYTUX PE3yIbTATOB
MBI pekomernayem [45, 30, 31].

B caegyromem maparpadge Mbl BBEIEM U HAYHEM WMCCICAOBATH IPYTOU TOI-
X0/, OCAAOMAIOIINNA TIOHATUE HALEXHOCTA B APyrom cmbicae. OKa3bIBaeTCA,
YTO HAIE TIOHATHUE JOKA3YEMO20 B340MG, XOTA U TOBOJLHO MCKYCCTBEHHOE,
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TTO3BOJAET CBA3ATH MOKA3YEMBIU B3JOM KPUIITOCUCTEM, OCHOBAHHBIX HA Te-
OpUM WHBAPUAHTOB, M MPOTOKOJOB COMIACOBAHMA Kai04a AHmens—AHmers—
lNongdensna ¢ TPeATIONOKEHUAMEI O KIACCAX CAOKHOCTU B XYAIIEM CIy<Iae.

§3. [lokasyemblit B3nOM

Paccmorpum cucremy ¢ Tpemsa yuactaukavu: Aamcou, Bo6om u Hapawu.
[IycThb, Kak 5TO 0OBITHO MpeanoaaraeTca B kpunrorpadum, Amuca (A) n Bob
(B) mertatorca o6maTbca APYT ¢ APYTOM TO HEKOTOPOMY KPHUITOrpadgmde-
CKOMY TIPOTOKOIY (B MPOTOKOME cormacoBanusa kaoda Ammca m Bo6 — ero
PaBHOTPABHBIE YIACTHUKM, B KpUunTocucTeme Anuca ¢GopMupyeT mapy u3 Iy-
OJUYHOTO U CEKPETHOTO KII0Ya U BHIJAET MyOIUYIHBIN K04, a Bob kKogupyeTt
coob1IeHNe 1 IepechLIaeT ero Amce o OTKpBITOMY KaHany ), a Japan (C) mbr-
TaeTca pacuudpoBaTh UX Oeceay, mepexBaThIBasg cooOmeHus, koropeie bob
noceuraeT Amuce. O mHAKO Ha DTOT pa3 3agadva Japau BEINIAIUT TMO-APYTOMY:
eMy HYyXHO He mpocTo pacuudpoBaTsh coobmenne boba, HO 1 KaKuM-HUOY Ib
o6pa3oMm gokKas3aTh, ITO coobinernue y boba 6bu10 mmenuno Takoe. Hanpuwmep,
Yapau MoxeT caM He OCOOEHHO NOBEPAThH CBOEU PACIIU(POBKE, WIU Yy HETO
€CTh HAYAJIHLHUK, KOTOPOMY HYXEH He IPOCTO OTBET, & OTBET C IOKA3ATEIb-
cTBoM. VIMEHHO 5TO MBI TOHEMAEM IO 3a0a8en JOKA3YEMO20 B340MA.

B xouTekcTe mokaszyemoro B3iaoMa dapau JOIXKEH MOIYUIUTH HE TOJILKO CO-
obuieHue m w3 KOAa ¢, HO emé W KaKoe-HUOYyIb MOKA3aTEeIbCTBO TOCO, UTO
M MOXHO 3aKOAWPOBATH B BU/E C. 1TO MOXET CIYXUTh TAKUM JOKA3ATEIb-
crBoMm? MuI mpumeM 3a OmpenereHne CIeAyouyo eCTeCTBEHHYI0 MBICTEL: dap-
JIU MOJXEH MPEIbABUTHL HE TOJBKO COOOIIEHUE 1M, HO W TAKOU HAGOD CIyvau-
HBIX OUTOB 7, OIS KOTOPOrO airopuTMm F, momyd4as Ha BXOX T W 1M, BBIIAET
TOT Xe KOJ C.

3ameuanne 1. B nocreayiomem TekcTe MBI (SKBUBATEHTHO) MEPEOTIPEIETAM
ATTOPUTM KOAMPOBaHUA F Kak IeTepMUHUPOBAHHBIM TOMMHOMUATLHBIN B Xy/I-
eM CIydae ajirOpuTM C AOCTYIOM K caydauHou cTpoke r. OH momydaer B
KadeCTBE BXO[a MyOJUIHBIN KIIOY €, MCXOAHOE COOOIIECHWE 1M W CAYIalHyIo
CTPOKY T, & Ha BBIXOJ TIOAAET 3aKOAMPOBaHHOE coobmenme F(r,e,m) = c.

Komeuno, Takon HaG0Op He 0013aH OBITH €IMHCTBEHHLIM: MOXET OBIThH He-
CKOIBKO HAOOPOB CIYYAMHBIX OMTOB {ri,...,r;p}, W3 KOTOPBIX MOIydaeTCA
OIWH U TOT Xe mudp:

E(m,pk,’l"1) == E(m’pk,"nk)'

B »Tom caywae, pasymeeTcsa, TPOTMBHUKY AOCTATOYHO NMPENBABATH KaKOU-
Hu6YJb HAOOP CIYyYIAUHBIX OUTOB, TPUBO JAIIAN K UCKOMOMY Tudpy; npu k > 1
y Hapau BCE PaBHO HET HUKAKWX IIAHCOB OTIWYIUTH OJUH OT IPYrOroO.
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ITepBoe HedopManbHOE 06CY X JeHNE OKA3YEMOI'0 B3JIOMAa HAYAIOCh B CBA3M
¢ kpunrocucremon Pabuna—TongBaccep—Mukanim, 0CHOBAHHOU HA KBAIPATUI-
HBIX BBIYeTax [25]. Beuio mokaszano, 9TO JOKa3yeMBIN B3JOM 3TOU KPUIITOCH-
CTeMBI O3HAMAJX ObI, ITO 330293 PA3JIOKEHWUSI TUCET HA MHOXUTEIN JEXWUT B
RP, T.e. B kiacce 3a1atd, KOTOPBIE PEMIAIOTCA MOIMHOMUAILHBIM BEPOITHOCT-
HBIM AJATOPUTMOM C OTHOCTOPOHHEN ommbKou (moagpobuee 06 3TOM W APYTHX
CIOXHOCTHBIX KJIACCaX MOXHO mpouecTs B [24, 10] u MHOrHX Apyrux mcTod-
Hukax). O IHAKO MBI HE 3HAEM HUM OJHOU PabOTHI, rae >To (mrmm xoTa ObI ompe-
JeTeHne TOKA3yeMOro B3I0Ma) OBLIO OBl GOPMATEHO OMMCAHO W W3y IEHO.

Kak MBI yXe ymoMuHaIW B §2, OJHAM K3 IVIABHBIX HEPEIIEHHBIX BOIIPO-
COB COBPEMEHHOU TEOPETUIECKOUN KPUMITOTPAGUH ABIAETCA BOSMOXHOCTD IO~
CTPOEHUA HAAEXHBIX TPUMUATUBOB, OCHOBAHHBIX HA KAKUX-HUOYIbL €CTEeCTBEH-
HBIX CJIOXHOCTHBIX TPEATONOXEHUAX, TakuX Kak P # NP. B sToun pa6oTe Mbr
TIpeACTaBIIeM ABA HEMHOTO OTIUYAOUINXCSA OMPeNeTeHNs TOKA3yeMOro B3JO-
Ma (0fHO caabee APYroro) W NOKA3BLIBAEM, UTO JBA PA3IUIHBIX KPUITOTPA-
pUIeCKUX TTPOTOKOIA — TMPOTOKOM COTVIACOBAHUA KIHOYa AHIIe s—AHme a—
lNonadensna m KpUOTOCUCTEMBI, OCHOBAHHLIE HA MHBAPUAHTAX TPYIIH, — ABJIA-
OTCA YCTOUIUBLIMA OTHOCHTEILHO MOKA3YEMOT'O B3JIOMA B XYAUIEM CIydae,
eciu NP ¢ RP. Kpome Toro, Mbr pazpabaThiBaeM CIOCOOHI CAETATH KPUITO-
CUCTEMBI, OCHOBAHHBIE HA WHBAPUAHTAX, YCTOUIUBLIMUA U B OOLIYHOM KPUIITO-
rpauIeCKOM CMBICTE.

§4. Onpepenenns

CHadgana MBI OIPENEINM MOKA3YEMBIN B3JOM KPUITOCUCTEM C OTKPBITHIM
KJIIOYOM, a 3aTeM PACUIMPUM JTAHHOE ONPENeNeHNe Ha MPOTOKOIBI CONTACOBA-
HZA KII09a. MBI IpecTaBuM [Ba PA3AUTHBIX OMPENeTeHNI, OHO CTAHIAPT-
HOE, B CDEeHEM, IPYT0e B XyAIeM Cry<dae. [[as 5Toro BCHOMHAM onpeaeneHue 2
7 OIpPEeINM COOTBETCTBYIOIINN €My MOKA3YEMBIN B3JOM.

Omnpegenenue 4. [Iporusauk C ocymecTBIdeT JoKa3yembili 6340M KPUITO-
cucremsl (G, E, D), eciu fia paBHOMEDHOT'O PACIPENEICHUA MO MHOXECTBY
COOOWICHNM 11 W MHOXECTBY CIy9IalHLIX OUTOB BCEX YYIACTBYIOMIAX B KOH-
CTPYKIIUY AIrOPUTMOB (myOauanbin K4 pk 6epérca us mapst (pk, sk), cre-
HEPUPOBAHHOU AITOPUTMOM MOPOX geHus kioda G (1))

1

Pr [C(B(m.pk,r),pk) = (m.1")] >~ s,

rae E(m,pk,r’) = E(m,pk,r), a n — napameTp HaIEKHOCTH.
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[TapameTp magéxuOCTH B OompenereHnu 4 UrpaeT POIb [JIUHBI KIOYA; Ma-
paMeTp HAAEXKHOCTHU HYXKHO BRIOMPATH TaK, I9TOOBI BpeMsa paboThl alropuT-
MOB B3JI0Ma,, IO[CIUTAHHOE C 3TUM MAPAMETPOM, OBLIO JOCTATOTHO GOMBIINM,
9TOOBI B3JOM 33 3TO BPeMs OBLI JUMIEH CMBICIA.

Ecmu E — neTepMuHUPOBAHHBIN AJITOPUTM, TO JOKA3YEMBIU B3JIOM DKBUBA-
JEHTEH OOBLITHOMY B3JA0MY (MHOXECTBO CIy9allHBIX OMTOB mycTO). [I[poTHBHIK
MOXET MOATBEPAUTH, 9TO OH MPABUILHO Yragad COOOIIEHNE, TOIPOCTY 3aKO0-
OUPOBAB €ro eme pa3. ITO W €CTh B TOYHOCTHU Ujes AOKA3ZYEMOT'O B3JIOMA.
[IpoTuBHUK KOMXKEH HE TPOCTO yragaTh COOOIIEHUE, HO eIIf U JOKA3ATh, ITO
DTO AEUCTBUTEILHO KOPPEKTHBIA KOI ATOTO COOOIIeHnA. B HEKOTOPBIX U3 HAa-
MUX TPUMEPOB TepBad 3a1a49a OyIeT TPUBAAILHON, ITO He MOMENIAeT BTOPOU
3aa19e UMeTb OOMBIIYIO CIOXHOCTD.

Mpgu1 TakX)e BBEIEM eIIe OTHO, COBCEM CHIBLHOE OTpeaeneHne — IPOTUBHUKA,
KOTOPBIM B3MAMBIBAET KPUITOCUCTEMY B XYAUIEM CIydae. PasHuia ¢ o6bId-
HBIM OTIpeIeTeHNeM 3aKII0TIAeTCSI B TOM, UYTO IPOTUBHUK JAOJXKEH TOOMBATHLC
ycmexa Ha 8Cer BXOMaX.

Onpegenenue 5. [Iporuauk C 0CymECTBIACT JoKa3yeMbill 6340M 6 TYOULEM
cayuae kpunrocuctemel (G, E, D), ecim aas Bcex COOOWEHWE 1M, BCEX Map
kmouen (pk, sk), creHEpUPOBAHHBIX AATOPUTMOM TOPOXAeHma Kaoda G(1™),
U BCEX CAyYalHBIX GUTOB alrOPUTMa KOAUpoBaHuid F

1

Pr [C(E(m,pk,r),pk) = (ma'rl)] > TN

poly(n)
rae E(m,pk,r’) = E(m,pk,r), n — mapaMeTp CIOXHOCTH, a PaCTpefeeHue
0epéTca Mo MHOXECTRY CIyYalHBIX OUTOB B3aaMbIBamomero airopurma C'.

Byzaem rosoputs, uro kpunrocucrema (G, E, D) nadéxncna npomus doka-
ayemoz0 63soma (6 rydwem cayuae), €CIM HE CYUIECTBYET MOIAHOMUAILHON
BEpOATHOCTHOU MamwuHbl Thiopuara C, koTopas ObI OCYIIECTBIATA MJOKA3Ye-
MBIN B3JIOM (B XyAueMm caydae) kpunrocucremsl (G, E, D).

3ameuanne 2. Jlerko mpuayMaTh TPUBUAIBHYIO KPUITOCUCTEMY, KOTODASI
HANEXHA TPOTUB JOKA3yEMOTO B3JA0Ma (B CMBICIE ONMpegeneHus 4, 9To aBTo-
MATUIECKW NeTaeT €€ HAAEXKHON U IPOTHUB B3JI0Ma TO onpeaeneruio 5). [lycrs
Bo6 nepemaér cBoé coobmenne OTKPHITO (PACKOAMPOBAHME TOT A CTAHOBATCA
TPUBHATBLHBIM), HO IPU 3TOM A00ABIAET B KOHEI COOOIIEHNA 3HATEHNE HEKO-
TOPOU OJHOCTOPOHHEN (DYHKIIUU OT CBOEU CIYyIaWHOU CTPOKU. Ammca mMoxeT
He 00paIaTh BHUMAHAI HA 9Ty (PyHKOWIO, HO Japau mpugércs e€é o6paTuTh,
9TOOBI TOXYIUTH TOAX0 AN HAOOD caydanHbrx outTos Boba. [losTomy nens
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Haien paboThl U3 3302491 TOCTPOEHUS KPUTITOCUCTEM, HA NEXHBIX TPOTUB [0~
Ka3yeMOor'o B3/J0Ma, IMPEBPAIIAETCS B 3a4ady MOCTPOEHWS TAKUX KPUIITOCH-
CTeM, KOTOPBIE K TOMY XK€ €II€ U MOT'yT OBITH CAETAHBI HAEKHBIMUA B OOBIT-
HOM KPUITOrPAPUIECKOM CMBICTE. KOHEIHO, MBI HE CMOXEM J0Ka3aMb UX
,, TPAIUAIMOHHYIO “ HAIEKHOCTH, HO MBI MPEACTABAM KOHCTPYKIUK, KOTOPHIE
ABIAIOTCA, HA HAII B3TJIA, TOCTATOYHO HAMCKHBIMA KPUAIMTOCUCTEMAMU.

§5. KpunTocucTembl, OCHOBaHHbIE HAa MHBAapUaHTax rpynm,
M UX [OKA3yeMblil B3NOM

5.1. KpunrocucreMmnl, OCHOBAHHLIE HA UHBApPUAHTaX rpymnmn. B pabo-
Te [1] mepBbI ABTOP NPEAIOXKUI HOBBIU KIACC KPUITOCUCTEM — KPUIITOCH-
CTEMBI, OCHOBAHHBIE HA, MHBAPUAHTAX Tpymni. B Takou kpunTocucreme Ammca
Beibupaer rpynny G < GL(n, F), nencTsyionyo Ha HEKOTOPOM BEKTOPHOM
npocrpancTse F". B kadecTBe CeKpeTHOrO KI04Ya AMMca BHIOMPAET HEKOTO-
poe muOXecTBo X u Takon maBapuant f : F™ — X, aroVg € G f(gx) = f(x).
Omna Taxxe BRIOMpaeT HAOOP (WIM TPOCTPAHCTBO, 3aJaHHOE 6A3MCOM) COO6-
menunn M C F"; BuibupaeT OHa ero Tak, YTOOBI IId KaXIbIX mi 7# mo € M
f(my) # f(ms). Nrave rosopsa, pasuse coobmenua m € M npeacTaBigoT
pasubie opbuThl rpynnsl G Ha muHOXecTBe M. Takum o6pasoMm, KpUITOCH-
cTeMa, OCHOBAHHAA HA WHBAPUAHTAX, onpenenaseTcsa Habopoum (G, f, M). B ka-
YeCTBe MyOAUIHOTO KIoda Aauca mepenaéT obpasyomme rpynnsl G u 6a3uc
npocTpaucTBa M.

Bo6 Buibupaer BekTop m € M (rge m — coobuenne, KOTOPOe HYyKHO 3a-
KOAMPOBATDH) U CIydanHbIN >1eMeHT g € G. 3arem Bob6 mepenaér Ammce gm.
Anuca Moxer pacumdpoBaTh COOOIICHNE, BLIUNCINB U3BECTHLIN €l MHBAPH-
aut f(gm) = f(m). [lockoabky Anmca BBIOMpATa MPOCTPAHCTBO COOOLICHUM
M TpancBepcanrbHO Op6UTaM, 3HAUEHWE WHBApUAHTA f(m) ONHO3HAYHO MO-
3BOJIUT €U HAUTHU UCXOAHOE coobmenue m. Bynem naszwiBaets Habop (G, f, M)
donycmumbim, €CIT OH KOPPEKTHO OMPEAEIIeT KPUNTOCUCTEMY, OCHOBAHHYO
HA WHBAPUAHTAX.

CTaHOBUTCA OYEBUIHBIM, ITO IVIABHAS CIOXHOCTD B KOHCTPYUPOBAHUY KPH-
TMTOCUCTEM, OCHOBAHHBIX HA MHBAPUAHTAX, 3AKMI0IAETCA B TOM, ITOOBI HAUTH
XOPOIIIO CKPLITHIN UHBAPUAHT. B JalbHEUIIEM MBI TIOKAXEM HECKOMBKO CIIOCO-
00B BHIOPATH TAKOW MHBAPUAHT. JTU CIHOCOOBI AHAJOTUYHBI MPENI0XKEHHBIM
B [31] # MoryT 6bITH B O0LIEM OMUCAHBI CIEAYIOWIEN KOHCTpyKuuen. Paccmo-
TPUM NEPEBO, KaX Jad BEPIIMHA KOTOPOro conepxut wabop (G, f, M). Amuca
CTPOUT DTO AEPEBO OT JUCTHEB K KOPHIO, HA KaXJOM Tmare 3anomunai G, f u
M. Tlocne cosganus gepesa Anuca 6epET KPUIMTOCUCTEMY, MOMYIUBIIYIOCT B
KOPHE [I€PEBa, W UCIOIL3YeT €€ IS KOTUPOBAHUSI BHIMIEONUCAHHBIM CITIOCOOO0M.
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TakuMm 06pa3oM, TPOTUBHUK CMOXET B3JOMATH KPUITOCUCTEMY, €CIU OH
OyeT 3HATH CTPYKTYPY 3TOr0 AepeBa (MBI IPEATIONATAEM, ITO KPUIITOCUCTE-
MBI B JUCTHAX AE€PEBA B3IOMATH HETPYIHO, MHAYE HET CMBICAA, €0 CTPOUTH).
C TOYKU 3peHusa HAJAEKHOCTHU DTA CTPYKTYPA DKBUBAJICHTHA, TIOTHOMY OMUCA-
HUIO MHBAPUAHTA, TaK UTO €€ TOXE MOXHO PACCMATPUBATEH KAK CEKPETHBHIN
k041 Anucel. HaméXHOCTE MOMYI€HHON KPUIITOCUCTEMBI Oy IeT OCHOBBIBATH-
CA HA CJOXHOCTHU 33039 CONPAXKEHUA M TPUHAMIEKHOCTH K MOATPYIIE, KAk
1 HaAEXHOCTH KOHCTPYKIUA B pabore [31]. B §6 MbI moApOGHO M3M0XKUM DTY
KOHCTPYKIIAIO.

5.2. KpunrocucremMa Ha MHBApMAHTAX, AOKA3yeMBLIM B3JOM KOTO-
pou Breuét NP C RP. Hama koHCTpyKnua 6yAeT 0CHOBaHA Ha MOIYIAPHON
rpynmne. Modyaapras epynna — 5TO MyJbTUINIAKATUBHAA Tpymna S Lo (Z) ma-
Tpun 2 X 2 ¢ onpeneauTeneMm 1 (ynumodyiapuviz mampuy). I'pynmosbie cBon-
CTBA DTOU KOHCTPYKIIUY MOAPOGHO M3JIOKEHLI, HATIpUMEp, B [9].

B [14, crenctBue 11.5] Baace u I'ypeBud gokasanu, 9TO A MOAYIAPHOU
CPYIIBL 02panuuentad 3adaua npunadaescnocmu (bounded membership prob-
lem, BM) sBaserca NP-nommon. 3agada hopMyIupyeTcsa CAeayommM o6pa-
30M.

3agaua 1. Ilycte X — yHUMOIYIApHAA MATPHUIIA, S — KOHEIHOE MHOXECTBO
VHUMOIYJIAPHBIX MATpHIl, a8 N — MNOJOXUTEJLHOE Iea0e TIucao. MoxHo Jau
mpencTaBuThL X B BUIE H:’;l Y,, rne m < N, u q1a Kaxmaoro ¢ au6o Y;, 1ubo
Yi*1 JeXuT B S7

3ameuanue 3. He crour myrars 5Ty 3amady ¢ APYrUME 330a<MaMA A3 Pa-
6oTel [14], 0 KOTOPBEIX TaM KOKa3bIBaeTCA, 9TO OHU DistNP-momubr (momHBI
OTHOCUTETLHO CAOKHOCTEH B cpemauem). OCHOBHOE OTIMYME B TAHHOM CIY9ae
3aKIOYAETCSI B TOM, ITO 3€Ch PEYIb UAET O 3a4a9€ MPUHAIICKHOCTA 2PYNNE,
a DistNP-moaubre 3agadu moaydaioTcs U3 MPOBEPKU TPUHAMIERKHOCTH Pa3-
JATHBIM N0AY2PYNNAM.

Paccmorpum B kadecTBe G yHUMOIYIAPHYIO TPYIITY

o= {(1 2)wez)

B kavecTBe MHBApPUAHTA, MBI PACCMOTPUM JOCTATOYHO TPUBUAILHBIN WHBAPU-

aHT
z1
x2

a B KaYeCTBe MPOCTPAHCTBA COOOIIEHNN — MPOCTPAHCTBO BEKTOPOB

w={()+<)
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Bo6 BuibupaeT crydalHbIN IEMEHT ¢ B DTOU TPYMIeE, MOAYYas ero B Pe3yib-
TaTe mpousBeneHus He Gomee dem N 06pasyommx. 3aTeM OH MPUMEHSAET ¢
K BEKTOPY-COOOCIIEHUIO 177 U MEepPeqaéT MOAyYeHHBIU BeKTOp gm u N. Amuca
BeramcaseT f(gm) m pemaer, KAaKuM GBLT BEKTOD M.

OTMeTnM, 9TO B3JOMATDH 3TY ,,KPUITOCUCTEMY “ MOXHO COBEPIIEHHO TPHU-
BUAJBHO: KOAWPOBAHWE HE MEHAET Ty YaCTh BEKTOPA, KOTOPAasd OTBEYALT 33
camo coobOmenue. QMHAKO MBI CEUYAC YBUAWM, UTO €€ MOKA3yEMBLIU B3JIOM
NP-tpyaemn.

Teopema 1. Ecau cywecmsyem npomusnuk C, ocywecmesstowuti dokasy-
eMbltl 8340M 6 TYIULEM CAYUGE ONUCAGHHOT BbLULE KPUNMOCUCTLEMbL 30 8DEMI,
noaunomuasbroe om daunvt 8xoda C, mo NP C RP.

JokaszareabcTBO. nes goxka3aTelbCcTBA COCTOUT B TOM, 9TO JOKA3YEMBIN
B3oM NP-TpymeH, mOTOMY 9TO K PEIIEHUIO 33039 OTPDAHWUYIEHHOUW TPUHA-
JEeXHOCTU B TOATPYIINE MOAYJAPDHOW TPYINLI JETKO CBECTH W3BECTHYIO
NP-tpyanyio 3agady, 9To OBLIO MOKa3aHO B [14].

Bo-nepBBIX, OTMETHM, ITO

)6 1)=6"")

Takum 06paszoM, 3agada OMPAHUYEHHOU TPWHAMLICKHOCTH B MOATPYIIE MO-
OYJADHOW TPYIIIBI SKBUBATCHTHA 330aT€, MOXHO JU 33TaHHOE HUUCIO MPE-
CTABUATH B BUJI€ OTPAHWYEHHON CYMMBI NPYTUX 3aJAHHBIX TUCET. DTO 3a0Ata
Cymmsr [Tersrx Yucer (Integer Sum Problem), NP-momroTa xoTopon mokasa-
Ha B [14].

Ecav mommHOMUATBHBEIA AATOPUTM PEIMIAET 33,1ay MOUCKA ¢ BEPOITHOCTHIO
yemexa 1/n"t 51y BepoATHOCTE Jerko yBeqm«uTh 10 3/4, TOBTOPAA a’-
TOPUTM MOIMHOMUAIHHOE €UHUCIO Pa3 W BHIAABAA OTBET IIPOCTHIM OOJBITIH-
creoM. [TosToMy ecin MOMMHOMUATHLHO ONPAHWUYEHHBIN IIPOTUBHUK MOKA3ye-
MO B3JAMBIBAET B XY[AIIEM CIy9Yae MPEICTABICHHYI KPUNTOCUCTEMY, TO

NP C RP. U

B §6 u 7 MBI mpeICTABIM KOHCTPYKIVY, KOTOPHIE TIO3BOMAIOT CAEIATH KPUTI-
TOCHACTEMBI, OCHOBAHHBIE HA WHBAPUAHTAX TPYII, 60Jee PA3YMHBIMEA ¢ TOIKY
3PEHMA OOLITHON KPUMNTOrPaduIecKOn Ha, NEXHOCTH.

§6. [lepeso rpynn

6.1. OGmme 3ameuyanusa. OCHOBAHHBI HA WHBAPUAHTAX MPOTOKOM, KOTO-
PBIA MBI OIUCAINA B TPEALIAYIIEM maparpade, Ha TPAKTUKE B3IOMATL HUIYTh
HE CIOXKHEe, 9YeM KPUIITOCUCTEMY, KOTOPYIO MBI ONMUCATN B 3aMedanuu B §4.
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O6e KOHCTPYKINM, K COXAJIEHUIO, B3IAMBIBAIOTCA TPUBUAILHO. B DTOU 4a-
cTu Hamen paboThl MBI TPEICTABUM KOHCTPYKIIUIO, KOTOPAsA TO3BOJUT HAM
,,CIIPATATE* 3TU TPUMUTUBLI B OOJBIIOM AepeBe rpynm. Mbl Takke MOXeM
UCTIOAB30BATE DTY KOHCTPYKIUIO [JIA TOrO, YTOOBI YIYYUIIATL HAAEKHOCTH
MPOTOKOMIA, COrTacoBanusa Kao4a Anmens—Aunmens—ongdensaa.

Mput cienyem ugesm paboTs [31], 9T06BI MOTYyINTH 4EPEBO TPOEK ,,IPYIIIA—
naBapuanT—coobmenua“. Ecain 3HaTh CTPpyKTYpy mepeBa, MOXHO OymeT >d-
(JEKTUBHO BHIMUCIUTEL UHBAPUAHT B €0 KOPHE, 4 €CJIU He 3HATH, TO UHBAPUAHT
OKaXeTcs ,,CIIPATAH* 33 JOCTATOIHO CAOKHBIMU 33, [aYAMUA.

B ocraBmenca gactu 3Toro maparpada Mbl CKOHIIEHTPADPYEMCS Ha, KPATITO-
CUCTEMAaX, OCHOBAHHBIX HA WHBAPUAHTAX I'PYHI (BBEIEHHBIX B §5), HOCKOIBLKY
K IIPOTOKOJIAM COTVIACOBAHUA KIIOYA WU CTATHH [31] MOXHO IPUMEHUTD TIPS-
MO U [OCJOBHO, a BOT [JsA KPUIITOCUCTEM, OCHOBAHHBIX HA MHBAPUAHTAX, MBI
pa3paboTaeM HEeCKOJIBKO HOBBIX KOHCTDPYKIUU. [/lajee MBI PACCMOTPUM Te XKe
omepanuu, 9To u B [31], u mpocaeaum cyas0y MHBADUAHTOB, a TAKKe MPE/-
JIOXWM HECKOJBKO HOBBIX OMEPAIU, OTHOCAMMXCA CYTy60 K WHBAPUAHTAM
rpynn. Ho cuagana HyxHO BBeCTH 6A30BBIE OIIPEIEICHUS.

Kax nou Bepimuse v gepesa Mbl conoctasaseMm Habop (G, fy, M,,). OTu Ha-
60pBI MOMYIAIOTCA PEKYPCUBHO MO TMTOCTPOEHUIO T€PEBa, MPUMEHAT K KaX [OU
BeplUInHEe, HAYMHAS OT JUCTHEB U 3aKAHIUBASI KOPHEM, ONHY M3 OMUCAHHBIX
Huxe omepanuu. /18 Kaxgaou BepmmHBLI v rpynna G, ABIACTCA MATPUIHON
rpynmnou G, < GL(n, R) nma HEKOTOPOTO N X HEKOTOPOTO KOoabia R.

BceMy mepeBy MBI COMOCTABUM IMOJYYEeHHBIN B ero KopHe Habop (G, f, M),
rnre G < GL(n,R) — rpynma, f — wHBapmaHT, T.e. Takai pyHKumMA [ :
R"™ — R, uro Vg € G Vz € R" f(gx) = f(z), » M C F"™ — kaHOHWYIeCKUI
HAbOP coobuenuti, B3ATHIX U3 TPOOOPA30OB PA3HBIX 3HAYECHUU WHBAPUAHTA f:
Vm#m’' € M f(m) # f(m').

[My6auuabin ka4 coctout w3 R, n, rpynns (G, 3aIaHHOU MATPUIHBIMUA
o6pasytomumu, u M. llens mocTpoenus mepeBa B TOM, ITOOBI COPATATEH Ce-
KPETHBIU KII0Y — CTOAIIMA B KOPHE WHBAPUAHT.

3ameuanue 4. 3aMeTuM, IYTO B CATYAUUIX, KOTJA MBI MEHIEM WHBAPUAHT,
MBI MOXeM Ju60 W3MEeHUThH WHBApUAHT ¢ f Ha f o h, 16O CMEHUTH TPOCTPAH-
ctBo coobmenun ¢ M wua h(M). TIocKOABKY HAM HYXHO CIPATATH UMEHHO
WHBAPHUAHT, & MPOCTPAHCTBO COOOMEHNN MBI GyIeM BHIAABATH IIYOJUTHO, MBI
Bcerga OymeM BHIOMPATH HEPBLIA U3 DTUX CIIOCOOOB.

Hama mers — COBMECTUTBH MOMYyYEHHYIO TAKUM CIHOCOO0M OOBIMHYIO KpH-
nTorpapuIecKyo HAIEKHOCTE C HAJAEKHOCTHIO IPOTUB JOKA3YEMOrO B3JIOMAa,
B XYAIIEM CIy4ae, KOTOPBIA MBI qoKasaau B Teopeme 1. UToOwI 5TO caenaTs,
MBI Pa3MECTUM AOKA3yeMO HAMEXKHYIO0 KOHCTPYKIUIO, OCHOBAHHYIO HA MOIY-
JAPHOU TPyIIe, B OUH W3 JUCTHEB aepesa. Torma Yapau, 9To0BI permmTh
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339y IPUHAIJIEKHOCTU B KOPHE Me€pPeBa, MPUAETCA PEIIATh 38,0aTy TPUHAI-
JEXHOCTA A KaXIOTO JUCTa (Hamma KOHCTPYKOusa OyaeT o6JanaTh DTUM
CBOMCTBOM).

6.2. Baza pexkypcun. Beeném HecKOIbKO (HOpMATLHBIX 0003HadeHun. Pac-
CMOTPWM KJAACC TPYNI §, 3aMKHYTHIM OTHOCUTEILHO HEKOTOPOTO MHOXECTBA,
TeopeTnko-rpynmnoBkx onepamuin O (cnucok omepanui GyIeT TPUBEIEH HE-
®e), KOTOPBIE TPe06Pa3yoT JOIMYCTUMbIE HAOOPHI B Oy CTUMBIE HAGODHL. [[is
MHOXeCTBa Gy C G (KOTOpOoe ABIseTcsa 6a30M KOHCTPYKIMU) MBI PEKYDCUBHO
ompegeaum kaace P(Gy, O) qersépoxk (G, f, M,T) caeayoumm 06pa3oM.

e Fasza pexypcuu: mobas versépka (G, f, M,T), rone G € Gy, (G, f, M)
ABIACTCA TOMYCTUMBIM HAGOPOM, a T — nepeBo W3 OJHOU BEPIIWHHI,
MapkupoBauuoun mabopom (G, f, M).

e Illae pexypcuu: xna Bcex HabopoB dwersépox {(Gi, fi, M;,T;)};_,
u mobou s-apHou omepaunun o € O kmacc P(Gy,O) comepxuT HeT-
BepKy (GafaMaT)v roe G = O(Gla"'aGs)a f = O(fla---afs)a M =

o(My,..., M), a T — mepeBo, noxyuatomeecsa u3 gepesbes 11, ..., Ty
n06ABIEHMEM HOBOTO KOPHA C METKOM 0, K KOTOPOMY IO AE€PEBbA
Ty,...,Ts 106aBIAIOTCA KAK TIOTOMKH.

1, sy Ls

6.3. IITar pexypcuu. B 5TOM nyHKTE MBI PACCMATPUBAEM KOHKPETHBIE OTIe-
pamuu, KOTOPBIE MOXHO MPUMEHATH K JOIYyCTUMBIM HabopaMm. [lepBeii ux Ha-
60p 6611 paccmoTped B [30]; HAM TOIBKO HYXHO MPOBEPUTH, ITO IPOUCXOLUT
C UHBAPUAHTAMUI B KAXKJIOU U3 DTUX KOHCTPYKIIAU.

1. Hzmenenue 6a306020 woavya ¢ : R — R'. Ecim Kombno yMeHbITaeT-
ca (R Bxnameaerca B R ¢ mekoTopwiM BroXenueM ¢ : R — R, u
¢ = id), waBapuanT f npeobpasyerca B maBapuaHT ¢(f), KOTOPHIA
nercteyer 1o dopmyre ¢(f)(z') = flp(z')). Ecm Vz € R", g € G
f(z) = f(gz), o

V' € R". g€ G ¢(f)(g92) = flgp(a")) = flp(z)) = $(f) ().

A BOT ecim KOMBIIO YBEIMYUBAETCA, C MHBAPUAHTAMY MOTYT TIPOUCXO-
IUTb MEHee MPUATHBIE BelM (IIOCKOJIBKY B KOABIIE MOABIAIOTCA HOBLIE
DIEMEHTBI, CTaphble PABEHCTBA MOTYT Y€ He BBINOIHATHCA). [losToMy
B KQ4YECTBE ONEPAIUU MO PACIIUPEHUIO AePeBa TPYII MbI JOITYCKAEM
TOJBKO YMEHbIeHnE 6a30BOr0 KOMBIA.

Kpome mpodero, 3To CBOMCTBO MO3BOJAET HAM 3aKIIOYAThH, ITO Ka-
XK IBI WHBAPUAHT, U3BECTHLIA U3 TEOPUYM WHBAPUAHTOB HAJ TIOJIAMU,
OCTAHETCA WHBAPUAHTOM U HAJ KOJBIAMU, ABIAOMUMUCA MOTKOMb-
aMu DTUX TOJeN; Hampumep, Beakuu maBapuadnT Hag C ocramerca
WHBAPUAHTOM U HAJ Z.
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Onnako mamenenue 6Ga30BOT0 KOJbIA TpebyeT 0CoOOUM OCTOPOXK-
HOCTHU HACYET MPOCTPAHCTBA COOOINeHWU. Ecium B TpOCTPaHCTBE CO-
obmeHn# OLLIM TakKWe pasHble TMpeicTasuTenn m # m' € M, |aro
¢(m) = ¢(m’), To cooTBeTCTBYIOIME COOOIEHUA B HOBOM TPOCTPAH-
crBe coobmenuun ¢(M) cramyT Hepaszmmaumbl. [[03TOMy €CTH CMBICT
OPUMEHATH 3Ty ONEPANWI0 TOABKO Toraa, korga ¢(M) ocraérca me-
TPUBUAJIBHBIM.

2. Conpancenue g — h~'gh. NusapuanT f(r) nox geicTBUeM compsaxke-
Hua npespamaerca B wasapuant f'(x) = f(hz). Ecm Vg € GVz € R™
f(gz) = f(x), o

Vg € GVz € R"  f'(h~'ghz) = f(hh™'ghz) = f(g(hx)) = f(hz) = f'(x).

IIpocrpancTBo coobmenun M ocTaéTCA HEM3MEHHBIM.

3. Ilpamoe npouzsedenue G1,Go — G1 X Gy. Bymem paccmarpusaThb
€CTECTBEHHOE MPENCTABIEHUE MNPAMOTO TpousBegeHusa: ecau Gp <
GL(m,F) n Gy < GL(TIQ,F), To G1 X Gy < GL(m + n2,F), n
DTa TPyNma AEUCTBYET TOKOMIOHEHTHO (& COCTABIAIOIINE €6 MATPU-
Upl GIOYHO-AMATOHATBHBL). B sTon curyamuu ectu fi(x) u fo(z) Obi-
au waBapranTamu (G m G9 COOTBETCTBEHHO, TO JMIOOOU dmeMeHT f €
(f1(z), f2(y)) < R|z,y] 6yaer nasapuanTom G X G3. MoxHO BHIOpaTH
CIyYAWHBIN DJEMEHT DTOT0 MHOXECTBA, a MPOCTPAHCTRO COOOIIEHNN B
n060oM crydae mpesBpaturca B My X Ms (ecam CTOMBKO pPasmuTHBIX
cooOmennt He TPebyITCA, BCETIa MOXHO BHIOPATH HECKOJIBKO CJIy-
JAWHBIX W3 HUX, & OCTAILHBIE OTOPOCHTS).

4. Cnaemenue GUH, rane G < GL(n,R), H < Sp,. B sT0M caryqae mbr
paccMaTpuBaeM ecTecTBeHHOe npexcTtasienne G ! H wa R™; Gl H
JEUCTBYET B HEM KaK

I 91Tr(1)
(91 gm,m) | .. | =

Tm ImTr(m)
Torpa muas mo6oro uasapuanta f, eciu Vg € G,z € R" f(gz) = f(z),
TO xe camoe OymeT Bepuo u maa G H, eciu paccmorpeTrs f™ kak
MEUCTBYIONMYA TOKOMIIOHEHTHO WHBAPUAHT. [lepecTaHOBKA HUYIETO HE
MEHAET B MHBAPUAHTHOM PABEHCTBE. [IpOCTPAHCTBO COOOMIEHUN TOT 1A,
BeIpacTeT 10 M™ (# BHOBb, €CIM TAK MHOTO COOOLIEHWI HAM HE Hy K-
HO, MBI MOX€EM JU00 BHIOPATH HECKOMBKO CIYYalHBIX, TU60, HATPUMED,
OCTABUTL B KAUECTBE MPOCTPAHCTBA COOOIIEHUU TOIHKO AUATOHAIDL

A={(z,...,z) |z € M}).

Kpome stux crioco60B, COOTBETCTBYIOIMINX TPYIIIOBBIM OMEPAIUAM, TEOPUS
VHBAPUAHTOB MOXET TPENIOXUTEHL HECKOABKO HOBBIX Cmoco6oB. B kadecTse
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HEKOTOPBIX DJIEMEHTOB Hamux npeobpaszoBanuin Tpoek 0 € () MBI BO3BMEM
npeo6Gpa3oBaHus, KOTOPBIE ocTaBaaoT rpymnmy npexsen (o(G) = G), a us-
MEHEHMA KACAIOTCA TOMBKO WHBAPWAHTA [ W MPOCTPAHCTBA COOOmenwmn M.
Cnemyomme KOHCTPYKIMEU CPabOTAIOT, TOMBKO €CIM [ — HOJMHOMUATBHBIN
VHBAPUAHT.

1. Xeccuan H(f). Ecim f — nomuuoMmuanbubin uaBapuanT G, u Vg €
G < GL(n,F) detg = +1 (ormerum, 9TO B »TOUM KOHCTpyKuuu F
JTOMKHO OBLITH TIOIEM), TO

(P
H(f)=det <8z,~8zj>

Takxe Oyner maBapuanToM G. ['pynma G u npocTpaHCTBO COOOMIEHUT
M ocratorca 6€3 U3MeHEHUH.

2. Axobuan J. Ecma fq,..., f, — moauHOMuaibHbe nHBApUAHTH G <
SL(n, F) (ormMeTnM, 9T0 B 3TOM KOHCTPYKIUU F' 1OMIXKHO OBITE mOMEM),

TO
_ ofi
J(fla"'afn) = det <azj>

Takxe Oyner waBapuanToM (. Takum cmoco60M MBI MOXeEM 0OBenu-
HUTBL N OQWHAKOBLIX TPYIN C Pa3HLIMU WHBAPUAHTAMHU B OAUH HAOOD;
CKOpee Bcero, »To mpeobpaszoBanue OyneT Hambogee MOJE3HO Ha Tep-
BOM YPOBHE Ie€peBa, I'ie MbI BOJIHHBI BEIOPATL CKOIBLKO YTOMTHO OJTMHA-
KOBBLIX TPYIIIL.

§7. Nluctba pepeea

B mpeawigymem naparpadge Mbl MOKa3aau, KaK MOCTPOUTHL HOBBIA WHBAPU-
AHT U3 CyWECTBYIOUMX (MPOAENaTh PEKYDPCUBHBIN mar KoHCTpykmwnm). Ox-
HAKO OCTaéTCA BOMPOC: UTO JOIKHO OBITH 6aszou srTou pexkypcuu?! ITo Mbr
MOXEM MOMECTATH B JUCTbAX AepeBa’!

7.1. O6uime 3ameuyanus. [lepBoe 3amMevuanme COCTOUT B TOM, ITO B UHPOP-
MaTuKe MBI He MOXeM Ha camoM paene paborars Han C wium R. Beé, aro mbr
JeJaeM TIPY MOMOIIM KOMITBIOTEpa, Ha caMoM gaene npoucxonuT Hag Q. Teo-
pusa maBapuAHTOB HAA (Q CYIIECTBEHHO OTAUYIAETCA OT KIACCHIECKOU TEOPUN
naBapuanToB HaL C. K c4acThio, 0TKa3BIBATHCA OT HEE TOXE HE IMOHAL00UT-
ca: ecim dyuknma f Obua maBapmanTom rpymmet G < GL(n,C), npencra-
BJIEHHOU B BUJE MATPUI] C PAIMOHAIBLHBIMYA KOX(PPUIIMEHTAMY, OHA, BCE PABHO
ocranerca maBapuanTom rpynmst G < GL(n,Q), mockonbky y smemenTos G
pamuonanbabie Ko3gduiumenTs. [looToMy B maabHenmeM Mbl OygIeM WHOTIA
paccMaTpuBaTh nHBApUAHTH Haa C, HO TOIBKO B TEX CIyYadx, KOTQa OHU 6e3
M3MEHEHUN MEePEeHOCATCA Ha caydan Q.
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Mer Takxe MO OBI PACCMATPUBATH WHBAPWAHTHI HAJ KOHEIHBLIMY TOJA-
MU, TaK HA3BIBAEMBIE MOJYAAPHLIE UHBAPUAHMbL; TTPU DTOM TEOPUA 3aAMETHO
YCIOXHAETCA Texumaecku (cp. mpumep 4 B m. 7.3).

7.2. Kuaaccel YepHa. B kadecTBe cTaHIAPTHOTO XOPOIIO U3BECTHOTO MPH-
Mepa KOHCTPYKIM U3 TEOPUM HHBAPWAHTOB MBI HAIIOMUHAECM KOHCTPYKIIAIO
kaaccos Hepua (cm., mampumep, [55]). Kaaccer Yepua — oauu u3 caMbIx 60Mb-
IIX W3BECTHLIX MCTOYHUKOB WHBAPUAHTOB KOHEIHBIX T'pymnm. Mmesa mpocra:
paccMoTpuM opbuty o HeKoTOpOro srementa a € F™ (MblI GyzeM mpemomna-
rath, 9T0 (G IENCTBYET HAJ MOJEM) W 3AMETUM, ITO TPOU3BEICHNE

H (z +b),

bcaC

rae £ — GOpMATbHAA IEPEMEHHAA, MHBAPUAHTHO O AercTBueM G (snemen-
Tel G TIPOCTO MEPECTABIAIOT COMHOXWUTENIN B 3TOM mpoussenaenun). Kood-
(PUIMEHTHI 5TOr0 MHOTOWIEHA W HA3BIBAIOTCA Kaaccamu depwa. Hampumep,
Y beec b — mepsei knacce epra — 5TO mHBapmaHT rpymmsl G.

Bee knacent YepHa ABAAIOTCA TPOCTO CAMMETPAIECKUMEA DHYHKITUAMHA SJ6-
MeHTOB op6uThl geuctsusa G. Ecau a paccMOTpeTh Kak Hem3BeCTHOE (mepe-
MEHHYI0), MBI MOIY9IUM MCKOMBIE MHBAPUAHTHL. AHAJIOTUYIHBIE KOHCTPYKIWA
BEPHBI U 1A KOMITAKTHBIX TPYIIIL.

7.3. IIpuMephbl MHBApMAHTOB KOHEYHBLIX IPYNI. B 5TOM HyHKTE MBI
IpUBEAEM HECKOIHKO MPUMEPOB MHBAPUAHTOB PA3IWIHBIX KOHEYHBIX DYIII.
Pasymeercs, 5To auib HECKOIBKO XapaKTEPHBIX IPUMEPOB, WX JEI'KO MOXKHO
OOTIOTHUTE APYTAMU.

IIpumep 1. Y cuMMmeTpudeckon Ipymnmsl S, €CTh MOHOMUAILHOE MPEICTa-
srenue F" S, — GL(n, F); B 5TOM IpPEICTABIEHAN DIEMEHTHI S;, IepeCTaBIA-
0T TepeMeHHbe. Komblio MHBAPUAHTOB B HTOM TIPEICTABICHUN TOPOXK AAETCA
BCEMU CUMMETPUIECKUMU MHOTOWIEHAMY, OT %1 + « - + Ty A0 X1 ... Tp. ITO
MIPOCTENIINT IPUMEp KIaccoB depHa.

IIpumep 2. O6pasyoOIIYIO MAKIAIECKOU TPYITY Z;, MOXHO MPEICTABATD KAK
marpuny g € GL(m, F'), nua koropou ¢" = e (YHUIOTEHTHYIO MATPUILY TO/I-
XOMAMETO MOPAAKA). ITOObI GyHKIUA [ ObLIa, MHBAPWAHTOM IIPEICTABICHUA
IUKJIXIECKOU TPYIIIBI, JOCTATOYHO MPOBEPUTH, YTO OHA, HE MEHAETCA MO AeU-
CTBUEM enMHCTBeHHOU oOpasywomen: f(x) = f(gx).

Hamnpumep, nukauntdeckas rpynmna Z, UMeeT eCTEeCTBEHHOE IPEICTAaBICHUE
B BU€ TPYIIbI, TOPOXAEHHON &pe, Tae &, — NPUMUTUBHBIA KOPEHL U3 €qU-
HUIIBI CTENEHN 71, 8 € — equHnYIHaA MaTpuna. O9YeBuIHO, MHBAPUAHTOM DTOU
rpymmsl OygeT J60d OZHOPOAHBIM MHOTOWIEH. MOXHO caenaTh Caeqyonmn
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mar U pacCMOTPETH MPEACTABICHNE IIUKINIECKOU TPYIILI Zy, TTOPOXK JEHHOE
MaTpUIEn

&L ... 0

: C s

0 ... &n
rae §{; — xopHEm u3 eamHuUnb, ;' = 1. Torga KOIBNOM WHBAPUAHTOB STOU
rpyumnsr 6yger koabuo MHorowieHos Clzy, ...,z ].

3aMeTUM, YTO WHBAPUAHTHI 3aBUCAT HE TOABKO OT CAMWUX T'PYII, HO U OT
WX MPEACTABICHUN; OMHA W Ta X€ T'PYINa B PA3HBIX MPEICTABICHUAX OyaeT
UMeTh Pa3HbIC MHBAPUAHTHL.

IIpumep 3. [Jusapanbuas rpymnna Doy umeet npepcrasienue Doy — GL(2,R)
KAaK TPYINa CAMMETPUU TPABIILHOTO MHOTOYTOILHUKA. B 3TOM mpeacTasie-
Huu Doy, TOPOXAAETCA ABYMA MATPHUIIAMA

2 s 2T
_ Cos 7=  —sIn - 1 0
Dok <<sin 2% cos 27" > ’ <0 -1 ’

Torma KOIBIIO UHBAPUAHTOR AU IPATHLHOU TPYIIEI B 3TOM MPEACTABICHUN TI0-
poOXaaeTca MHOTO'LICHAMU

Al o o
q:x2+y2, h:H<<COST>$+<SIDT>y>

1=0
[Mockonbky MBI XOTHM paccyxkpaarsb Han Q, mam Tpebyercs KakuMm-1ubO
00pa3oM mepeBeCTU HeNpepBIBHBIE TPUT'OHOMETpUUeCKUe (PYHKIIUU HA A3BIK
PAIMOHANBHBIX TUCEM. DTO MOXHO CAEIATh cCyry6o dpopMarbHBIM aarebpan-
YeCKUM IIYTEM, BBeISI TOMOMHUTENbHBIE (DYHKITMOHAILHBIE CUMBOJEI Sin  COS €
M3BECTHBIME COOTHOIICHIAMH HA HuX sin’ x + cos? £ = 1, GOPMY.IEI JBOMHOTO
yria m T.1.

IIpumep 4. [In1a HEYETHOTO NPOCTOro YHUCIA p AuUdApadbHad rpynma Do,
nmeeT npegcrasienue Dy, — GL(2,F)) Hax xoreunsim notem Fy. Oto npex-
CTABIEHUE TTOPOXKIACTCA MATPUIIAMHA

pa=((o1)-(0" 1))

B sToM cryuae Koasno urBapmanToB m3oMopduo Fyly, (zyP~ — 2P)?]. On-
HAKO €CIM MEPEUTH K MyalbHOMY MPENCTABICHWIO (MPOCTO TPAHCIOHWPOBAB
MATPUIHI ), KOALIO HHBAPUAHTOB CyIIECTBEHHO U3MEHUTCA: OHO Temeph OymeT
nzomopduo Fp[z?, y(yP~! — zP~1)]. B aTom npumepe 6bL10 BaxkHO, ITO rpymIa
ObLIa TPEICTABIEHA HAJ KOHEYHBIM MOJEM CTENEHU, HE B3aUMHO-IIPOCTOU CO
CTEIICHBIO I'DYIIIBI.
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OTHU [IBa TPUMEPA, TOKA3BIBAIOT, KAK CUILHO WHBAPUAHTHI 3ABUCAT OT KOH-
KPeTHOro npeacrasienus. HecKoIbKO Apyrux IpuMepOB WHBAPUAHTOB B KOH-
TEKCTe KPUNTOCUCTEM, OCHOBAHHBIX HA WHBAPUAHTAX, MOXHO HauTh B [1].

7.4. lHBapMaHTLI KJIACCUYECKUX rpynn. B 5ToMm myHKTE MBI IpEncTa-
BUM HECKOJBKO MPUMEPOB XOPOIIO W3BECTHBHIX WHBAPUAHTOB KJIACCUIECKUX
rpynn. OHU TakXke MOTYT JeXaTh B JUCTHAX JAePEBA.

IIpumep 5. Y oproromansron rpynnst wétaou pasmepraoctu SO(2l, F) ects
XOPOIIIO M3BECTHBIN unsapuakwm Jurcona: ecau charF £ 2, a MBI mpeamno-
JOXWUM, 9TO Tak u ecTh, oH mmeeT Bug (—1)19 gma g € SO(21, F). Dot
MHBAPUAHT PaboOTaeT B JIOOOM MOJE XapaKTEPUCTUKU, OTIATHOU OT ABYX.
OTmeTnM, 9TO y 3TOr0 MHBAPUAHTA, BCETO ABA, 3HAYMEHUA, TIO3TOMY OH XOPOII
A KOAMPOBAHUA TOJBKO OJHOTO OUTa.

IIpumep 6. Cummrexktmueckas rpynma Sp(2n, F)) mo ompememenuio coxpa-
HSET HEBBIPOX JEHHYIO KOCOCUMMETPUIECKYI0 OMIUHENHYIO (pOpMY. SHAMEHUE
oTou (POPMEI U Oy IET WHBAPUAHTOM (M, B OTIUIHME OT MPEABIAYIIETO TPUMEDA,
IIOJINMHOMUAJIBHBIM I/IHBa.pI/Ia,HTOM) .

§8. ATaku Ha KPUNTOCMCTEMbI, OCHOBAHHbIE HA WHBApUaHTaxX

Ecan MBI XOTUM TPEACTABUTE HOBYIO KPUMTOCUCTEMY WIN CEMEUCTBO KPU-
NITOCACTEM, IPEACTABAAETCA €CTECTBEHHBIM IIPOAHAIU3NPOBATH BO3MOXHBIE
aTaKW HA DTU KPUITOCUCTEMEL. B 3ToM maparpadge MBI pacCMOTPUM HECKOTIh-
KO BO3MOXHBIX aTaK HA KPUOTOCUCTEMBI, OCHOBaHHBLIE HA WHBApHAHTAX, a
TaKXe MM IpaKTUIeCKne PEKOMeHIAIN O TOM, KaK OT HUX 3alIATUTHCA.

8.1. Araku gunenHou aare6pou. OGLITHO caMble TAXKEIBIE ATAKA HA -
reGpanvecKue KPUITOCUCTEMBI TIPOXOAAT MOCPENCTBOM JUHEUHOU AATeGpHI:
TMPOTUBHUK COCTABIAECT CUCTEMY JUHEUHBLIX YPABHEHUU W HAXOMUT CEKPET-
HBIA KJIOY (CAMBIA M3BECTHBIA NMPUMED TAKOTO MOAXOJA B3JIAMBIBAET CXEMY
Polly Cracker [23]; mumb B mocregHee Bpems yoaloCh yIYHIIATH DTy CXEMY
Tak, ITOObI ATaK! JTUHENHOU anreGpon cramu MeHee sddekTusHbIME [43]).
[Mpexnomoxum, 9T0 MEBApUAHT f — DTO MHOrOWIeH crenenu d. Torga mpo-
TUBHUK MOXET PACCMOTPETD €r0 KaK MHOTOWIEH C (”+g+1) HEOMP eIeNEHHBIMU
ko3 purmerTamu. ITOOBI BHIYUCIATDL KOX(DPUIMEHTHI, TPOTUBHUK [OMKEH
pemmth ypasuenns f(g;m;) = f(m;) A14 BceX 2IeMEHTOB IPOCTPAHCTBA CO-
obmenuut m; € M u Bcex obpasytomux g; € G. [IpocTpaBCTBO pemeHuin >Tou
CUCTEMBI JACT TPOTUBHUKY WHBAPUAHT, Pa3IeAAOIINNA OpOUTH daeMeHToB M
(BMeCTE, KOHETHO, ¢ TPUBUATLHEIMA WHBAPUAHTAMY, TAKUMU, HATPUMED, KAK
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f = const). Eciu d xorCcTAaHTHO, TO 5Ta aTaka MENCTBATENLHO OyAeT yCIHer-
HOU, TO>TOMY Ammca JOMXKHA BHIOMPATH TaKWe MHBAPUAHTHI, ITOOBI ("+2l+1)
OBLIO CYIEePIOIMHOMUAAILHEIM.

IIpumep 7. Ilpeamonoxum, 9TO MBI OBITAEMCI MOCTPOUTH KPUMITOCUCTEMY,
OCHOBAHHYIO Ha WHBAPUAHTAX, Ha 0a3€ MOHOMUAILHOTO MPEACTABICHUI CUM-
METPHUYECKOH I'PYIIILI Sy, HOPOXK ICHHOW TPAHCIO3UIUAMY T;j U €€ MHBAPUAHT
TIEPBOU CTETNEeHN
f(xla"'aajn) =T1+ -+ Tp.

B kagecTBe MpOCTPAHCTBA COOOIIEHUN MBI TOJTKHBI BLIOPATH HECKOIBKO BEK-
TOPOB TaK, YTOOBI y HAX PABIUIAIUCH CyMMBI KO3MPUIIEHTOB; MBI 0003HA-
9uM ux depes m; = (mji, ..., Mj,). [IDOTUBHUK, IPUMEHAIOIIAN ATAKY JTAHEN-
HOH aare6pon, IPOCTO PACCMOTPUT MHOT'OWICH

h=Mx1+ 4+ A\2Zn

7 PEIIuT CUCTEMY YPABHEHWUU, YIOCTOBEPAIOIINX, UTO TPAHCIO3UIAA HE Me-
HAIOT h. YpaBHeHHe, COOTBETCTBYyIoIee T;;, umeeT Buf h(r;jx) = h(z), 1To
SKBUBATCHTHO IpocTo \; = A;j. Takum 06pa3oM, y OPOTUBHUKA IOXYIHTCA
BBIYYUCINTH HpaBPI.TII)HI:II;)I MHBApUAHT (BOBMO)KHO, yMHO)KeHHbeI Ha KOHCTaH-
Ty, 9TO B JaHHOM CIyYa€ HE Ba.)KHO) II0CJIE€ BBITIOJTHEHUA ITIOJIMHOMMUAJIBHOI'O
AITOPUTMA,. 3AMETHUM, ITO I TOTO YTOOBI DTA ATaKa HE CMOTA MPEYCIeTh,
MOXHO OBLIO OBI BHIOPATH Takue cO00IIeHnsI, 9TO0bI B TPOCTPAHCTBE CO0O0IIe-
HUU OKA3AJIUCh COOOIIEHUS C OAUHAKOBLIMU CYMMAMU DJIEMEHTOB. [IpoTUBHM-
Ky He 0043aTeIbHO UCKATH MOM CaMblli MHBAPUAHT, €My HOCTATOIHO HAUTHU
KaKol-nubyd> MHBAPUAHT, PA3AEIAIONUA BEKTOPHI u3 M.

8.2. ATaku meTrogom Moute-Kapso u pasmepsr op6ur. [pyrasa npo-
61eMa TIPOUCXOAUT W3 Pa3sMepoB opouT naeMeHTOB M. [ledCTBATEIBHO, IPE/I-
IIOIOXKUM, 9TO d1eMeHT m € M umeeT op6ury m® MOIMHOMIAILHOIO pasMe-
pa. Torga y mpoTWBHUKA €CTH MOIMHOMUAILHBIN MIAHC AeKOAUPOBATEL F(m),
IPOCTO MBITAACH CIy9allHO BHIOPATH sneMenT g € G w cpasauBaa F(m) u gm.
Takum 06pa3oM, DIEMEHTHI TPOCTPAHCTBA COOOMEHNN HyKHO BHIOMPATH TaK,

9T00BI Y HUX OBLIM OPOUTHI GOTBIIOTO pa3Mepa.

IIpumep 8. B kavecTBe TPpUBHAILHOTO, HO XapaKTEPHOTO MPUMEPa, PACCMO-
TPUM MPOCTPAHCTBO COOOIIEHAN, COCTOAIIEE U3 HyJeBOTO BEKTOPA W KAKOTO-
HUOY b APYTOrO BEKTOpa (IpUM HTOM He BAXHO, KaKasd Cpyna — BCE OygeT
BBHIMOJIHATLCA i dobou noarpynnst GL(n, F) u mo6oro nasapuanTa). Pas-
Mep OpOUTHI HYJE€BOI'O BEKTOPA PaBeH 1, M MPOTUBHUKY BOOONIE HUYETO HE
HANO AEIATh: €CIM OH BUAAT HYJIEBOM BEKTOP, 3HAYAT, W COOOMIEHWA OBLIO
HyJEBBIM; 4 €CJIW OH BUAWT HEHYJEBOW BEKTODP, 3HAYUT, MBI ,,3aKOIUPOBAIHA “
9TO-TO APYTOE.
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8.3. ATaka, peKOHCTpyuUpYymoIiasa gepeso rpynn. Hakorer, npoTuBHUK
MOXET IMONBITATHCA BOCCTAHOBUTH AEPEBO, IPU IIOMOIOW KOTOPOTO AJII/ICH. I10-
cTpomIa CBOM MHBAapWaHT. Ha 5TOM myTm OH MOXET CTOIKHYTBLCA C 33Ta<eH,
K MPUMEPY, TOUCKA TAKOU MATPHUILL G, ITO a 'Ga = H pna nasabx rpynn
G u H. 910 X0pomo n3BecTHas CIOXKHAA 3a1a4a; HanpuMmep, B [42] mokazaHo,
9TO 3ajkada m3oMopduaMma rpadoB CBOAUTCA K 3akade CONPAXKEHUA TPYMI.
Araku Takoro poga 6bun moAPoGHO paccmoTpensl B pabore [30]; Te xe co-
O6pa.)KeHI/Iﬂ MOXHO IIPDUMEHUTH U 34€Ch, TOTOMY YTO 3adav9a BOCCTAHOBJICHUA
mepeBa mpolle He cTajka. Ha camMoMm fgeie OHA CTaTa CJIOXKHEE, MOTOMY €UTO
Telephb y3Jbl AepPeBa MOMOMTHEHBI MHBAPUAHTAME, KOTODBIE TOXE MOL'YT He-
TPUBUAJILHO MEHATLCA OT y31a K y3ay. ClaeqoBaTenbHO, MIA BOCCTAHOBICHUI
IepeBa MPUAETCA BOCCTAHOBUTEL HE TOJIBLKO I'PYIIIBI, €0 COCTABIIAIOIINE, HO 1
MHBAPUAHTHL

§9. Cxema cornacosaHus knoua Auwens—AHwensa—lonadensaa
M €€ yCTONYUBOCTb NPOTUB B3/OMA C [0OKA3aTENLCTBOM

ITpexme BCEro BCIOMHUM OMPEAETCHUE CXEMBI COVIACOBAHUA KIIOYa AH-
menb—Aurmens—Tonadensaa [6]. Paccmorpum rpynny G, u nycTh aBa UrpoKa
A u B BeIOUpaiOT HEKOTOpPHIE MOATPYNNEl (G, 3adaHHBIE CBOUMEU 00PA3yIOIIN-
Mm7:

GA:<a17"'7am>7 GB:<b17"'7bn>'

3ameuanne 5. OTmeTnM, UTO BCE PACCYXKIEHUA B 3TOM Taparpade mpoxo-
IAT 6e3 m3MeHenui, ecan BMecTo (g 1 G p pacemarpusars G4 1 G, KOTOpBIE
HOPOXTAIOTCA TEMU XK€ OOpPa3yIUMU (a1, ...,a0n) u (bi,...,b,) coorseT-
CTBEHHO, HO HE KaK T'PYIIHI, a KaK MOIyrpynmnel. Bce kommyTaTopsl 6€pyTcs
B oO0Bemuiomen rpynme G.

Ipymma G u snemesTH 0, 1 <4 < m, umbj, 1 < j < n, BHIJAOTCA Iy 6IMTHO.
O6a urpoka A u B ciay4a@HO BHIOMPAIOT CEKPETHBIE DAeMeHTH ¢ € G4 u
b € Gp kak npousBenenusa He 60mee deM N 0OpaA3YIONMX, a 3aTEM MEPEIAI0T
IPYT APYTY CAEAYIOIIYIO MOCIeI0BATEIBHOCTE:

Xa={a"bja}]_;, Xp={b""ab},.

[Mocne sron mepenaun y urpoka A (coors. B) mmeercs mpencrasieHue Hie-
meHTa @ (coors. b) B mogrpynne G 4 (coorB. Gp). 3HAYUT, OH MOXET BHIYIN-
CIUTH TIpeAcTaRIeHne daemMenTa b~ lab (coors. a”lba), mcnombaysa sreMeHThHI
nocaegoBarerbaocT X 4 (co0TB. X ). Takum 06pa3zom, y 060MX yIaCTHUKOB
oOpasyeTcs O0IINUN KII0Y, 3 MMEHHO KOMMYTAaTOP

a (b7 ab) = [a,b] = (a'ba) L0
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OueBngrOEe HEOOXOAUMOE YCIOBUE HALEKHOCTH 3TOTO TMPOTOKOMA COCTOUT B
TOM, 9TO MHOXECTBO BCEX KOMMYTATOPOB 2eMeHTOB ¢ € G4 u b € G momxK-
HO COCTOATH KAK MUHUMYM W3 ABYX 3JIEMEHTOR.

YTo6sl H0KA3yeMO B3JOMATEH MTPOTOKON COTJIACOBAHUA KI04a Anmers—An-
mens—longdensna, HyXHO HANTH TMPEICTABICHUA ONMPENEICHHBIX DIEMEHTOB
d 8Gaub BGp, rae

Xa={a"ba'}1_), Xp={b"lad}",.

Teopema 2. Cywecmeyiom maxue nodepynnvt G 4 u Gg modyasprnot 2pyn-
nvt G = SLip(Z), umo ecau npomokos co2aacosamnus katoua Anwensv—Anuens—
Toadgeavda das epynnvt G u e€ nodepynn G o u G nodeepicen doxasyemomy
83a0my 6 rydwem cayuae, mo NP C RP. To ace camoe 6epno, ecau 8Mecmo
G4 u Gp paccmompemv G4 u G, noposcdénnvie memu e 06D A3YIOUWUMY
(a1,...,am) u (by,...,by) coomeemcmeenno, no He Kak 2pynnwi, a KAk NOAY-
epynnul.

Hoka3aTenncTBo. [Ipeamomoxum, 9T0 €CTh TaKas BEPOATHOCTHAA MAIIUHA,
Teropunra M, paboTaromas MTOIMHOMAAILHO JOATO, 9TO A1 OECKOHEIHOU 10~
CIeIOBATEABHOCTH MapaMeTpoB HaAExXHOCTU N U BXOIa

—1 —1 —1 —1
I'=A{ai,...,am,b1,...,bp,a" "bia,...,a" bypa,b  aib,...,b” ayb}
BBLITIOJIHACTCA CIeAyIONIee yCIOBUe:

Pr [M(I) = a/l,sl,...,a},Sf,bll,tl,...,b;],tg > 1/p(N),

rage G4 = (a1,...,am) 1 Gp = (by,...,b,) — DOATPYIIBI MOAYJIAPHOU TPYII-
o /g, / Tt
1B, P — HEKOTOPBIA TOMMHOM, o € G4, b € Gp, d = Hzle a”, b = ]9.21 b7,

a; € {a;}1", b; € {bj}?:p al_lbjal = a " 'bja xna Beex 1 < j < m, bla;b =
b~la;b nns Beex s;, a tj mexar B {—1,1} mmaseex 1 <i< ful<j <y,
fyg < N. OrmeTwM, 9TO MBI MOXEM NPOBEPUTH KOPPEKTHOCTHL OTBeTa M,
MODTOMY MBI IpeamnogaraeM, 9ro M Hukormga He ommbaAeTCA.

Ncnonssya M, MOXHO TIOCTPOWTEH BEPOATHOCTHYIO MOIMHOMUATBHYIO Ma-
mmay Teiopmara M', xoropas comepxut p(N)/2 wkommun M wm Ha BXOmE
(X,{Y;}i, N) BBIOMHAET CIAEAYIOMIAN AJTOPUTM.

1. BEcmm X =[], Yilsi, rae Y € {V;}i, m < N, s; € {—1,1} (ecsm pac-
cmarpuBaTh G4 m G Kak TOMYyTPYIbI, 3[eCh HyXHO OPATh TOIBKO
HONMOXUTENbHbIE cTenenn), To Pr[M’ npuanmaer| > 1/2.

2. B mporusaOM caywae Pr[M' npuanmaer] = 0.
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Ha Bxonm Bcem xomwmsam M wmet mogagum ¢ = b = X, a; = b; = Y, a 3a-

TeM BBITHCIUM BCE a 'bia,...,a ‘byma, b~ laib, ..., b~ a,b 3a normHOMMIATE-
Hoe Bpewms. [lo [14, crencrsue 11.5] sagava BM NP-nonna, cregosarensHo,
NP C RP. ]

3ameuanne 6. Ectu G4 uGp — noxyrpymnnet, To 3anaia BM croxma, 6oaee
TOro, B cpenuem [56].

3aMeTHuM, ITO OMUCAHHBIA TPOTOKOJI COMVIACOBAHUA KIIOYa MOXET OBITH He-
YCTOUYMB IPOTUB ATAK JAUHENHOU aare6pou (cm. m. 8.1): o gaéT mpoTUBHU-
Ky peIlleHne 3303491 COMPAKEHNA, KOTOPOE MOKET OKA3ATHCA eIUHCTBEHHBIM,
OpU yCIOBUM, 9TO NOpoxAéHHOE (G4 (wim (Gp) KOABIO COBIAJAET C IOJHBIM
MATPUIHBIM KOJBIOM. UTOOGBI 3TOT MPOTOKOI CTAT 60JIee YCTOUYIUB MPOTUB
ATaK JUHEUHOU aareGpou, MOXHO 3aMEeHUTH (G ITPEBOBUIHOU KOHCTPYKITEN
73 TPYII WK TOJIYTPYII, KaK 5TO IeJAT0Ch B §6.

DopMaTBEHO TOBOPS, MBI CTPOUM CJAEIYIONIYI0 PEKYPCUBHYIO KOHCTPYKITAIO
Ui KIacca Tpynn G, 3aMKHYTOTO OTHOCUTEIBLHO HEKOTOPOrO HAGOpa Teope-
TUKO-TPYyNNoBeIx omeparuu O; HA HTOT pa3 HAM HE HYXHO GECIOKOUTLCA O
IOMyCTUMBIX HAOOpaX, W BCE OMEPAIMY ONpeNeNeHBl TTPOCTO HA TPYINAX U3
kaacca G. [laa muoRecTBa Gy C G (6a3bl HAIIEW KOHCTPYKIIUY) MBI PEKYDCUB-
HO onpegexseM kiaacc P(Go, O) map (G, T).

PexypcuBHOe ompeneneHme geraeTcs TOYHO TaK Xe, KaK B 6.2, omyckas
KOHCTPYKIIVY UHBAPUAHTOB U TPOCTPAHCTB COOOINeHn. B Halem ciaydae MHO-
xecTBO (0 MONMyCTUMBIX ONEPAINA COCTOWT W3 M3MEHEHUA 6A30BOTO KOJBIA,
OPAMBIX IPOW3BENEHUN, CILIETEHUN U CONPAXKEHUN (BCE TaK ke, KaK A KPHU-
MTOCACTEM, OCHOBAHHBIX HA WHBAPUAHTAX, HO 6e3 CrnenuduIecKux Omepamnn
Hal WHBAPUAHTAMM).

HanéxuocTh mpoTOKOMa, COTIacOBaHUA Ka04a, Aumens—Aamens—onadens-
Ia IS MATPUYHBIX TPYII OCHOBAHA HA, CACAYIOMIEN 3aad9e.

3agava saumHemHOu TpaHcmopTupoBku (Linear Transporter Problem,
LTP). Paccmorpum kommyTaTuBHOE KOabilo R u R-moxyas V. Ilycrs G <
GL(V,R). Tlo pamueM u € V mv € u¥ = {u9 : g € G} HAlTE TaKOH DIEMEHT
g € G, aro v = uY.

Ecmu mporuBHUK MOXeT >dpdexkTuBHO pemuTh LTP, oH MoXeT B3I0MATD
IPOTOKOX CcoriacoBanusa Kiaooda Anmens-Axmensloxgdersga. B [31] 6bwm0
MOKa3aHO Creayiomee yTBepxaenune (cm. temmy 3.4).

IIpegnoxenune 1. IIycmo G € G. Tozada no dawnomy depesy G, LTP dua G
MONCHO PEWUMb 30 BPEMA, NOAUHOMUGALHOE OM PAMEPG DEPEBA U BPEMEHU
pewenus 3adauu LTP das aucmoves depesa.
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Konewno, 5T0 He MOKa3bIBAET, ITO HAJAEKHOCTH MPOTOKOIA COTIACOBAHUA
kmio4ua Aumens—Anmens—Tonadentaa B KOpHE AepeBa 3aBUCAT OT HALEKHO-
CTU IPOTOKOJIA B JUCTHAX JepeBa. Y HAC HA CAMOM Jele M0Ka3aHO Kyna 6o-
Jee craboe yTBEPXK JeHue, KOTOPoe d8adcdbl MAET B HEMPABUILHYIO CTOPOHY:
BO-TIEPBBIX, €CIU MbI MOXeM pemmTb TP, Mbl MOXeM B3I0MaTh MTPOTOKOI
Anmens—Anmens—Tonadpensaa, a eciu Mbr MoxeM pemmTh LTP ama aucthes
mepeBa, mbl MoxeM pemuTsh LTP mius ero xopusa. YTobbl moka3aTh HATEX-
HOCTBb, HAM HYXHO ObLIO ObI 00paTuTh 00a >TuX yTBepX)AeHud. OmTHAKO >TO
JydIee, YTO MbI MOXEM CAETATb, U MBI HE 3HAEM IMOXOXUX KOHCTPYKIUU C
60Jiee CUIHHBIMUA YTBEP XK ICHUIMHA.

§10. 3akntoyeHue n OTKPbITbIE BOMPOCHI

B sTout paboTe MBI BBEIM HOBOE TOHATHUE JOKA3YEMOrO B3JOMA, U, KAK CIE/-
CTBUE, JOKA3YEMOU HAAEXHOCTH KPUNTOrPAPUIECKUX TPUMUTHUBOB. B TO Bpe-
MS KaK DTO MOHATHUE, OE3YCIOBHO, TOPA3a0 cladee 0OBLIYHON KpUnTorpadude-
CKOU HAAEXKHOCTU, OHO MPEACTABIAETCA JOCTATOYHO €CTECTBEHHBIM, XOPOIIO
ONpEeNeIEHHBIM U PA3yMHBIM. Bojiee TOro, 3TO MOHATHE HATEXHOCTU — OIHO
7“3 HEMHOT'WX, A KOTOPBIX YAAETCA MOJLYIATH AOKA3yeMbIe MO3UTUBHBIE Pe-
3yabTaThl. MBI IpuBenn qBa mpuMepa KpunTorpadpuaecKux MpOTOKOIOB, I
KOTOPHIX YAATOCH MOKA3aTh YCTOUIUBOCTH OTHOCATEALHO MOKA3YEMOTO B3JIO-
Ma: KPUITOCUCTEMBI, OCHOBAHHBIE HA MHBAPUAHTAX (TEOPUA DTUX KPUITOCHU-
CTeM TakXke ObLIA HAMY CYIIECTBEHHO PACIIXPEHA 0 CpaBHEHUIO ¢ [1]), u gacT-
HBIN CIyYad IPOTOKOJA COMIAcoBaHMA Kaoda Amnmens—Ammena—ongdensa.
Mgl yBepeHBI, ITO MOXHO TMPUBECTH W HOBBIE MPUMEPHI KOHCTPYKIUU, A
KOTOPHIX OyIyT BEPHBI AHAJTOTMIHBIE YTBEPXK ACHUA.

Taxum 06pa3oM, ¢ OMHOU CTOPOHBI, BAXHBIM HAMPABICHUEM I AATLHEN-
mern paboOTHI ABIACTCA TOUCK HOBBIX KPUNTOrpadUICCKUX MPUMUTHUBOB, HA-
IEXHLIX TPOTUB JOKazyeMoro BagoMa. C Ipyrom CTOPOHBI, BO3MOXHO, €IIé
BaxHee OBLIO OBl CBA3ATL MOKA3YEMBIU B3JIOM W APYTHUE CYIIECTBYIOIINAE TO-
HATUA HALEKHOCTH. JIEMKO MPUAYMATEH KPUITOCUCTEMY, IIA KOTOPOU TOKAa-
3YEMBIU B3JIOM SKBUBAJEHTEH OOBITHOMY (IOCTATOYHO PACCMOTPETH KPUITO-
cucTeMy, B KOTopon Bo6 He mcmoab3yeT caydanHbix 6uToB). OgHAKO MeHee
TPUBUAILHBIE TTPUMEPHI WX OOIINE YTBEPXK ACHUA, KIACCAPUIUPYIONINE KPHU-
nrorpaduIeckue IPUMUTHUBLI IO DTOMY IPU3HAKY, MOT'YT IIPEACTABIATDL Ce-
pbE3HBIN UHTEpEC. BO3aMOXHO, 5Ty paboTy MOXHO OyAeT MPOBECTH IO CXEME,
BIEpBBIE NpeAcTaBIeHHON B padoTax M. Aunras u C. [Isopk [4, 20], mo3gree go-
noxaersbix O. Peresom [50, 51], B KOTOPBIX yAATOCH CBECTH PELIEHWE 33 AW
B XyAIIEM CIy4Yae K PENIeHuIO 330a9M B CPEIHEeM M, TaKuM 06pa3oM, IMOIy-
9ATH KPATITOCUCTEMY, HAAEKHYIO B OOBITHOM KPUMTOTPAMPUTIECKOM CMBICIE B
HEKOTOPOM IIPEATIOJOXKEHUN O CI0KHOCTU 3a0a9IUW B XyanieM CJIy'ae.
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BaarogapuocTu. Asropsr Grarogapusl . A. ['mpury 3a mmogoTBopHBE 00-
CYyX JEHUsA PE3yIbTATOB CTATHU W 3aMEYaHUE 2.
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