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CTPOEHHME T'PYIIII IIEBAJIJIE:
JOKA3BATEJLCTBO N3 KHUT'UA

B Hacrosleil ctaTbe MBI TOAPOGHO OMIUCHIBAEM HOBEI MeOMeTpH-
YeCcKril MOAXO0M K JA0Ka3aTelhCTBY OCHOBHBIX CTPYKTYDPHBIX TeOpeM
A rpynn Hlesanne G = G(®, R) tunos ® = F,, B4, E. Hax koMmMmyTa-
THBHBIM KOJIBIIOM R, KoTopblid pemiosker B [10] u [11]. MbI canraem,
YTO BTOT MOAXO AAET 0KONUAMEAVHOE TOKA3ATENBCTBO CTPYKTY PHBIX
TeopeM U, cilefysA Dpelly, HaszbiBaeM ero JIOKABATEIBCTBOM W3
Kuuru'!. B wupgeitnom ornomenun /lokazarenbcTBo U3 Kuuru ropas-
JI0 TIPOIEe KaK JIOKAJM3AIMOHHBIX METOA0B THa LOCALISATION AND
PATCHING mam LOCALISATION—COMPLETION, TaK WU I'eOMETPUYECKOI'O
MeTo1a PA3JIOKEHNA YHUITOTEHTOB, JajbHEANIMM PasBUTHEM KOTO-
poro oH sBaserca. Mbl uimoctpupyeM JlokazaTenbctBo us KHurn
Ha MpUMepe KIACCUYecKoi PobIeMbl ONMCaHNA HOPMAaIbHOTO CTPO-
eanA Tpynnsl G, Win, Ha COBPEMEHHOM SA3BIKE, OMMCAHWA TOATPYII
(i, HOPMAJIM3YeMBIX dileMeHTapHOR moarpynmoii B = E(P, R).

B ornmuue ot crateii [10] u [11], npeacrasasiomux coGoii pas-
BEPHYThIE M3JIOKEHUA AUMIOMHBIX paboT BTOPOTO W TPETHETO aABTO-
POB, BBIMOJHEHHBIX 10/ PYKOBOJACTBOM MEPBOr0, HACTOAIIAA CTATHSA
ABIAETCA TEKCTOM 0B30PHOTO JOKIAAA C TEM yKe HA3BaHUEM, C KO-
TOPBIM MBI HECKOJIBKO Pa3 BBICTYNAJW B PAa3iNYHBIX YHUBEPCUTETAX

WUccnenoBannsa, cocTaBUBIIME OCHOBY HACTOANMER paboTHI, BLINOJHEHBI B
pamkax npoektos PO P 01-01-00924 (CII6I'Y ) m 03-01-00349 (IIOMU PAH)
u INTAS 03-51-3251 u 6buim noamepskadbl rpanTamMu MwuuBysa “I'eomerpus
kKopHeBbIX moarpynn” PD02-1.1-371 u “Haarpynnsr nonynpocteix rpynn” E02—
1.0-61. 3HaunTenbuaa dacTb paboTel Hax ctaTbamu [10], [11] ocymecTBnena B
yHuBepcurtere Bunedenbna npu noazepskke SFB-343, INTAS 00-566 u Diine-
poBckoit mporpamMmMbel DAAD. IlepBriii aBTOp NpU3HaTeIeH TaKyke 3a MOAAEPHKKY
nporpamMmMbel Munby3sa “PasButue nayunbix mros Caukr-Ilerep6ypra B o6nactu
TEOpeTUUYEeCKOW U NPUKJNAJHON MaTeMaTUKN” Ha 3aKJIOUNTENLHOM aTale pabo-
THI HaJl HacTosAmel cTaTheil. PaBoTa TpeTbero apropa 6bina momnepxkana Peme-
PaJbHBIM areHTCTBOM IO HayKe U MHHOBAIMUAM (Foc. KoHTpakT No. 442.11.7291)
u INTAS Fellowship Grant No. 05-109-5565.

1B 2002 roay coser paBBHHOB Y HuBepcuTeTa Bap Wmanm odunuanpuo pas-
pemunsi aBTopaM KMCMNOJb30BaHUE DTOrO HA3BAHWA.
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1 Ha KoH(pepeHnuax. B nportusomonoxkuocts [10] m [11] 3mech MBI
HE IPWBOANM JAeTajn (aKTUYeCKUX BBEIYUCIEHN, HO 3aT0 CPaBHUBa-
€M pa3iMYHBEIE T0KA3aTeIbCTBA U AETAlbHO 0GCYHIAEM HEKOTOPHIE
NPUHIMIIAAIBHEIE WAeiiHble aceKTh. YTo6hl MOCTABUThH W3IOMKEHNE
B KOHTEKCT, MBI DE3IOMUPYEM CYIIECTBYIOIIME 2€0MEMPULECKUE TOKA-
3aTesbCcTBA ANA Kiaccudeckux rpymn [71], [13]-[15], [19], [2], [5]-
[7], [42], [B7], [66], a Takke MOKa3aTEALCTBA JJA MCKIIOUMTETHHBIX
DPYTII, OCHOBAHHBIE HA MeTOJe Pa3ioKeHNN YHUITOTEHTOB, cM. [12,
66, 70, 57, 68, 9]. 3aMeTuM, UTO He TOJBKO EHTPAILHBIA GparMeHT
craThu [11], HO 1 HEKOTOPEIE BEIYMCIEHUA U3 cTaThi [9] My GAUKYIOT-
cA 3/lech BIlepBhle. B To e BpeMd, 3/1eCh MBI BOODOIe He KacaeMcs
AOKAAUZAYUORNBLE TOKA3ATENBCTB (110 »TOMY ToBoAy cM. [16, 19, 20,
23-25], [32]-[34], [42]-[45], [48], [49], [59]-[66], rme MoxkHO HaiiTh
MHOTO JAJbHERNNX CCHIIOK).

MBI yBepeHBI, UTo pasinyHble BapruaHThl JlokasareibcTBa 13 KHM-
'Y IPUMEHNUMEI KO BCEM CTPYKTYPHBIM De3yibTaTaM, CIPaBelInBhIM
JULA TIPOM3BOJIBHBIX KOMMYTaTHUBHBIX KoJIell. B kauecTBe Takux pe-
3y/bTATOB MOXHO YIOMAHYTH OlMcaHWe aBToMopduamos (4, omuca-
HIle Pa3JIMYHBIX KIaCCOB MOATPYIII, 3aaaHue F o6pasyIomuMu 1 co-
OTHOIIEHUAMK U T.A. TOYHO Tak sKe MBI yBepEeHBI, UTO aHAJIOTWY-
HO€e J0Ka3aTeNbCTBO MOKHO TpoBecTn 1 AnA rpynnsl [lesamnie Tuma
Eg, HO, Tak KaKk y ®TO# IpYINbl HET MUKPOBECOBBIX ITpeCTABIIEHNIH,
MHOTHE JeTAalN JOKa3aTelbCTB B 9TOM CJIydYae CTAHOBATCH 3aMETHO
CIO¥HEE U MBI He CMOTJIM TIOKa TIPE00JeTh BCE BO3HUKAIONIAE 3/1€Ch
TeXHUYECKIE TPYIHOCTH.

§1. ®OH 1 UCcTOPUSA

B macrosmein pabore MbI n3yyaeM uckiamounTeabHbie rpymnbl [e-
Banne G(®,R) tuna ® = E,, E; Eg, F, Han KOMMyTaTUBHBIM KOJb-
oM R. ITockombKY MBI HE MOM¥KeEM 00 bACHATL 8Ce UCIOIb3yeMbIE Ha-
MU CJIOBA&, TIPEAIOJIAraeTCA, UYTO MIPUCY TCTBYIOIINE UMEIOT HEKOTOPOE
moHATHe 006 anrebpax JIM v WX mpencTaBiIeHUAX, & TakKe 00 aire-
6panyeckux rpynmax. Kpome Toro, mpeamosiaraercs, 4TO OHU IIPO-
ynu 1060 KaHOHWYeCKUid McTodHWK mo Teopuwm rpymnm lesaiie,
craskeM, [3], [18], nuum [35], HpUTOM AOCTATOYHO BHUMATEINLHO, UTO-
0Bl OBITH B COCTOSIHUM Pa300paThbCsa XO0TA OLl B 04HOM — 060! — u3
crareii [R]-[12], [22]-[27], [40], [45], [51], [52], [b4], [56], [68]-[60],
[62], [66]-[68], [70]. UcTopudeckn coBpeMeHHEIE TTOCTAHOBKM pac-
CMaTpPUBaEMBIX HAMU BOITPOCOB B TaKOW 0BIMHOCTY BO3HUKIIN TOJIBKO
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B asrebpamveckoii K-Teopumr, a HEKOTOPBIE HAIW BBIYUCIEHUA Ia-
POAMPYIOT CTAHAAPTHYIO TEXHUKY TEOPHUW TIpelNcTaBiieHuii anrebpa-
WYEeCKUX TPYNN W TEOPUU WHBapuaHTOB. HekoTopoe 3HAKOMCTBO ¢
BTUMU YUEHUAMEU HE MOMKET MOBPEAUTH, HO, CTPOIO TOBOPS, HE ABJIIA-
eTcA HeoOX 0 AMMBIM /1A TTOHUMAaHUA HacToAel paboTel. Hamm 060-
3HAYeHUA COBMAJAIOT ¢ MCIob3yeMbiMu B [66]-[68], [70], [53], [45],
[10], [11], mooToMy HacTosILyI0 paboTy Jydlle BCEro YUTATh BMECTE
C KaKAMU-TO U3 9TUX paborT.

Bce u3zBecTHBIE nOKa3aTeNbCTBA CTPYKTYPHBIX TEOPEM OCHOBAHBI
Ha MHAYKIUHU 110 Pa3MePHOCTH OCHOBHOTO KOJbIlAa K, U MHAYKIWHU 110
paury rpynusl [ = rk(®), uam kombunanmu Toro u apyroro. Ilo odge-
BUIHBIM TIPUYMHAM MBI Ha3BIBAE€M J0Ka3aTelbCTBA, OCHOBAHHBIE HA
WHIYKIWU 10 Pa3MePHOCTH, T.€. TAKWUE JAOKA3aTebCTBA, KOTOPHIE 3a-
BUCAT OT IIPUPOJBI OCHOBHOT'O KoJiblla, apupmerudeckumm. C apy-
Ol CTOPOHBI, N0KA3aTENhCTBA, OCHOBAHHBIE HA MHAYKIMHU 110 PAHTY,
He 3aBUCAT OT OCHOBHOTO KoJbIa?, OHM (YHKIMOHUPYIOT MCKIIOUM-
TENBHO B TEPMUHAX TEOMETPUM 10 AJIEKAIETO MO LY JIIA U TTOBTOMY Ha-
3BIBAIOTCSA TEOMETPUUYECKUMU.

o cepemunnr 1960-x To10B CTPYKTYPHBIE TeOpeMBI OBLIIN M3BECT-
HBI JIAIIb B HEKOTODBIX OYEHH CIIEIMAJBHBIX CIyYadx, TaKuX Kak
HYJIbMepHble KOJbIIa U HEKOTOPBle OJHOMEpPHBIE KOJblla apudmeTu-
YeCKOro TPOUCXOKIEHUA, Takue, Kak obmactu Xacce. [liaa kaaccu-
YeCKUX T'PYII HAJT KOHEYHBIMU [TOJIAMU 9TH TEOPEMBI BIIEPBHIE MTOABU-
auck B paborax Kamuaaa rRKopmana, Jleonapma dukcona n Dianakm-
ma Mypa B nocientue necartuierus XIX Beka. BriocaenctBum san
HNbenonne, Kaox lllesanme, sJhak Turc n MHoTHe ApyTHe 0606IMIUIN
UX Ha IMMUPOKUE KIACCHI TPYII, BRIOYAA KIACCUYECKUE TPYIIIBI HA I
TesaMu, UCKIoUnTeNbHbIe Tpynnel [lleBaniie u apyrue u3oTpomHbIe
— Ho He obA3aTesbHO paciienuMbie! — anrebpandeckue TPyIIILL HAT
nosnsiMu. OGoOIeHns Ha HyIbMepPHbIEe U apuPMeTUIECKUEe KObITA Ha-
Jaym Bo3HWKATL B 1940-e roarr B paborax /xosna Bpernepa n mo3-
ke, B Havaiyie 1960-x ronoB, B pabotax Bumbresbma Kavnrenbepra
u Merca MemHnnke, TprdeM TOTOK My GIMKAINA Ha 5Ty TeMy He WC-
CAK JI0 CUX TOP, XOTA UAE0JOTUUECKHA HTO HAIIPABJIEHUE TTOITHOCTHIO
ucuepnajo ceba ¢ moABJeHneM anrebpanveckoit K-reopun.

B 1960 ronax mpowsolies Mo IJIWHHBIA B3PHIB 0GITHOCTH, KOTO DIt
Havajca ¢ pabor Xajimana Bacca [1]. OaHMM M3 caMbIX 10 10TBOD-
HBIX AaCIIEKTOB e€ro paboThl OBINIO TMOPA3UTETbHOE OTKPBITHE, YTO B

2TTo kpalineii Mepe, eCM OHO KOMMYTaTUBHO!
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guHeliHOW anarebpe OoTBeTHI Ha GOJNBIIMHCTBO BOMPOCOB TEM MPOIILE,
YeM BBIIIE PasMEPHOCTh PACCMATPUBAEMBIX 06hEKTOB (CKasKeM, paH-
'Y TIPOEKTUBHBIX MOIYJIEl, CTENeHn MATPHUIL U T.4.), IpUdeM A Jo-
CMAMOYHO 6oAbwWUT — CKRAKEM, GECKOHEUHBIX! — pasMepHOCTel oTBeT
B0OOIIe He 3aBUCUT HU OT OCHOBHOTO KOJbIla, HA OT PAacCMaTpUBa-
eMOU pa3MeEpPHOCTH. DTO ABJEHUE Ha3bIBaeTCA CTABUJIUZANUENA. B
KOHTEKCTe ajrebpandecKux TPYII CTabUaM3almsa yTBEPHKAAET, UTO
BCE CTPYKTYPHBIE BOIMPOCHI JAOMYCKAIOT CTaHIAPTHBIE OTBETHI IJIA
TPYII, PAHT KOTOPBIX BEJUK 110 CPABHEHUIO C PA3MePHOCTHIO OCHOB-
HOTO KoJblla. B mefictBuTenbHoCTH, Bacc BBesl HOBBIA TUIT pa3Mep-
HOCTH, CIENAATBHO CO3AAHHBIA JJIA KOHTPOJIA MOA0OHBIX BOIIPOCOB,
— crabunpubiii panr. CaM OH WCIIONB30BAJl €r0 JJA TOTO, UTOOBI
JIOKa3aTh CTPYKTYpHBIe pesynbTarhl qia GL(n, R), u BcKope ero pa-
6ora Oblia pacmpocTpaHeHa DHTOHM BakoM Ha Apyrue KiacCude-
ckue Tpymiel [31]. CoBeplileHHO 3aMeyaTelbHbIE PE3YIbTAThl B 9TOM
HalIpaBJeHUU OLINM ToaydeHsl Kefitom Jlemnancom, BunbbepTom Ban
nep Kanmenom, Maiikaom Creitrom, Angpeem CycawbbiM, Jleonu-
nom BacepiTeiitHoM u ApyTAME.

B cepemune 1970-x TromoB 6BI0 0OHADYKEHO, UTO A KOMMY-
MamueNs KOJEl CTPYKTYPHBIE T€OPEMBI BHITOJHAIOTCA, HAYUHAA C
HEKOTOPOTO HeGOMBIIOTO paHTra — cKaskeM, 2, 3 uam 4, — KOTODPBIA
3aBUCHUT TOJBKO OT PacCMaTPUBAEMOW TpPoBIeMBI, HO HE OT pas-
MEPHOCTH PAacCMaTpPUBAEMOrO KOJbIA. DTO fABIEHWE MMOJYUUIO Ha-
3BaHWE KauyeCTBEHHOW cTabuiusaimu. [lepBoHaYalbHBIN TOTUYOK pas-
BUTHWIO BTOTO HANpaBJIeHWA GBI JaH 3aMedaTebHBIMU TeOopeMaMu
Yuncoua—lonybuuka n CycanHa o HOPMAJbHOM CTPOEHUW TI'DYIIITHI
GL(n, R), [71], [13], [20]. B reueHme MOCHEAYIOMErO AECATUIETHUA
aHAJOTUYHbIE PE3YIbTATHI AJA APYTUX M0 A06HBIX 3a/1a4 ObIJIN 0 Iy-
genbl Aazpeem CyciauHBIM U ero ydyeHmkamu BsdecnaBom Komefiko
u Maparom Tynenbaeswim [16], [21], BuasGeprom Ban aep Kasme-
voM, Aserkcanapom MwuxaineBeiM u Uropem [oay&uukom, 3eHOHOM
Bopesnuem u Hurosnaem Basunosbim [2], E¢pumom 3enbMaHOBBIM 1
apyrumvu. B [66], [34], [57] MokHO HaliTH HOCTATOYHO MMOAPOGHEIA
0630p ®TOTO ®Talla W NECATKNA AAJbLHEWUINX CCHIIOK. McTopudecku
MepBbIe A0Ka3aTebCTBA 0 1aBIIAIONEr0 GOABIMMHCTBA CTPYKTY PHBIX
PE3YIbTATOB A KAGCCURECKUT TPYII OBIIN NreOMETPUUECKUMU U MC-
mogb3oBau MaTpuilel. OQAHAKO B TO BpeMs, HECMOTPSA Ha OTPOMHBIE
YCUIWA, HUKTO HE CMOT MEPEHECTU 9TWU pPe3yJIbTATHl Ha WMCKIIOUM-
TeNbHBIE TPYIIIHI.
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[Mpumepro B TO e camMoe BpeMs IJiA pelneHusa npobiemer Cep-
Pa O MPOEKTUBHBIX MOJIYJAX W €€ BBICIUX aHayoroB /lanuesn Keun-
ged u Anrapeii CycivH pasBUIX TTEpPBble BEPCUU MOIYIIECTBEHHOTO
MeToaa JTOKAJTU3ATIMA W CKAEWUBAHUA [20]. IlepBoHauaibHO 9TOT
MeTO MPUMEHAJCA JUIA WCCIeN0BAHUA paHHel cTabuian3anuum, HO B
[61] JTeonmn Bacepuiteiin cpenan BamHOe HabJIOAEHWE, YTO STOT
MEeTOJ JaeT TakkKe elle OAWH TOAXO0MA K J0Ka3aTelhCTBY OCHOBHBIX
CTPYKTYPHBIX TEOPEM JJIA KIACCUYECKUX TPYII. BrociaeacTBum »ToT
MO AXOJ MMPOKO DKCIIyaTUPOBAJCA Kak caMuM BacepinreidHom, Ko-
Topeiii onybaukoBada 30 uau 40 Bapuarwmii Ha a1y Temy [63], [64] u
Op., TaK M MHOTUMU JPYTUMHU. 3A€Ch MOMKHO YIIOMAHYTH, B UaCTHO-
cru, Baskhble paborel Jlu ®yans [48], [49] u Bacepmreitna—IO Xo-
Ha [65]. TlepBble mouHbIe JOKA3aTENLCTBA OCHOBHBIX CTDPYKTYPHbBIX
TEOPEM JJIA UCKIIOYUTENBbHBIX TPYII Obliu moaydeHbl Diindu Abe,
Ixopanan Tanmen n Jleonnaom Bacepmreiinom [24], [25], [60], [62]
B 1986—-1990 nMmenno ¢ mMcmoab3oBaHWeM Takoil Texuwku. [IpmmepHO
OJIHOBPEMEHHO ¢ »TUMKM pabortamu DHToHM Bak [32] mpuayman emre
6oJiee IpocTO M MOIIHBIA MeTo JTOKAJTU3AITIMU-TIOTOJNHEHUA, KO-
TOPBIF MOMKHO C YCIIEXOM IPUMEHATH B CTPYKTYpPHOU Teopuu [44] —

[46].

B 1987 roay Aunekceit Crenanos [19], [57] oTkpbli Gojee ocTpyro
Bapuaruio Metona (arropusarmu CycirHA, U BCKODPE IMOCIE HTOTO
MEePBEIi ABTOP 3aMETHJI, YTO MPU IIOMOIIM TOT0 METOIa MOKHO OXBa-
TuTh Bce rpymmbl [lesasne. B mpocreiilleM BapraHTe TOT METO
COCTOUT B MpeIbABIEHUNA ABHEIX ITOTUHOMUAILHEIX (OPMYJl, BHIPa-
MKAIOIINX DIEMEHTHI KopHeBoro Tuia B rpymre IlleBaiie Kak Ipoms-
BeJIeHNA »IEeMEHTOB KOPHEBOTO THIIA, JEHKAIIMX B COOCTBEHHLIX apa-
fonmMueckux MoArpymnmnax tuna P, mo omHoN M KaskIoTo Beca GpyH-
MaMeHTaJbHOro IpeacTaBienus V(w,;). CoBeplleHHO 3aMevaTeIbHO,
UTO TU (GOPMYJIBI HOCAT YMCTO KOMOWHATODHLIA XapakTep W HUKaK
He 3aBUCAT OT IPHUPOALI OCHOBHOIO KoJblla. B GoJlee CIIOMKHBLIX CILy-
YaAx ylaeTcA AoKa3aTh JUIIL, YTO TAKOe Pa3JilodkeHHe CyIIeCTBYET,
HO HalKMCaTh ABHBIE GOPMYJBI He mojgydaercsa. CMbICI TaKOro poja
pe3yIbTaTOB COCTOUT B TOM, YTO OHM II03BOJIAIOT CBOAUTH 8¢ BEIUM-
CIeHNA, B KOTOPHIX y4acTByeT rpymna £(®, R), K aHAIOTWYHBIM BO-
npocaM JJA CPYII MeHbIIEro paHra. IIpy ®ToM caMa 5Ta peayKIusd
OCYIIECTBIACTCA IIPU IIOMOIIM 2JeMEHTOB KOPHEBOT'0 TUIIA, JEKAIIIX
B mapaboludecKoii MoArpyIIe KaKoro-To Apyroro Tuma. Hampumep,
KaK Mbl YBUAUM, [IPW [OMOIIM BLIYMCJIEHUA B A, BolUncieHUs B Eg
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MOTU'yT OBITH CBeIeHBI K BbhluuMciaeHusM B Dy. JIubo, B apyrom Bapu-
aHTe, OHM MOTYT OBITH CBEJEHB! K BBEIUMCICHUAM B Ay TP MOMOIIN
BEIuncaeHnid B Dy. C Touku 3peHus GOJIBIIUHCTBA OOBIYHBIX IIPU-
JOKEHUM »TH peAYKIWM SKBUBAJEHTHBI, HO IPU ®TOM IMOJYyYaIOTCA
pasHble (OpPMYJIbI, Aalollie PAa3JIMUHBIC OIleHKW B Gojlee TOHKHUX KO-
JIUYeCTBEHHBIX BollpocaX. Brnepsble 10T MeTo ] OblI oy 6IMKOBaH B
COBMeCTHOH paboTe mepBoro aBTopa, EBrenusa IlnoTkuna nu Anekces
Cremanosa [12], rae oH HazBaH PA3JOKEHUEM YHUIIOTEHTOB. ITo3-
e JeTalbHblE JOKA3aTelbCTBa AJIA KJIaCCUIeCKUX cllydaeB U DY
tunoB Ey, B, noasumick B [66], [57], [68]. TloapoGHoe otmcanne Bee-
ro mpoekra MoykHo Haiitu B [70].

Kpome simemMeHTapHBIX BBIYUCIEHUA, B KOTOPBIX HCIONB3YIOTCA
auib cooTHotmeHusa Creiiubepra MexAy 9leMeHTaPHBIMEU 06pasyro-
IIIAMU7, METO I PA3JIOKEHUA YHUITOTEHTOB TPeBOBAJ BEIUUCIIEHUN C 011~
HUM CTOJIGIIOM WM OAHOW cTpokoil Matrpunsl ¢ € G(®, R) B HEROTO-
POM mpencTaBieHUN. TeXHOJIOTWA TAKUX BBIYMCIEHUI Oblia pa3BU-
Ta B OCHOBOIOJAralwmx Tpyaax Xumes Mamymoro [51] u Maliikia
Crefina [56] u ycoBepllieHCTBOBaHA B AaJibHEMIIEM, B YaCTHOCTH, B
paboTax mepsoro apropa u Esrenus InotruHa [66], [70], [53], [52],
[68]. OnHUM U3 OCHOBHBIX MHCTPYMEHTOB MpU (aKTUYECKOM IIPOBe-
[EHUU 9TWUX BBIYUCIEHWUN GBIIM BECOBBIE AMATPAMMEI, TI0 CYIECTBY
BocxoaAmue K paboram EBremmsa /lpmakmua 50-X 1o/m0B, CM. CCBITKU
B [66], [53], [68]. [lna Tex ciydaeB, KOTOpBIe (AKTUYECKN BO3HUKA-
I0T IPU OKA3aTelbCTBE CTPYKTYPHBIX TEOPEM, BECOBBIE AMAT PAMMEI
coBmanaT ¢ BBenenusiMu Macaxapy KammBapa KpucTajainmdecKu-
Mu rpadamu. C TOYKM 3peHUs GOJBIIMHCTBA NPAKTUYECKUX Illesei
BECOBBIE AMArpaMMBl 3aMeHAIOT MaTpullbl. Boiiee Toro, ajs moma-
BIIAIONIEr0 GOJBIMMHCTBA CIAYyYaeB OHM IOPA30 Jydllle MaTpPHUIl, TaK
KaK [TpaBUJIbHEE OTPaKaIOT CTPYKTYPY IpeacraBienus. T paauimon-
Hafd 3alUCh MaTPHUIl BBOJIUT JWHEWHBIA MOPAAOK Ha Becax, KOTOPBIA
ABJIAETCA Pukmusnoll TONOIHUTENBHON CTPYKTYPOii, B GONBIIMHCTBE
CIIy4aeB JUIIb 3aTPYAHAIONEH BHIUMCIEHMA!

Ins kiaccUYecKUx TPYII — [0 KpaliHell Mepe B 8ekmopnule Ipe-
CTaBJIEHUAX — AOKa3aTeNbCTBA, IOJIyJaloluecs Ha 5TOM IIyTH, Upes-
BBIYaiiHo mpoctThl, [57]. OnHako ux 0GOGINEHUA HA UCKIIOUNTELHBIE
CpYIOLI OKAa3aluch 2opasdo xurpee. llpuumna »Toro cocTOnUT B TOM,
4TO Jaske B IpeACTaBJICHUAX HAUMeHbIIeH pa3sMepHOCTU B UCKIIIOUU-
TeJBHBIX I'PyNIaX HeJoCTATOUHO YHUIIOTEHTOB MJIA TOr'o, YToOLI cTa-
OGUIM3UPOBATh IIPOW3BOJBHEIL CTOMGEN, M 9TO BBIHY¥IACT KUCIIOJb-
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30BaTh Ypashenus wa cmoabey. VIMEHHO B 8TOM MecTe IMOABIAETCH
OCHOBHAf TEXHUYECKad TPYAHOCTH — HEOOXOAMMOCTH COTJIACOBATH
3HAKW CTPYKTYPHBIX KOHCTAHT CO 3HaKaMu ypaBHeHuit. B 1988-1990
MBI OBISIA HE B COCTOAHUM HAMTU KOHIENTYAbHOE 06 bACHEHNE COTITa-
COBAHHOCTHU ®TUX 3HAKOB M BMECTO 9TOTO TIOJAraJUCh Ha OOIMMpHbBIE
BBIUMCJIEHUs, B TOM 4ucie KoMIbioTephbie. B [66] mo sTomy moBopy
MIPOCTO TOBOPUTCH, UTO “MOKHO IMIPOBEPUTH” , UTO 3HAKM COTJIACOBa-
ubl. J1iiA BceX MUKPOBECOBBIX U MIPUCOEAMHEHHBIX TIPEICTABIEHU BTO
6BI70 paKTUIeCcKH IpoaeyadHo EBreaneM [0 TKMHBIM 1 TepBBIM aBTO-
pom B 1989-1991 ronax c mcrmoab3oBaHWeM KoMIbIoTepoB. BHavae
MBI TIPOCTO BOJUIN MaJblaMu [0 (Heolly GIMKOBAHHBIM) Tabinmam,
koropbie npucaanu HaMm [Toas Twunku u Tapu 3editn [41], a nmorom
HAUCAJU CBOU COBCTBEHHBIE IPOTPAMMBI JUIA 9TUX Ilejiell Ha A3bIKe
Mathematica — ogHuUM U3 HaBII0MAEMBIX TTOGOYHBIX TPOAYKTOB 2TO#
AefATesnbHOCTU ABAAeTcA [69], HO cOTHU cTpaHUIl Koga U Tabiaull cy-
IECTBYIOT TOJBKO B BJIEKTPOHHOM Buie. [lepBoe moyiHOE ammpruopHOe
[OKa3aTelIbCTBO JJIA MUKDPOBECOBLIX NIpeCTaBICHNI Py THUIIOB Eg
u E., 6b110 nalizeno namu B cepeaune 1990-x rogos u omny6ianKoBaHo
B [68]. TTonHoe mOKa3aTENbLCTBO AJA MPUCOEIUHEHHBIX MIPeACTaBIIe
HWIA TONBKO cefivac roroButTcsA K medatu [8], [9], n ap.

§2. CTAHIAPTHOE OINUCAHUE

Armorckasa mocgoBUIla yTBEPKIAET, UTO IBETOYHOCTH IBETKA ['0O-
pa3mo jerye yBUAETH B OJHOM IIBETKE, YEM B THICAYE IIBETKOB — BITPO-
yeM, ATOHCKUM OPUTHUHAJ, CKOPEee BCEro, TOBOPUT O QeCTMU MbLCTYAL
1BETKOB. B HacToAIeM moKIane Mbl CKOHIEHTPUPYEMCH UCKIIOUN-
TesIbHO Ha ommcaHny moarpymn B rpymne lesanne G(®, R), HopMa-
JM3yeMBIX pileMeHTapHo# rpymmoii F(®, R). HamoMuuM, uto rpymmna
E(®, R) mopomaeHa BCEMU AeMERMAPHBLMY KOPHEBBIMU YHUIIOTEH-
ramu 2, (&), roe o € ¢, a £ € R. OnHAKO MOIE3HO IOMHUATE, UTO 9TO
BCETO UMb NP ooHaT 3a0a4d, Ha KOTOPOH MBI cpaBHUBaeM 5O PERTUB-
HOCTh W CHJIy Pa3IMYHBIX METON0B. B MelicTBUTENBHOCTH KaKIBIA 13
HTUX METOJIOB MOYKHO MPUMEHUTDH K PEIIEHUIO MlCAY — WA JeCTMEKO8
mutcau? — aHAJOTUYHBIX TPOoBeM.

1. CrammapTHOe omucaHue. MTak, Kak BHIMJIAIAT HOACPYIIBl [
B G = G(®, R), nopmanmsyemble E(®, R)? Onwmiem, npexkie BCETo,
OYeBMAHLIE TIOATPYIIILI ¢ 8TUM cBolicTBoM. Ilycte I <I R — maeada B
R. PaccMoTpum roMoMopdusMm penykimu p; - G(®, R) — G(®, R/I).
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MTpoo6pas menrpa Cent(G(P®, R/I)) 1o OTHOUIEHNWIO K $TOMY TOMO-
Moppusmy obosHadaerca depes C(P, R, 1) n HasbIBaeTCA MOITHON
KOHT pY®HII-TIoAr pytoii yposua I. ['pymnma

BE(® R, T)=(2,(§),0 €d ¢en)P®H

Ha3bLIBAETCA DIEMeHTapHOW moarpymmoii ypoBHa [. CrammapTHoe
oIcaHue TOATPYI, HopManuayeMmbix E(®, R), cocront B crnenyio-
IMEeM: JUIA KaKIOW Takoil moArpymmel H cyliecTBYeT eIWHCTBEHHBIN
uneas I < R Takoii, 4To

E(®, R, 1)< H<LC(® R,I).

IIo 9TOMY IMOBOAY CJeAyeT OTMETUTEHL TaKMeE JBa MOMEHTA:

e YacTo B NOHATHME CTAHAAPTHOIO OINMCAHWA BRJIIOUAECTCA Tak-
e TpeboBaHMe, UTO ®TOT MAeasd [ oNpemelAeTcA U3 paBeHCTBA
[H,E(®,R)] = E(®,R,I). D10 TpeGoBaHre 3aBEIOMO BHIIOIHEHO,
eci B G BHINOJHAITCA CTAHLBAPTHBIE KOMMYTAIMOHHBIE GOpMY-
JIBI:

[G(®, R), E(®, R, )] = [E(®, R),C(®, R, )] = E(®, R, I),

OB TOMY HEKOTOPBIE ABTOPHI BKJITOUAIOT B MOHATUE CTAHIaPHOTO OIMU-
CaHUA U BBINOJHEHNE KOMMYTAMOHHBIX (Gopmyd. JLus Kiaccudeckux
TPYII Ha,I TPOU3BOJIbHEIM KOMMYTaTUBHBIM KOJBIIOM ITepBad KOMMY-
TaroHHas Gopmyda BrepBble pokazana Cyciunbiv u Komeiiko [20],
[21], [16], a BTOpas — Bacepmreitniom u BopeBuyem—BaBuioBbim
[61], [2], [6], a ama uckmounTenbHbIX Tpymn — Tazen [60] u Bacep-
mreiinom [62]. B pabBorax [66], [32] — [34], [57], [45] MosxkHO HaiiTh
JeTaJbHLIA 0630p M ellle HECKOJBKO JA0KA3aTeNbCTR.

® DTOT OTBET 3aBEIOMO He UMeeT MecTa A Tpymnbl Sp(2[, R) Ha
TAKUM KOJbIIOM R, B KOTOpOM 2 He ABJAeTCA 0OpaTUMOM, U 1A He-
KOTOPBIX TPYII MajieHbKoro panra. [Ipu sToM Hapymmenue cTangapT-
HOCTM JAJIA PPYII MaJIeHbKOI'O paHra CBA3aHO MMEHHO ¢ HapYIIEHUEM
CTaHAAaPTHBIX KOMMYTAIIMIOHHBIX (OPMYJI — BTH TPYNNBI He ABIAIOT-
CA COBEepITeHHBIMU. B To Ke BpeMsA A CUMIIJIEKTUYECKON T PYIIHI
®TO OTKJIOHEHMEe HOCUT HeyCTPaHMMBIHl XapakTep, cBA3aHO ¢ (deHo-

MEHOM r1/16p1/1,111/13au1/11/13 U HEe MOKeT OLITh IIPAaBUJIBHO MCTOJKOBAaHO

3I_IOHBJ'IGHI/IH T'pYINI, KOTOPpEIE IO OAHVNM MaKCUMaJILHBEIM MAcaiaM BeOyT cebsa
KaK OPTOTrOHaJIbLHEIE, a IO APYI'UMM — KaK CUMIOJIEKTUUYECKHUE.



44 H.A.BABMJIOB, M.IO.'ABPMJOBUY, C.M.HUKOJIEHKO

6e3 NmpuBIedeHNA Teopun Daka GopMeHHBIX mapaMeTpoB M (QopMeH-
HBIX HUEAJOB.

B mactosme#l crarthe, re MBI WHTEPECYEMCH TJIABHBIM 00pa3zom
UCKIIOUUTENbHEIMY Ipynnamu Tunos Eg, E., Eg u F,, Mb ne 6yaem
1101poBHO OCTAHABINBATHLCA HA 9TUX peHOMeHaX, TeM GoJjlee, YTO OHU
BO BCEX MeTaJAX MCCIEN0BAHBI B 3aMevaTelbHBIX paborax KocThr u

Kenmepa [38]-[40].

§3. OCHOBHBIE PEAYKIIMHA

Rasapiit, KTo 3aAyMBIBAJICA HaJ CTAHAAPTHLIM ONWCAHWEM WA
mpodesa ABe-TPpY paboThl HA 2Ty TEMY, 3HAET, YTO TIPU YCJIOBUM BHI-
IIOJTHEHWA CTaHAaPTHBEIX KOMMYTAIMOHHEIX GOPMYJI A JoKa3aTelb-
cTBa CTAHAAPTHOTO OMUCAHUA JOCTATOYHO A0KA3aTh zopazdo Goiee
IpocTo#l, Ha MepBBIA B3rAAL, (QakKT.

e Level reduction: uro6nl gokasaTh cTaHIapTHOE OTUCAHUE, HO-
CTaTOYHO MPOBEPUTH, UTO KaskAad HelleHTpadbHasa noarpynmna H co-
IEPYKUT HeTPUBUALHEIN »JIeMeHTaPHBI KOpHeBoO# yHumorent z(€),
§ER.

e Parabolic reduction: uto6er rapanTupoBaTh Haguuue B H He-
TPUBMAJIBHOTO YHMIIOTEHTA, JOCTATOYHO NpPEIbABUTH HEIeHTPaJb-
HEI o7eMeHT g € H, comepskammuiicad B cobcTBeHHOM mapabomude-
CKOW TIOATpYTIE.

Takoii miraH M0Ka3aTeIbCTBA OB BIIEPBBIE PEIOMKEH X AUMaHOM
Baccom B 1964 rony m ¢ Tex mop 6e3 M3MeHeHUH MCTIONB3yeTCA B
HoJaBagIomeM GoabmuHCcTBe mybmkanuit’. CTaTyc »TuxX pemykmmit
coBeplieHHO pa3audeH. /loka3aTelbCcTBO TepBOil M3 HUX 3aHUMAET
HECKOIIBKO CTPOYEK, HO CAMBIM CYIECTBEHHBIM 06Pa30M 3aBUCHUT OT
TPYAHOTO BHEINIHETO Pe3yIbTaTa — CTAHJAPTHBIX KOMMYTAaIMOHHBIX
dopmys. C apyroit cTOpoHBI, BTOpas PeAyKIUA ABIAETCA UACTO TeX-
HUYECKOUW, HO TpebyeT MOCTATOYHO XOPOMIEro MOHUMAHUSA CTPOEHUA
napafolndecKux NoArpymn (aeficTBusa moarpymnnsl JleBu Ha yHWIIO-
TeHTHOM pajukaiie). HecMoTpsa Ha To, 4To 9TO yTBep:KAeHUE abco-
JIIOTHO OYEBUAHO JUIA KAMKIOT0 MTpodeccruonala, MMeHHO ero IpoBep-
Ka (MprUYeM OBBIYHO TOJBKO JUIA TeX CIydaeB, KOTOphle (aKTUIECKN

‘Haubomee saMeuaTeqbHBIM MCKIIOUEHMEM ABIAOTCA paboTel [omybunka
[14], [15], B KOTOPBIX cTaHJapTHOE ONMMCaHWEe yCTAaHABJIMBAJIOCH B TAKUX CILY-
JyafX, KorJla CHpaBelJIMBOCTb CTaHAAPTHBIX KOMMYTAIMOHHEIX (QOPMYJ HeM3-
BecTHa! ['ony6unk MCIONB30BA TEXHUKY MHOTOKPATHOIO MOHUYKEHUA YPOBHA.
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WCIONB3YIOTCA B JIOKa3aTelbCTBe!) 3aHMMaeT OKOJIO MTONOBHHEI 06b-
eMa A0Ka3aTeibCTBA AJA UCKIIOYUTENBHBIX Tpynn. OAHAKO, TaK KaK
5TH PeAYKIUN B Pa3HbIX BaApUaHTaX U C UCIIOJIL30BaHMEM Pa3HOM Tex-
HUKU OTpaboTaHbl B decamkar ImyBAURaIAll, MBI OyeM CUUTaTh 9Ty
JacTh JIOKa3aTelbCTBA cTaHAapTHOH. [losToMy B HacTOAIEM AOKIa-
Jie MBI CKOHIIEHTPUPYeMCA Ha eTUHCTBeHHOI TpobieMe.

e Hitting a parabolic: nycts H — HemeHTpaJbHad MOATPYIIIA B
G = G(?, R), nopmanusyemas E(P, R). HaiiTu HeleHTpaNbHBIA ile-
MeHT g € H, comepammiica B coGcTBeHHO cTaHAapTHOM mapabo-
JMYECKOil Mo AT pyIIe.

YTa yacTh MOKa3aTeIbCTBA OTHIONL HE ABJIAETCA CTAHIAPTHOU U
JaeT oOMMPHBIA MaTepwasa A W3OIMpeHusa n3obpeTaTenbHOCTA. B
HacTOAMEeR paboTe MBI 6yAeM 06CyKIATh TONBKO TaKWe MeTOIbI TT0-
JIyYeHUA 3JIeMeHTa B Mapaboamdeckoil o AT pyIlie, KOTOPhle OCHOBAa-
HBEI HAa TE€OPUM TpencTaBieHWil. Kak MBI yIIOMWHAJIW BO BBeNeHUN,
UMeIoTCA abCOoNMIOTHO APYyTUe MeTOoHbl MOJIyUYeHWA TaKoro BdileMeH-
Ta, OCHOBAaHHbIE HA KOMMYTaTUBHOMW ajirebpe u ajrebpanveckoit K-
TEOPUM; O TAKUX MeTOaX, KAK 1 O PA3IUIHLIX HEKOMMY TATUBHBIX 00-
0BIIEHUAX, B HaIbHENIIIEM HUYET0 He TOBOpUTCA. OTMETUM, BIIPOYEM,
YTO pa3yinyHble BAPUAHTHI MeTOa JIOKAJU3AII U TaK Y:Ke CBEPXU-
300UABLHO TTPe/ICTABIEHRI B UMeIOIelicA TUTepaType, B TO BPeMA KakK
CTaTbW, MOCBAIIEHHBIE TeOMeTPUYECKUM MeTOaM A UCKITIOUNTEIh-
HBEIX TPYTI, MOKHO MePeCUYMTaTh Ha MaJbllaX, Aaske He cHMMaA 6o-
TUHOK.

Mu1 mbiciuM aaeMeHTEl rpymmnel (¢ = G(®, R) meficTByommMn B
HEKOTOPOM palimoHalbHOM TpeacTasiaenun (V, 7). Kak nmpapumo, Mel
OTOMKAECTBIAEM vyeMeHT ¢ € (G ¢ ero obpasom #(g) € GL(V) B
»ToM npeacTaBienun. OOGbIUHO, X0TA U He Beeraa, V = V(I,) Gyaer
ABNATHCA t-M (QyHIAMeHTaJLHBIM IIpefcTaBieHreM. B aToM cayudae
TIPOIIe BCETO MENUTHCA B i-10 MAKCUMAJIbHYIO TTapabolndecKyIo oI~
rpynmny P;. UTo6wl nonacTe TyAa, 00BIYHO IPUMEHAETCA CIedyIOnuid
TpIOK. BBIGepeM KaKo#i-To HelleHTpaJbHLIN 3jieMeHT ¢ € H U BO3b-
MeM Bec A € A moaynas V. Ilpeanonosxkum, uro & € F(®, R) apnsercs
YHUTIOTEHTOM, CTAOUAMBUPYIOMUM CTOJOEN MATPUITLI ¢ C HOMEPOM
A, UHEIMU CIOBAMHU, T¢,, = §,,. B sTom cayuae (97 'zg),, = v* mu,
TakuM obpaszoM, ¢ 'zg momazaeT B cobCTBEHHYIO mapabolmdecKyIo
noarpynny P tuma P;. Ecin ymauno BbIGpaTbh £ U A, TO  MONAIET
B Ty Ke caMyIo mapaboindeckyio TOATPYINY W, TaKUM 06pa3oM, MBI
IoJjy4dyaeM B CBO€ pacHOpAKeHUE DIeMeHT Z — x_lg_lxg € HNP.
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Ecau HaM coBceM He MOBE3JI0, 9IEMEHT Z MOKET, KOHEUHO, OKa3aThCsA
IEHTPabHBIM, HO OOBIUHO B BEIGOpE A M & OKa3bIBAETCA J0CTATOUYHO
cBobo OB, UTOOH M3b6eKaTh QaTalbHOTO UCXOa.

§4. A,-TOKABATEJIBCTBO VERSUS
A4-IIOKABATENBCTBA IJISl KIACCAYECKUX IPYIIIL

B macrosimem naparpade Mbl HaMeTUM J0Ka3aTellbCTBA JJISA JIU-
HERHBIX W OPTOTOHAJBHBIX Ipymil. Tak Kak B »TOM CTaTbe MBI MHTE-
pecyeMcs TIaBHBIM 06pa3oM CilydyaeM WCKIIOUATETBHBIX TPYIIT TUIA
Eg, E; u Eg u TecHO cBA3aHHBIM ¢ HUMU cllydaeM Ipynn tuna F,, Mbl
He obcyskmaeMm 06006IeHNA HA APYTUE TUIHI KIACCUYECKUX TPYII.

1. A,-mokasareabcTBo g A;. B radecTBe mepBoro mpuMepa pac-
cmorpum rpymmny SL(n, R), n > 3, B ecTecTBEHHOM (BEKTOPHOM ) TIpe -
crapinerun. C Touku 3penusa rpynm leBadiie 570 o AHOCBA3ZHAA TPYTI-
ma tuna A;, { = n—1, B npeacTaBiIeHnn co CTaPIMM BecoM ;. Beca
®TOr0 MPEJACTABIEHUA UMEIOT BUA €q,... e, . DileMeHT ¢ € SL(n, R)
BhIpaskaeTcsa MaTpurieii (gelej), BIEMEHTHI KOTOPO# 06bIUHO 06o3Ha-
YalOTCsl IPOCTO ¢,;;5 DIEMEHThl 06paTHON MaTpUIbl g~!' 6yayT obo-
3HAYATLCA gy .

MgI HaMepeBaeMcs cTabuAn3nupoBaTh k-ii cTonberl g. Het nuuero
nporte! JlocTaTouno B3ATH TPU JIOOBIX MOTAPHO PA3JIUYHBIX UHIEKCA
i,j,h (mamomumM, uTo n > 3) m gBa mobwIXx £,( € R, 1mM0oAYMHEHHBIX
ycnoBuio £g;, + (g, = 0. flcro, uro yHunoTent

v =1 ()14 (Q) = e+ Lep + ey

Kak pa3 u crabunusupyer k- cromberr g. Tak kark R KOMMYTaTUB-
HO, TO B KadecTBe £ U ( MOMKHO B3ATH, HalIpuMep, & = ik ¢=—9,p-
Oxa3sbiBaeTCsA — IMEHHO B 9TOM U COCTOUT PG3A0HCEHUE YHUNOMERNOE
B caygae SL, — uro yuunorentsl ¥ = t;,,(g;4)tp;(—9;), oTBeTAIOMME
BCEBO3MOMKHBIM BbIGOpaM ¢, j, h u k, TOpOKIAIOT BCIO BIEMEHTAPHYIO
noarpynmny F(n, R). Beibrpas yHATOTEHT &, KOTODBIA HE KOMMY TUDY-
€T C HEIEeHTPAJbHBIM ¢ € H | MBI MOJIyYnM HENEHTPAJIbHBIA DIIEMEHT
v~lg7lrg € HN P, rne P — napaGoauueckas moArpynna tuna P,
COCTOAIMAA U3 BCEX MATPHIL, k-i cTOABEI] KOTOPHIX TPOIOPIUOHAIEH
k-My cTonBIy €IMHWYHOW MAaTPUILI. DTO — B TOYHOCTH IIPEATOKEH-
Hoe B [2], [F7] mokasaTenbcTBO TeopeMbl ¥YuicoHa—Lony6unka. Tak
KaK 9T0 J0KA3aTeJIbCTBO ONMPAETCA Ha CYIECTBOBAHWE IBYX KOPHEM,
obpasyromux yroa /3, 810 — A,-I0Ka3aTENHCTBO.
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2. Aj-morasareabcrBo gus D;. llepefinem Temepn & ciexyio-
MEMY TI0 CIOKHOCTU CIIy4alo YeTHOW OpPTOTOHAJLHOW TpPYIIIbI
G = SO(2L,R), | > 3, cHoBa B BekTOpHOM mpexacraBieHnn. C
Tourn 3penms Teopunm rpynn llesanme sro rpymma Tuma D;, B
IpEeNCTaBIeHAN CO CTapIiM BecoM ;. Beca »Toro mpezcrabie-

HUA UMEIT BUM €,...,€;, —€,...,—€;. B manbHeimem ynobHo mo-
JIOKUTH —e;, = €_, U CUYATATh, YTO MHAEKCH IPOGEraoT MHOMKECTBO
I'=A{1,...,0,=1l,...,—1} — cpasru c [35] umu [4]. B e1ux obosHaue-

HIAX saeMeHT ¢ € SO(2(, R) Bupaskaerca matpuneit (g, . ), ¢,j € I,
i€
9JIeMEeHTHI KOTOPOli CHOBa 0603HAYAIOTCA MPOCTO ;.

B oproronasbHOM ciydae TO¥e AOBOJBLHO JIETKO CTABUIM3UPO-
BaTh cToaberl MaTpuikl ¢ € (. C 2T0ii 115610 BLIGEPEM TPU WHAEK-
ca i,j,h Tarux, 4TO BCe MIeCTb WMHAEKCOB =+i,+j, +h momapHo pas-
mrdHBl (HamoMHAM, 410 | > 3) m mobele Tpu siementa &,(,n € R,
IO IUMHEHHBIX ycaoBuAM —&¢_; , +C9_; 5, = 0, ng_; x —Cg_p, = 0,
—ng_; +&9_p 1 = 0. Obosmaunm wepes T;;(§) = t,;(§)t; _;,(=§) »ae-
MEHTAPHYIO OPTOTOHAJBHYIO TPAHCBEKIWIO, M3BECTHYIO TaKkKe Kak
BJIEeMEHTAPHBIA KOPHEBOW YHUITOTEHT xel_ej(g). 3HaKu B IIPUBEIEH-
HBIX BBIIIE ypaBHeHUAX i &, (, 7 BIOpaHBI Tak, 4YTOOBI TIPOU3BEIE-
HUE

r = Thy_]'(_g)Th,—i(C)Ti,—j(n)

crabunusmposado k- cronben g. CHoBa, Tak Kak R KOMMyTaTHUBHO,
MBI MOFKEM MOTOKUTL § = g_; 1, ( = g_; W1 = g_p ;. Touno TaK e,
KaK U BBHIIeE, JIETKO BUAETH, UTO, BapbUpyA 31eCh 1, j, h U k, MBI 1Io-
ayaum yaunorentst 1), _(—g_; 1 )T, _i(9_; )T _;(9_p 1), moposknazo-
[re BCIO ®JIeMEHTapHYIo opToroHadbHylo rpymny EO(2[, R). ©1o —
B TOUHOCTHU PA340ACEHUE YHUNOMENMOSE JIIA BEKTOPHOIO IIpeACTaBe-
s SO,;. Tenepb MoKHO CI0BO B CI0BO IIOBTOPUTH AOKA3aTENLCTBO
qiA caydas SL, ¥ TONydnTb HENEeHTPaJbHBIA »jeMeHT B mapabo-
nmueckoii moarpynme P,. Tak kak »To J0Ka3aTelbCTBO OMUPAJOCh
Ha CYIeCTBOBaHKE TpeX KOpHeH, ofpasynommx yroa 7/3, e1o — Ag-
J0Ka3aTeNbCTBO.

Temepb ecTecTBEHHO CHPOCUTH: 060BIMAETCA UM HTO AOKAa3aTEINb-
CTBO Ha APYTUE TPYNONBI! DTO AEUCTBUTENBHO Tak. B melicTBUTENb-
HOCTH aHAJOTUYHBIE PA3JIOKEHUA MOMKHO MOCTPOUTH W JJIA APYTHUX
DPYTII, BRIIOUAA UCKIOUNTeNbHEIE Tpymiel Tuna G(E;, R), | = 6,7,8.
Nwmenno »1o u 610 Tenblo pador [12], [66], [70], [68]. OnHako cae-
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JaTh ®TO COBCEM HerOCTOS. Hpe}Kﬂe BCero, T AOKa3aTeEJbCTBa

TpebyIOT OrPpOMHOTO 3araca KOMMYTHUPYIOMMUX YHUoTeHToB. OHuU

3aBucAT oT BiaokeHua Ag B Eg u A, B E,. Yuunorenr z, crabu-
JUBUDPYIONWIA CTONGEI ¢, BEIpAKAETCA KaK

r = xal(ighul) .. 'xam(igkmum)’

rae m = b uaum m = 7, COOTBETCTBEHHO, M OCHOBHOM TeXHUYeCKUH
MOMEHT COCTOSJ B HEOOXOAMMOCTH COTIIACOBATH 3HAKU B DTUX IIPO-
M3BEAEHUAX CO 3HAKAMM CTPYKTYPHBIX KOHCTAHT M 3HaKaMu KoadQu-
IIMEHTOB B ypaBHEHUAX Ha opbuTy crapiimero Beca. T pyaHOCTh 37€eCh
COCTOUT B TOM, YTO TeMepb CBOGOMHBIX MapaMeTpPOB B ®TUX YHUIIO-
TEHTAX FOPa30 MEHBIIE, YeM 3aTPArvBaeMbIX YMHOMKEHUEM Ha HUX
KOMITOHEHT BEKTODA. DTO 3HAYUUAT, YTO TEMepPh HET HUKAKOIO crocoba
cTabuAu3npoBaTh MPOM3BOJILHBIN CTONGEI]; € IMHCTBEHHAA MPUUNHA,
[0 KOTOPOI ®TH MOMOJHUTENBHBIE CJIATAEMbIE MOTYT COKPATUTBLCH,
COCTOUT B YPaBHEHUAX, KOTOPBHIM YIOBJIETBOPAIOT CTOJBIHI MAaTpU-
sl g € G(E,, R). To, 410 Takoe HOKa3aTelbCTBO BCe-Taku paboTaer,
clenyeT paccMaTpUBaTh KakK OJHO W3 YyJ/ec, KOTOPBIMU M306uiyer
MaTeMaTUKa, a BOBCE He KaK HEUTO CaMOOUEBUAHOE U/ U eCTECTBEH-
HOe.

3. A,-pokasarenscTBo mna D;. B nefictBurenbHoCTH, TepBoe 1o-
Ka3aTelbCTBO cTaHgapTHocTH s rpymnmsl SO(2/, R), koTtopoe G-
a0 monydeno B 1975 Nropem [Nony6unkoM, BHITIANENO COBEPITEHHO
nrave. Tak rak ['ogy8&uuk He Tpeanosaraj BBHITOJHEHNE CTAHAAPT-
HBIX KOMMYTAIIMOHHBIX (OPMYJI, OH He MOT MPAMO CCHIIATLCA HA pe-
AYKIWIO YyPOBHA W JOJBKEH OBIN M3BJIEKATH TPAHCBEKIIUN B HECKOJIBKO
maroB. Ilosske mepBHIii aBTOp, /IBIOKOBA U APYTUe MMUPOKO MCIOIb-
30BaJIM BHIYKUCIEHUA TAKOTO THUIAa B ONMMCAHUM PA3JIUYHBIX KJIaCCOB
MOATPYII, TIPUYEM HE TOJIBKO JJIA YHUIIOTEHTHBIX, HO W JJIA TOJY-
IPOCTHIX BIIEMEHTOB. B mpocTeiinieM BapuaHTe 3TOT TPIOK BBITJIAIUT
cleayommM obpasom.

[Mpeskae Bcero, mpeanoiokum, 4To B k-M cT0JIOIE MATPHUITHI § €CTH
Hosb. Ilycrs, nanpumep, g_j, , = 0. Toraa Mbl MoskeM IpoBeCTH TOY-
HO TakKoe Ke BBHIUMCIeHHWe, Kak B ciiydae SL(n, R). He anamornunoe
BBIUMCJIEHUE, a MouHo makoe nce! B camowm zmeite, monoskum

¢ = T () Th;(C) = Thi(9;5)Th; (= i)

53a uckmMIOUeHHEM Ciydas CPYON THIa Bj, KOTOPBIi HMUeM He OTIMUYAETCA
oT cayyas rpynn tuna Dj.
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¥ ITOCMOTPUM Ha npowusBenenne xg. C oaHO CTOpOHEI, B k-M CTONG-
Ile cjaraeMble, MpubaBisgeMble K h-ii KOMIIOHEHTe, COKPaINaloTCA IT0
camomy BLIGopy ¢ u (. C apyroii CTOpPOHBI, TaK Kak Telepb MbI pa-
GoTaem c TIpOM3Be/IeHUEM OPTOTOHAJNBHBIX TpaHcBekmmit T;;(¢), a He
¢ JMHEHHBIMM TpaHCBeKMAMY 1;;(§), TO, KpOMe 5TOTO, B KaI0M
cToNOIE MOABIAIOTCA ABA JAOTOJHATENLHBIX CJaraeMbIX, BO3HUKATO-
WX M3-3a TOTO, YTo Temepb (—h)-A cTpoka npubasigercs K (—i)-i
u (—j)- # crporam. OpHaKo, Tak Kak 9J_pp =0, 8 k-m cTonbie oba
5TUX NpUOaBJIEHUA HUYETO He MeHAIOT. TakuMm oOpasoM, IS TOTO,
4TOObl CTABUIM3MPOBATEL CTOJNGEN C HyJeBOW KOMIIOHEHTOM, m0CTa-
TOYHO MCIIONb30BaThL TE e NMpUOaBIEHUA — U Te 3Ke BLIUMCJEHW,
— uro B caydae SL(n, R), KoTopble 3aBUCAT TOIBKO OT BIIOMEHUA
A, <D,.

Cremyrommuii mar A0Ka3aTelbCcTBa COCTOUT B TOM, UTOOHI Mpexb-
ABUTH JMOCTATOYHOE KOJMYECTBO MATPHUIl C HYJIEBHIMHU HJIEMEHTa-
mu. Jlag sToro nmocMoTpum Ha TpaHcseknun r = g1, (€)g~t, rae
g € SO(2], R). V3 ypaBHEHMWIA, ONPeAeNAIONNX 0PTOTOHAIBHYIO T'DYTI-
Iy, cpasy BblTekaerT, 410 #; _, = 0 ana Bcex i. Konnenryanbnoe
ob'bAcHeHME BTOTO (PaKTa COCTOUT B TOM, YTO DTO IpeACTaBIIeHUE
To)Ke ABJIAETCA MUKEPOBecOBBIM. JliA MHKpoBecoBoro mpeicTaBie-
HUA KOPHEBOHW diieMeHT & € (f wmMmeeT BUA € + Yy, rie y — KOpHe-
Boii siement anrebpwl Jlu L(G). Ho Bemp A KaKIOTO »JIeMEHTA
y € L(G) m nmo6bIX JBYX BECOB A # p UMeeM Yoy = 0, ecam pas-
HOCTh BECOB A W i He ABJIAETCA BeCcoM. Tak KakK HeIEeHTpaJbHBIA
piaeMeHT ¢ € H He MOMeT KOMMYTUPOBATb CO BCEMHU OPTOTOHAJb-
HbiMU TpaHcBerimmamu T, (1), r # +s, To ¢ MOXHO 3aMeHUTH Ha
h =g, T.,(1)] = (9T.,(1)g~)T.,(—=1) € H. Onnako aaement h or-
naudaercs oT KopHeBoro siementa x = g7, .(1)g~! He Gosee, uem B
ABYX CcTOAbGIAaX. DTo 3HAUMUT, 4To AJA awboro [ > 3, B marpuile h
MHOTO HYJIEBBIX DIIEMEHTOB.

i opTOroHAIBHOW TPYIIEI MOJTYYAIONEECA HA 9TOM Iy TH TOKa-
3aTENBCTBO ZYHCe PA3TOKEHUA YHUIIOTEHTOB, TaK OHO W JJIMHHEE U
GoJlee 3aMEBICTIOBATOE, UeM M3JIOKEHHOE BhIIIEe As-ToKa3aTelbcTBo. C
APYToil CTOPOHBI, OHO BCE PABHO He MaeT JYUIINX OIeHOK Ha pPaHD —
Ha ciaydaif D, pesyiabrat He ofobmaercsa, a cayudait B, = C, Bce
paBHO TpebyeT OTHeBbHOTO, BECbMa CllelnaibHoTo aHanu3a. Ho pas
Ha pa3 He npuxoamTca (“raz na wozie, raz pod wozem”). OkasbiBaer-
cdA, 9To 0606mUTh 5T0 A,-IOKa3aTeJbCIBO Ha I'DYNIBI THUIOB L. u
E. ropasno mporle, YeM M3N0KeHHOE BhINIe A,-mokasaTenbcTBo. Co-
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BEpPIIEHHO 3aMeUYaTelbHO, UTO B II0JyYalolUXcA Ha 5TOM Iy TH H0oKa-
3aTesbCTBaX HUKAKUX JOIOJHUTEILHEIX TpeGoBaHMI Ha yHUIIOTEHTE
HE BO3HUKAET, BCE OHM OCTAIOTCA A,-MoKazaTedbcrBaMu! DTu moka-
3aTedbCTBa He TOJNLKO ropa3/o IMpolle, HO M 3HAUMTEILHO CUJLHEE,
UeM J0KA3aTeNbCTBA, OCHOBAHHBIE Ha pa3BuToM B paborax [12]; [66],
[68] pas3iioskeHUU YHUIIOTEHTOB B MUKPOBECOBBIX peicTaBieHusax! A
VMMEHHO, OHU [TO3BOJIAIT IIepeHeCTH Ha UCKIIOUNTEIbHBIE TPYIIILE BCe
Pe3yNbTATEl O KIACCUIECKUX IPYIIAX, C TEMU e OleHKaMu Ha (0T-
HOCUTENbHbIE) paHru!

§5. Ag-ZIOKABATEIBCTBO A1 Eg M A,-TOKABATENBCTBO A1 E,

B nacTosmeM naparpade Mbl IpUBEIEM HEKOTOPBIE JAETAJM, OTHO-
CANMUECA K PA3IOKEHNIO YHUITOTEHTOB MJIA UCKIIOUNTENBHBIX TPYIIT
tunoB E; 1 E; B MUKPOBeCOBEIX IIpeACTaBIeHUAX. DTO JOKa3aTelb-
CTBO OBLIO aHOHCHUPOBaHO B [12] U B 0CHOBHBIX YepTax oIy GJiUKOBa-
Ho B [66]. OaHako nmpuBegeHHOE TaM JOKA3aTedbCTBO OMUPAIOCH HA
ABHBbIE KOMIBIOTEPHbIE BBIUMCIEHUA, a AeTAJbHOE allPUOPHOE TOKa-
3aTeNbCTBO OBIIO Oy GIMKOBaHO B [68].

1. OTauume OT KIACCUYECKUX CAyUaeB. Kak U B 10Ka3aTelbCcTBAX
JJIA KIACCUYECKUX TPYIII, 0 KOTOPBIX 1A Peyb B TIPEABLAYINEM Tapa-
rpade, cepareBUHA M3JTaraeMbBIX B HACTOAIIEM U CJIEAYIONEM Mapa-
rpade JTOKa3aTeTHCTB COCTOUT B HAXOKIACHUM GOIBIMOTO KOTNIECTBA
9JIEMEHTOB KOPHEBOTO TUIMA, CTAOUIUZUPYIOMIMUX CTOIOIBI MaTPUIGI
9= (9x,), A p € A7), s rpymmer G = G(®, R) B HeKoTOpOM TIpei-
CTABIICHUU T.

OmHako MMeeTcsa NPUHIUNAAILHOE Pas3jnuuie: B KIACCUYECKUX
rpymmax Mope® KODHEBEIX 2JeMeHTOB, M UX XBaTajo AMA CTaOWIU-
3aIUy TIPOM3BOJIBHOTO ¢ToNbIa. KOpHEBBIMU dileMeHTaMU UCKITIO UL~
TeJbHBIX TPYIII YAAETCA CTabUIU3UPOBATH TONBKO CTOIOIIBI, yI0BIE-
TBODAIONINE TEM ke YPaBHEHUAM, UTO CTOIOIRI v, = g,,, it € A(T),
matpun 3 G = G(®, R) — niu, o KpaiiHeid Mepe, 9acT 9TUX ypaB-
HEHUN.

B mefictBuTesbHOCTH, KakK MPaBUIIO, HAM JOCTATOYHO CTabuiIm-
poBaTh BEKTOPBI U3 OpOUTHI cTapiero Beca. B gaibHelieM MbI —
slightly loosely! — ymomunaem cTonbupl m3 opO6UTBI CTapIlero Beca
Kak cuneyagprbie. CUHTYIAPHBIE CTOJGIBI YAOBIETBOPAIOT KBAIpa-
TUYHBIM ypaBHEHUAM, KOTOpbIE M3yUajuch U camu 1o cebe [50], u ¢

SHapoausiii mepeBos aHI MTHHACKOTO more.
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APYTUX TOYEK 3pEHWA, B YACTHOCTH, B CBA3M C HOJUIWHENHBIMI WH-
Bapuantamu [28], [29], [36], [37] u Teopueil cTaHIAPTHEIX MOHOMOB
[47]. Kak dopma [66], [53], Tak u sHakm [68], [8] sTmux ypaBHeHWI
MOTYT OBbITh HPOYUTAHBI HETIOCPEACTBEHHO 110 BECOBOW quarpamMme
npeacTaBieHuA. B MUKPOBECOBBIX IPEACTABIEHUAX TPYIIT TUIIOB Ey
u E, Bce cronbusr maTpuit n3 rpynnsl G(®, R) cuHryasphere. B atom
naparpage, KpoMe TOro, UCHONb3yeTCA TONBKO BeilleBCckad opbura
cmapuezo ypaBHenus. KoneuHo, nia Eg oTa BefineBckad opbura Kak
pa3 M ompeneiiAeT CUHIYJIAPHBIE BEKTODPHI, HO Mid E. ®T0 TOIBKO
JacTh HeOOXOMMBIX LA 8Toro ypaBHernii [37], [68]. OnHako B cie-
ayloleM maparpade MBI BBIHY:KAEHBI MCIOb30BaTh yDaBHEHUA W3
deyr BeliNeBCKUX OPOUT.

Kak mpaBuiio, mocTpoeHne KOPHEBOTO dJIEMEHTA, CTABUIN3UPYIO-
mero cronbell, pa3brBaeTcs Ha ABE YACTH:

e BoIGOD 3HAKOB B MpUOABIEHNAX TaK, YTOOBI COKPATUTH BCE, UTO
MOKET COKPATUTHCA 110 (HOPMAJbHBIM IIPUUUHAM IS RPOU3E0ALH 020
cToJIbIA;

® fgBHAA CCHIJIKA Ha yPaBHEHMsA, KOTOPBIM I10JYNHEHbBI KOMIIOHEHTHI
CUNYATPHO20 CTOIIOIA, C TeM, UTOOLI yOenUThLCA, UTO MPU >TOM He
MEeHAIOTCA U 0CTAJbHBIE KOMIIOHEHTHI.

B cuny mayuno-nonyagpnozo rapaxmepa HaACTOAMENH CTATHA MBI He 3a-
HUMAaeMCs BCepbe3 YyTOUYHEHMEM 3ZHAKOE B 9TWUX ypPaBHEHUAX. Jame-
TUM, BIIpOYeM, UTO MMEHHO B ®TOM W COCTOWUT IIOJJIMHHAA TEXHU-
YecKasd CJIOKHOCTB 8Cer YIOMUHAEMBIX B HACTOAIIEM U CJEAYIONIEM
maparpade mokKa3aTesbCcTB. Kak BO3MOXHOCTD o006 paTh 3HAKA IIPU-
6aBileHU# Tak, YTOOBI B TeX MecCTaX, I'Zle TPOUCXOIUT ABa MpubaBile-
HUA, BCe COKPATUIOCH IO (OpPMAJIbHBIM IpUYMHAM, TaK M COBIAaIe-
HUe (popmbl IpUGABICHNII K OCTABIIMMCA ITO3UINAM C yPaBHEHUAMH,
OTIPEAENAIONUMA CUHTYIIAPHBIE CTOJOIBI, MPeACTaBIAIOT coboi um-
CTYI0 KOMOWHATOPUKY KOpHell 1 BeCOB U MPOAENBLIBAIOTCA AOCTATOY-
Ho Jerko. Ho BOT mpoBepKa ToTo, UTO MPU 2TOM 3HAKU NpubaBile-
HU COTIacOBAHBI CO 3MAKAMU YPpaBHeHUN, TpebyeT mmbo meTalbHO-
To TTOHMMAaHWA TeOMEeTPUU PACCMATPUBAEMBIX MTpeACcTaBIeHN, 160
ypezepuaiino TATOCTHBIX BBLIUMCIIeHWN. ['TaBHBIM mernuveckum Tpe-
nmytiecTBoM JlokazaTenabcTBa U3 KHUTHM ABiAeTCA WMEHHO TO, YTO
3HAKW YPaBHEHUM B HeM BOoOIIe He UCTOMb3YIOTCSA!

2. A, -nokasaTenbcTBo mida L. B sTom mokaszaTenbcTBe 27-MepHBIR
MoAydb V' €O cTapliuM BecoM W, AJA oAHoCBA3HON rpynnel Hlesadie
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G(E4, R) peanusyercsa B CTaHAapTHON mMapaboimuecKkoil MoArpytiie
P, omaocssasuoit rpymnet Illesanne G(E;, R). A uMeHmno, MEI HHTED-
IpeTUPyEM 9TO MIpeACcTaBIeHNE KaK JAeMCTBUE KOMMYTaHTa O ATPYII-
nbl JleBu L, comps:xeHMeM Ha yHUIIOTeHTHOM pammkaie V = U.. Ta-
KMM 06pa3oM, KOPHU cUCTeMEI E; n3obpakaroTca ORIHKMHCKOUR ¢op-
Moit B g, B To BpeMsA Kak Beca — JBIHKUHCKO Gpopmoii B E,, mpudem
Beca 27-MepHOTO MOAYAA — ®TO B TOYHOCTM KOPHM CUCTeMHI E-, Ko-
5P PUIIMEHT KOTOPHIX IPHU «; paBeH 1. OGo3HAUNM MHOMKECTBO BCeX
TaKUX KopHell yepe3 Y. B radvecTBe Gasmca V' B »Toll peanusarmn
MOKHO B3ATH BeKTopwl v* = #,(1), a € X.

HanomamuM, UTo MakcuUMaJbHOE KOJIMUecTBO KopHeil B E;, o6pa3sy-
OMUX [HoNapHbIe yribl 7/3, paBHO NATH. 3aGUKCUPYEM HEKOTOphIii
mopAnok Ha E; 1 BEIGepeM MakcMMalbHOE TIO0 OTHOIIEGHWIO K STOMY
MOPAAKY MHOMKECTBO

12321 12321 12221 12211 1221
61: % a62: if aﬁ?,: 1 a64: 1 aﬁsz 10~

Tak Kak Bce ToTIapHBIE PA3HOCTH 9TUX KOPHEW — TOXe KOPHU, TO OHU
KaK pa3 U 06pa3yloT MHOMKECTBO KOpHeH ¢ MonapHbIMU yriamu /3.
Tem caMbIM, 4d JI00LIX 2y, ... ,2; € R npousBenenusa

z=ag (2)75,(29) 5, (23)25,(24)T 5, (25)

ABJAIOTCA BIIEMEHTAMU KopHeBoro tuma. [leficTBue seMenTa x5, (z1)
.~xﬁs(z5) Ha 27-MepHOM Monayjie V MOMKHO ONMUCATL CIENYIONINM
obpasom. PaccMoTpuM cile IyIOIde TPU CEPUN BECOB:

jy = O00HIL o)~ 00LLIL L 000LLL 000011, _ 000001,
5, = OLLLIL 5 _OLLIIL 5 _ 012111 5 _ 012211 5 _ 012221
0 1 1 1 1
111111 111111 112111 112211 112221
1= s fa= 0 &= a= T =T

HeHOCpeﬂCTBeHHOG BBIUMCJIEHUE TTOKA3bIBAET, UTO

® 3;+7; €X, ecau u ToJIbKO ecam i £ j,
® Vi :62"1‘7]' :6]"1‘%,
° [ +p, €X p= b,&, ecii M TONBKO €Cn 1 = J,
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.pzﬁz—i—pz:ﬁ]—i_p]a P:(SaE’
L4 Bz+a¢2’ eCHHO‘#PyjaéiaEia

® Bee 2T BecoB y;, &;, 65, 735 = B+, 1< j, 6 =1 +é me = fi+e
ONAapHO Pa3IUYHEI.

DTo MOMHOCTHIO OMMCHIBAET AeHCTBUE 2 HA NPOU3BOALHOM CTOIOIE
U = (uA) € V ¢ TouyHOCTbIO 40 3HAKOB. A MMEHHO, 9JeMeHTapPHbBII
KOpHEBOW yHWUIIOTEHT xﬁl(zi) YMHOMAET U, Ha z; U npubaBiigeT ero
K WJW BBIYUTAET €ro u3 u.. .. Kpome Toro, (z) YMHOKAET U

Yig I PN

p =0,¢, Ha 7z, 1 NpuGaBIAET ero K MW BEIUUTAET €ro U3 u,.

Temepb Bo3bMeM cuneysdprvill cTonbern u = (uA) € V u mombITa-
eMcA 1on106paTh Koo POUIMEHTH] %y, . .. , 2y B BHIDAKEHUU IJA 2 TaK,
4yToOHkI 2z cTabuanzmpoBadio u. Jlerko BUAeTh, YTO JJIsA 9TOTO CJAEAYET
MO JOKUTH

pi

z2; = £€u 25 = £€u

Yo v

¥, KakK BCerja, HacToAmasA npobiemMa COCTOUT B TOM, KaK BHIODATh
3HAKW, YTOOBI BCe coKpalajgoch. B momoxkuTennaom 6a3uce [leBasn-
je ais cucTeMbl B, KOTOphIl naeT KpucTajamdeckuit 6asuc V = U,
cM. [68], Teopema 1, 2Ty 3HAKM PUKCUPYIOTCA CIEAYIONUM 06paszoMm:

Z=12g, (fu% )xﬁz (guvz)xﬁa (gu’Ya )xﬁzl (fu,“ )xﬁs (_gu’Ys)'

Tenepb HemocpeACTBEHHOE BLIUKACIEHAE, KOTOPOEe, Kak U aHaJOlHMU-
HOe BhIMMcIeHune 1A cuctembl ® = E.| 6B1II0 NPOBeEHO Ha KOMITHIO-
Tepe [66], 3aTeM BpyUuHYIO IpM IoMOIIM ofucaHHoro B [68] anropur-
Ma, ocHoBaHHoro Ha TeopeMe 2 »Toli paboTEl, MOKA3LIBAET, UTO
v v Eu, v, if @<y,
xg, (70 =0 = v . (4)
—€u%v7”, if ¢ >7,

rae 1 <i# j <5 WukiMu croBaMu, A YKA3aHHOTO BHIIIE BRIGODA
3HAKOB BEIMAABI T4 (2;) U xﬁj(zj) B W, BCerja UMeloT HpOTUBOIO-
JOKHBIE 3HAKU U, TAKUM 00pa3oM, COKpaInaroTcs!

OnHako mociie ®TOT0 y HAC HET HUKAKOW masibHeHrneilr cBobo bl
B BbIGope KoppuImeHToB z;. Takmm o6pa3oM, I NPOU3BOJIBHOTO
cTonbla HET HUKAKOW HAAeXIhl J0Ka3aTh, YTO yMHOMKEHWE Ha z He
MeHsfeT KOMIIOHEHTHI Uy U U,. B melicTBUTeNbHOCTH, YMHOMXKEHIE HA 2
npubaBiisger

g(Nﬁlyplu'Yl Up, +...+ Nﬁzhﬂzlu%lum - Nﬁsyf)su’Ysups)
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K u,, TIoe p = 6,e. Onmuako HaIl cTOJBEll HE TIPOU3BOJLHBIA, a CUM-
eyagpubll U, Kak mpoBepeHo B [68], Ay CUHIYJIAPHOrO cTOJOHA DTH
CYMMBI KaK pa3 W ABJIAIOTCA JEeBbIMUA 4YacCTAMU yPaBHEHMN Ha ero

KOMTIOHEHTHI, M, TeM CaMBIM, AecTBUTeAbHO obparmaioTed B (.

3. A,-mokaszaTenbcTBo M4 E.. B sTom mokaszaTenbcTBe 56-MepHBIT
MOAYyJb V €O cTapliUM BeCoM W, AJIA oJHoCBA3HOU rpynnel Hlesaiie
G(E,, R) peanusyercsa B CTaHAapTHON MapaboimuecKkoil mMoArpytiie
P, rpynnet [epanne G(Eg, R). A nUMeHHO, MBI HHTePIPETUPYEM 5TO
IpeIcTaBlIcHUE Kak JeficTBUe KOMMyTaHTa moArpynnel Jlesu Ly co-
npsbKeHreM Ha GaKTope IEeHTPANLHOTO PALA YHUIIOTEHTHOT'O PaUKa-
na V = Ug/[Ug, Ug]. Takmm obpazom, kopHu cucTeMbl E. n3obpaska-
I0TCA OBIHKMHCKON GopmMoii B E;, B To BpemA Kak Beca — ABIHKAHCKOU
dopmoii B Eg, npuuem Beca H6-mMepHOro MoAyslf — 5TO B TOUHOCTU
KOPHHM CUCTeMEI By, KopQQUIMEHT KOTOPEIX NpU oy paBeH 1. Kak u
B ciiyuae E4, MBI 0603Ha"4aeM MHOXEECTBO BCeX TaKUX KODHeU depes

Y. Tak xak [Ug, Ug] = X, rae

. 2435432,

MaKCUMAaJIbHBIA KopeHb crucTeMbl Eg, To B KadecTBe Gasuca V' MOMKHO
B3ATH BekTophl v¥ = z,(1)X,, o € ¥.

HanomHMM, 4TO MaKCUMAJbHOE KONTMYeCTBO KopHe# B E,, o6pasy-
OMUX HoNapHble yribl /3, paBHo cemu. Kak u Bbilie, 3aQuKkcupyem
HEKOTOPBIA MoPANOK Ha E. u BeIGepeM MaKCUMAaJIbHOE [0 OTHOLIEHNIO
K 9TOMY IOPAAKY MHOMKECTBO

234321 134321 124321 123321
61 = 323 ) 62 = 323 ) 63 = 23 ) 64 = %3 )

123221 123211 12321
gy =123221 g = 123211 g 123210
TaK KaK BCe HOHaprIe pa3HOCTI/I DTUX KOpHeﬁ — TOXe KOpHI/I, TO OHMN

KaK pa3 U 06pa3yloT MHOMKECTBO KOpHeH ¢ MonapHbIMU yriamu /3.
Tem caMbIM, 44d J100LIX 2y, ..., 2, € R npousBenenusa

=g, (2)05,(25) g (27)
ABJIAIOTCA BJIeMeHTaMM KOpHeBOFO TUIIA. ,HeﬁCTBI/Ie BJjleMeHTa

xﬁl(zl) .. .xﬁ7(z7)
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Ha H6-MepHOM Moayie V MOKHO OTUCATDL Cile AYIONUM o6pa3oM. Pac-
CMOTPHUM CIEAYIONYIO CEPUIO BECOB

_ 1111111 _ 0111111 _ 0011111 _ 0001111
1 — 0 ) - 0 ) - 0 ) - 0 )

Y V2 Vs Y4

111 11 1
- 0080  ve = 00800 = 008000 .

TOFﬂa HEMmoCpeACTBEHHOE BBIUMCJICHNE TTOKA3bIBAET, YTO

e +7; € X, eciM ¥ TOJIbKO eCJIH & + 7;

vy =B+ =06+

® 56 BecoB v, V45, 1< J, ¥ =P — Yij» 1 <J, % =P — 7 HOLHAPHO
Pa3JIUYHE;

o 3 + 'y;‘h € X, ecau M TOJBKO €CJU ¢ = j wim ¢ = h, B AelcTBU-
TeabHOCTH, B; + 7 = 7}

« B +a gy, ecamat, .

D Tu YeThIpe CEpPUN KODHEHR, 0OTBEYAIONINE PACIIALeHUIO H56-MepHOTO
Monynsa V mpu orpaHmdernn ¢ E. Ha A, MoXEHO omMcaTh crleryIo-
UM 06paszom:

0 7; — ®T0 B TOYHOCTH KODHW ¥ € ¥ Takne, uTo m,(y) = 0;
© 7;; — ®TO B TOYHOCTM KOPHU TaKue, 4TO my(y) = 1;
© 7;; — ®TO B TOYHOCTM KOPHU TaKhe, 4TO my () = 2;
o v} — »T0 B TOYHOCTH KOPHU ¥ € ¥ Takne, 4To my(y) = 3.

DTo MOJHOCTHIO ONMMUCHIBAET AEACTBUE Z HA RPOUIBOABHOM CTOIND-
me v = (u,) € V ¢ TOYHOCTBIO OO 3HAKOB. B camMoMm zee, Tg (z)
;

YMHOMXaeT u’}/' Ha z, 1 HpI/I6aB.HHeT €I'o K WJM1 BbIUMUTaeT €ro M3 U,y .
7 3

Kpowme Toro, xﬁ(zl) YMHOMAET Uys , Ha Z; U npubaBideT ero K Uil

y

BBIUMUTAET €ro M3 U,y{f .
3

Kak Bcerma, Bo3pMeM cuneyaapuud cronberl u = (uy) € V u mo-
HEITAEMCS 006 paTh KOB(O(PUIMEHTEL 2, ... , 2y B BHIDA)KEHUU IJIA Z
Tak, YTo6bI z cTabunusnpoBao u. Jlerko BUgeTh, UTo, KaK U BHIIIE,
IULA 9TOLO CIEAyeT MOJOMUTh Z2y = *u, , ..., 2y = £u, . Ilei-
CTBUTENBHO, B 9TOM ciyuae ¥4 (%) 1 xﬁj(zj) npubaBIAIT U, U,
u :tguwju% Koty ..
SHAKH ToKe BEIGUpAIOTCA COBEPIIEHHO aHAJOTMYHO ciayyvalo LEg. B

nonoxkutenbuoM 6asuce Illesanine amna cucrembl Eg, KoTopolit gaer
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kpucranandecknii Gasuc V = Ug/[Ug, U], cm. [68], Teopema 1, otn
3HAKU QUKCUPYIOTCA CJIeAyIONUM 06pa3oM:

=T, (gu’h )xﬁz (gu’w )xﬁa (gu%,)xﬁzl (gu’h )xﬁs (gu’Ys )xﬁe (€u76)xﬁ7(_€u77)'

Temepb HemocpeaCcTBEHHOE BBHIYKCIIEHNE, OCHOBaHHOe Ha Teopeme 2
pabornl [68], mokasbBaeT, UTO A DTOrO CAydasd AJd BCeX
1 <1 +# j <7 somonnsgerca anaior (4). Takum o6pazoM, BKIAIBI
z5,(2) B xﬁj(zj) B U, COKpallaloTc.
Ocraercsa MpoBePUTh, YTO z HE MEHAET U

Y
YMHOK€EHUE Ha Z NPUOABIAET K U, s CIEIYIOUIYIO CYMMY:
:

«. B melicTBUTeNbHOCTH,
:

e —
§(Ng, n Uy Uppto o ANg, oty U o AN w U _Nﬁmv}u%uv;)’

i1 ie Y6 Ve

rje i-e ciaraemoe onyineno. CHOBa, Kak npoBepeno B [68], s cun-
TYAAPHOTO CTOJOIA 9TU CYMMEBI KaK Pa3 U ABIAIOTCA JEBBIMU YaCTA-
MU YDaBHEHWUU HA €r0 KOMIIOHEHTHI, WM, TEM CaMBbIM, AEHCTBUTEIHHO
obpamaroTca B 0.

§6. Dy-IOKABATENBCTBO OIS By, Dg-TOKABATEIBCTBO 14 E,
U Dg-ZIOKABATENBCTBO A1 Eg

B nacrosmem nmaparpade Mbl IpUBEAEM HEKOTOPBIE A6TaJH, OTHO-
CAMMECS K Pas3ilokeHnIo YHUIIOTEHTOB A MCKIIOYNTENLHBIX TPy
tunioB By, E; u Ey B npucoeanHeHHBIX MpeACcTaBIeHUAX. DTO J0-
Ka3aTelbCTBO ObIIO aHOHCHPOBaHO B [12] U, ¢ HECKONBKO GObIIUM
kosmuectBoM getatneit, B [66], [70]. OaHako, Kak U B IpebLAyIEM
naparpade, IpUBEJEHHOE TaM JOKA3aTeIbCTBO 3aBUCEIO OT ABHBIX
KOMITbIO TEPHEIX BLIUMCIeHuii. JloKka3aTesshcTBa, KOTOpPhIE MOTYT OBIThH
B IIPUHIIMIIE IPOBEPEHBI Y€JI0BEKOM, 3allMCaHbl ropasao mosxke [8], [9].

1. D;-mokasateascTBo miia ;. PaccMorpum npucoeauHeHHOe NIpe-
craBienne rpymsl G(Eq, R), BecaMu KOTOpOro SABIAAIOTCA 72 KODPHA
cucteMbl Eg 1 mecTb HYJIEBBIX BECOB &y, ..., &;, OTBEYAIOMNX (QUK-
CUPOBAHHOMY BBIGODY CHCTEMBI IPOCTHIX KopHeid IT = {ay, ..., o).

Y IeMeHTHI KOPHEBOTO TUIIA, CTAOUIN3UPYIOIIME CTOIDEI, CTPOAT-
CA B TEPMUHAX TTOIMHOMKECTB, COMPMAKEHHBIX CO CJI€AYIONMUM BOChMU-
BJIEeMEHTHBIM MHOMKECTBOM:

12321 12321 12221 11221
61 = % ) 62 = :i; ) 63 = 1 ) 64 = 1 )

12211 11211 11111 11111
6_4 = 1 > 6_3 = 1 6_2 = 1 6_1 = 0 -
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B manbueiiniem 910 MHOMkKeCTBO 0603HaYaeTcA yepes B; 3ameTnm, uTo
OHO CTapIlie BCEX CBOUX COMPMAKEHHBIX. DTO MHOMXKECTBO obiagaer
ClleIyIOIIMM CBOMCTBOM: KOpeHb 3, opToroHaJeH K _, W obpa3syer
yroa m/3 co BceMM KOpHAMU 6]», J # =+

asa Toro, 4To6BI MpoM3BeNeHNE

= %1(21)%2(22) . ~%_2(Z—2)%_1(Z—1)

ABIAIOCH BIEMEHTOM KOPHEBOTO THUMNA, HEOOXOIMMO M MOCTATOYHO,
4TOOBI K0P PUIMEHTH] %y, ... ,2_; € R jJekann Ha KBaJPUKE B BOCH-
MuUMepHOM aGGUHHOM ITPOCTPAHCTBE, 3a/1aBaeMOi ypaBHEeHEM

27t ugr_gFtagz_gtzz_, =0

3HAKWU JIEBOW YacTu OYAyT YTOUHEHHI B mgaiibHelrnem. OnuineM meii-
CTBUE DIIEMEHTA Z.

MuokecTBO B ecTecTBEHHO MHTEPIIPETUPOBATH KAK MHOMKECTBO Be-
COB BeKTOpHOT0 npencTasiaennsa rpymnet lllesanae G(A, R) tuna D,
JULA BaoskeHNA A = (o, ag, ay, o) C Es. Kak nsBecTHo, Bce BHeIHMe
aBTOMODP(U3MBI cucTeMbl D, peanusyrorca yxe B W(F,) — u, pasy-
Mmeercd, TeM Gonee B W(Eg) — 2T0T peHOMEH M3BECTEH M0 NMEHEM
TpoMicTBeHHOCTH. TeMm caMbM, B By MOKHO HaliT Takke MONYCIIN-
HopHBIe mpeacTapiaernsa G(A, R).

IIpeabasum ux. B kadecTBe cTapinero Beca wy(A) nevemmuozo mo-
JIYCIIMHO PHOTO TIPEICTABIEHUA MOKHO B3ATH KOPEHb

Ti44- =TV =€t ezt st e

Torpa crapimnii Bec wy(A) KOHTpArpeMeHTHOr0 K HEMY MpeAcTa-
BJIEHUS, T.€. YeMH020 TOJIYCIMHOPHOTO MPEACTaBIEHUA, MOXKHO OTO-
HKIAECTBUTH C Y, ., = 7" = €, + €, + e5 + 5. Bce ocrambubre Beca
IpeACTaBIEHUA CO CTAPIIMM BECOM Y MMEIOT BUIL:

_12210 _11210 _11110 _11100
= 1 += 1 += 1 Yt——== 1

V44— Y- Y+-

rrem 11110 1110011000, 10000

YD TO MHOMKECTBO KOPHEW B AajbHeleM OyneT 0603HAYATHCA Uepes
I'. Torga I'" cocTouT U3 CleAYIONUX KOpPHEN:

_01221 _01211 _01111 _00111

Vbt = » V- -= ) —4-= , -——+= ;
1 1 1 1

rreeOLLL o OOLLL 00011 00001,
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ITpu sToMm mEBOMIonMA Beitna By mefictByer TouHO Tak e, Kak B D,
T.e. MEHAET MOCeIHUI 3HAK B MHIEKCE.

Takum o6pasoM, Eg npencrapigerca B BULe HellepeCeKaIOMerocs
06 beqVHEeHUA

Eg=BUuTuruAu-ru-ru-s

cucteMbl KopHell A = D, u mectn cneyuasvuss MHOKecTB B, ..., —B.
HemocpencTBennoe BoIUUCieHWe TTOKA3LIBAET, UTO

o 3 — B]» € & B TOM U TONBKO TOM clydae, KoTaa { # +j. B a1om
cayuae apromatudeckn f; —f; € A llpu etom 3, —3; = f_; —f_; n
B — B # By — By, ecam (i, j) £ (—k, —h).

e [Ina rammoro f§; € B cymectByer poBHO 4 KopHA 7 € I' Takux,
YTO PasHOCTh [J; — ¥ ABAAETCA KOpPHEM. DTO B TOUHOCTU Te KODHHU
Y = Yeyeneseqs AJIA KOTODBIX £ = sign(¢). B eToM caydae pasHocTb
aBTOMaTUYeCcKu momagaeT B I'*. Amamorumuno aja B u [,

o [lepBrIil IyHKT MOKHO ellle ChopMyIUpoOBaATh ClleNyIonmM obpa-
3oM. s rammoro kopHa §; € B mHalinerca poBHO 6 KopHell o« € A
Takux, 49To 3, + o € B.

e Cymma mBYX KopHe#d w3 B wmawm kopusa s B ¢ kopuem m3 ' U
I'" mHukorzma He aABiAeTcA KopHeM. [lna rammoro f§; € B cymectByer
poBHO 6 KopHeil o € A Takmux, uto o + 3, € B.

e Kpowme Toro, KoHEeUHO, yMHOMKeHNe HA 45({) 3aTparuBaeT Hye-
Bol Bec, npubasnag e_g K hg u h, K e,.

D To MOIHOCTHIO OMUCHIBAET AEHCTBUE Z HA ITPOU3BOJIBHOM CTOI6-
e 4 = (u,) € V ¢ TOYHOCTHIO [0 3HAKOB. 3HAKW MOYKHO YTOUHWTH
ciaenywmumM obpaszom. [loaoxkum

L,
c(j); = . .
() { _Nﬁj,—ﬁ,Nﬁ_j,—ﬁ_,’ ecnm ¢ # +j.

Hecnoxkboe, X0TA ¥ HECKOJBKO 3aHYUIMBOE BBIYUCIIEHUE, UCITOIb3Y-
oMIee COOTHOIIEHUE 2-KOIMKIA JJIsAd CTPYKTYPHBIX KoHcTaHnT [69], [8],
MMOKA3bIBAET, YTO C TOYHOCTHIO 0 OAHOBPEMEHHON 3aMeHBI 3HAKA DTHU
Ko (pPunmMeHTH He 3aBUCAT 0T BbIGopa j. OupenennMm terepnb z Gop-
My 0¥

ecim ¢ = +7,

z = xﬁl(c(j)lfU_@_l)xﬁQ(c(j)zgu—ﬁ—z)
vy (e(F)_abu_g, )Ty (e(i)_1€u_g,),
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rae MHOXKUTeNb ¢ € R mpow3BoiieH. 3aMeTUM, YTO AJA TIPOU3BOIh-
Horo cronbima u = (u,) ®TOT 2JeMeHT, BoobIle ToBODs, He ABIA-
eTcAd KODHEBBIM yHMIOTeHTOM. flcHo, 410 (zu), = u, AIA BCeX
a € —BU-TU-T" a B cuny Haimero Boibopa 3HAKOB ciaraeMble TIPU-
GaBileHNA, OCYIIECTBIAEMBIE Ly W Ly, K KOMIOHEHTE CTOIONA U B
nosummm o = 3;—f; = f_;—f_; cokpamarorca. locie aToro y Hac He
ocTaeTcA HUKaKOW najibHelimmeil cBo6oasl B BEIGope Kos(QPUIIMEHTOB
z;. Tem caMBIM, 1A Toro, 4ToGBl IPOBEPUTH, YTO M BCe OCTaJbHBIE
KOMITOHEHTEI He MEHAIOTCHA, HE0OX0IMMO TT0Ib30BATHCA ¥ PaBHEHUAMUA
Ha croaber. Hampumep, cymma

_ _ 23432
h=hy +hs_ =25

KOKOpHeN hﬁ u hﬁ He 3aBUCHUT OT BbIGopa . TeM caMBIM, JIeMeHT
; —i

KapTaHOBCKOU Momairebphl, 106aBIAeMbIil K ¥ TPW YMHOMKEHNN Ha 2

paBen 0 B cuily ypaBHeHUA

U_p, U5, + U_p,U_p_, + U_p,U_p_, + U_pUp_y = 0.

Kcratn, umenHo »To ypaBHeHUe TapaHTUPYET, UTO 2 — 2JeMeHT KO-
HeBoTo TUMa. /loKa3aTelLCTBO TOTO, UTO He U3MEHATCA KOMITOHEHTHI
U, C KOOpAMHATAMU 13 F'UT™, coBeplileHHO aHAJIOTUYHO, HO BOT TIPO-
BepKa TOT'O, YTO HE MEHAIOTCA M KOMIIOHEHTBI Ug, I'/I€ 4 € B, ropasmo
cepbe3tee. Bo-epBLIX, K 9TUM KOMITOHEHTAM H00aBAAIOTCA KaK JIW-
HeliHble 110 § ciaraemble, Tak U KBaJpaTUdHbIe. KBaApaTUUHbBIE Cila-
raeMble COKPAIAloTCA Mo OOLIYHOW MpuYWHe, B AefiCTBUTENHLHOCTH,
COKpallleHue KBaJAPAaTUUHBIX CJjaraeMblX CilelyeT U3 TOro »Ke ypaB-
HeHUA, YTO U COKpallleHWe CJIaraeMoro B KapTaHOBCKoO# momairebpe.
Ho BoT cokpallienve JTUHEWHBIX 1O § CaraeMbIX B ug Tpebyer uc-
MOJIb30BaHUA APYTOro TUMA YpPaBHEHUN, BKIIOYAIOMMNX KOMIIOHEHTHI
BekTOpa ¢ HyJeBbiMU Becamu! Ilpudem omATh HeoGX0AUMO MpoOCie-
AWATH, YTO COBMAMAET He TONBKO GOPMa, HO M 3HAKUA HTUX Y paBHEHNi!
DTo He coBCeM DaHAJbHOE BhIUKCIEHME TIpoBegeHo B [9].

2. D;-morazarenberBo mia B, u Dg-nokazarenancrso gua Eg. Ilo-
Ka3aTeJbCTBO MJIA STHUX CIydaeB aHAJOTMYHO ciydaio L, Ho He-
CKOIIBKO CIIOMKHEE TEXHUUYECKH. B 06oux ciyyasax sjeMeHT KOPHEBOTO
THIA z, CTabUIU3UPYIOMUA CTOI6El, CTPONTCA 110 TO# ke Gopmylle,
uro maa Eg, ¢ TeM Ke BBIGOPOM 3HaKOB B TePMUHAX CTPYKTYPHBIX
KOHCTAHT, HO MHOKECTBO B BBITJIAINT 0-pPa3HOMY.
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A mmenHo, 114 B, ucnonssyerca caenytomiee 10-s1eMeHTHOE MHO-
KecTBO B:

234321 134321 124321 123321 _123221
B1= 9 , Ba2= 9 , Bs= 9 , Ba= 9 , o Bs= 9 )
,@_5:12:1%321, ,@_4:12:1%221, 0_3212%221, 0_2211%221, 0_1201%221.

B canyuae e Eg sileMeHTH KOPHeBOTO TWIA, CTabUIM3MpyIOINe
CTONOEI, CTPOATCA B TEPMHUHAX ClleAyIolero 14-saeMeHTHOTO MHO-
KecTBa B:

g _ 2465432 g _ 2465431 g _ 2465421 g _ 2465321

1= 3 ) 2= 3 ) 3= 3 ) 4= 3 )
g _ 2464321 g _ 2454321 g 2354321
5= ) 6= ) 7= )

3 3 3
P _2454321 _2354321 2344321
—7= ) B-e= ) B-s= )
2 2 2
g 2343321 g 2343221 g 2343211 g 2343210
—a= 9 ) —3= 9 ) —2= 9 ) —1= 9 .

§7. A,-IOKABATENBCTBA 114 Eg n E,

37ech MBI IPUBeIeM KOHCIIEKT A,-70Ka3aTelbCTBa B MUKPOBECO-
BEIX IIpe/icTaBieHuAX Irpynn tunos By u E.. Chopmynupyem, npexne
BCEro, HeCKOJIbKO BCIIOMOTATENbHBIX yTBepKAeHN . VX moka3aTeilb-
cTBa abCOJIIOTHO CTAHAAPTHBI, IOBTOMY OTPAHUYMMCA HEeCKOJTbLKUMU
3aMeYaHUAMU; BCe AeTalld BhIUKMCIeHUA MoxHo Haiitu B [10].

Ilpemmoxenue 1. FEcau [¢,2,(1)] = 1, mo g aexcum e cobemeennod
napaboauvecxod nodzpynne muna Py dag Eg uau P dasg E-.

IIpennoskenune 2. Ecau kommymamop [g, xa(g)xﬁ(C)] LERMPAAEH, MO
on pagen 1.

Ipengmoskenue 3. Ecau H codepaucum neyenmpassnotll saesenm, ae-
wcauudl e cobecmeennoll napaboauneckod nodepynne P, mo H codep-
ACUTN HEMPUBUAADHBYT KOPHEBOT daeMENT.

pemnowenne 4. Fcau x = z,(§)r;(C) cmabuausupyem waxoii-mo
cmoabey mampuuyrt ¢ € H, no ne xommymupyem ¢ g, mo H codepacum
HeMPUBUAALHBLE KOpHEROH anemenm,

JokaszaTeanbcTBo. D10 3HAUUT, uTo z = [¢,2] € H aexur B mapa-
6onuueckoit noarpynne rtuna P, B Eg unn tuna P, B E,. Tak kak x
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He KOMMYTHUDPYeT ¢ ¢, To 1o Ilpeamoxkenuto 2 siIeMeHT z HeIEeHTpa-
sgen. Teneps H comepHUT HETPUBUAILHDIN 5IeMeHTaPHDIN KOPHEBOT
sitemenT 1o [Ipennoxenuro 3.

Crenyromee HabIIoJeHAE BOIMIIONAET CaMyIO0 CYTb HACTOAIIETO
JIOKAa3aTeNbCTBA, [0 CpaBHeHUIo ¢ paboramu [66], [68].

OcuoBHag gemma. Safuxcupyem dea eseca A\, € A. Ecau g € H
— HEUEHMPEALHBE 2aeMENM MAKOH, Mo g;m = 0 0as scex p € A,
d(A,p) = 2, mo H codepucum nempusuasbnud sseMmenmapuul xop-
Heeol saeMenm.

HorazareancTBo. PaszobbeM moKa3aTelLCTBO HAa HECKOJILKO ITAr0B.

e BospMeM mBa pasiamuHBIX Beca u,v € A marux, uro d(A,pu) =
d(A,v) =1, paccMoTPUM KOPHEBOW BIleMEHT

v =a(iv) =2,(9,0)05(= 90 ),

e « = A—p, B = A—v, n o6pasyem KommyTaTop z = z(pu,v) = [g, x].
Tak kak p+a €A, pF£p, 10d(A,p)=2,atak Rak p+ G EA, pF# v,
to d(A,p) = 2. C npyroit cTopoHsI, Mo ycioBmio ¢, = 0 misa Bcex
p € A, d(X p) = 2. Dro snauur, uro (xg~'l),, = g;! u mosromy
(92, (1)g™1),, = v7. Jlerko BumeTH, UTO ycioBusa ¢ — a,0 — 3 € A u
d(o,A) =d(o,p) =1 Brexyr 6+ ,0 + b ¢ A, Tax uro z,, = v7.

e TakuM 06pa3oM, JOCTATOUHO OTPAHUUMTLCA CIydaeM, KOTAa ece
BIEMEHTRI z = ({4, V), TIOJIYYaIoIMUecs NP BAPbUPOBAHUU BECOB [i, U
B IIpeIIeCTBYIOMEM pacCy K ICHUN, IIeHT paJbHbl. Fcim 2 MeHTpaJeH,
To mo Ilpemyoskenuio 2 OH paBeH €, Tak 4To ¢, M BMECTE C HUM
g~ !, kommyrtupyer co Bcemu ¥ = z(p,r). BosbMeM NpOU3BOIbLHBIM
Bec p Takoii, uro d(p,A) = 1 u d(p,p),6(p,v) < 1. CpaBHuBas sie-
MenThl MaTpunt xg~! u g~lz B nosurmsax (p,p) u (p,v), Mbl BUIMM,
T G, 000s Ipedys = 0. Bapbupys zmech v, momyuaem paBeHCTBO
9po0uo = 0 A Beex p Takmx, uro d(p,A) = d(p,p) = 1.

e Temepr BO3bMeM MPOUW3BOJBHBIA BeCc T Ha pPaccToAHWU 1 OT
A. Hna moboro Beca p, pacCMOTPEHHOTO BO BTOPOM Iare, MMeeM
/ / — A —
xv(gw)g*a =g.,,raey = A—p. U3 Ilpennoxennus 4 BEITeKaeT cleLy-
omas anbTepHaTuBa: b0 H COMEPRUAT HETPUBUAILHBIA KOPHEBOM
-1 — /
piaeMeHT, 160 MATpPUIA ¢ KOMMYTHUPYET CO BCEMU & = xw(gw).
CpaBHUBas »ieMeHThl MaTpull g~ ' u g~ 'z B nosunmax (7, u), MBI
BUIMM, 9TO, KpOMe TOro, ¢ .g,, = 0 ans Taxux 7, aro d(7,p) = 2.
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WNubiMu ciioBamu, eciau A — ugeadt Kodbla [, opoKIeHHBIA »eMeH-
TaMu g;w, p# X 1o A2 = 0. Penykima mo moaymio A TokasbiBaer,
qro g,, € A Mus Beex p £ A

e Ocraercsa paccMoTpeTh KoMMyTaTop z = [¢, 2, (1)]. Kakx u B mep-
BOM I1are, cToyiber v = xa(l)g*}l OTIUYAETCH OT CTOIBIA g:>\1 TOJBKO
KOOpAMHATOMR v, = g’»\—l—g;)\ C HOMEDPOM A, BCe OCTAJIbHBIE KOO D ANMHA~
ThI Yy HUX OJWHAKOBBIE. B CHIIy BTOPOTO U TPETHErO MIAT0B 9TO O3HA-
JaeT, 94To gar:g*}\1 P OIIO PIIMOHAIBLHO Ga3MCHOMY BEKTODY v, TaK UTo 2
nomagaeT B COOCTBEHHYIO apabonudecKyo o ArPYNIILy THa P nnm,
coorBercTBenno, P.. Tenepr no Ilpennoskenuio 3 MBI NPUXOAUM K
clemyIolieii anbTepHaTuBe: U660 H comep:KUT HETPUBUAIBLHBIA KOP-
HEBOW »iieMeHT, mubo z IeHTpadbHbd. Ho ecnu z neHTpasbHBINA, TO
o Ilpennosxkenuto 2 on paBeH e, u Torja no Ilpemiosxkenuto 1 cam
BJEMEHT ¢ CUIUT B COOCTBEHHOUW mapaboiiMuecKo MOArpyIne THUIA
P, nnmi P, COOTBeTCTBEHHO, TaK UTO MBI MO¥EM CHOBa COCIATHCA Ha
IIpeanoxenue 3.

Temepb y Hac BCce ToToBO, UTOOHI 3aBEPHIATHL JM0KA3ATENHCTBO
CTaHJAPTHOTO omMcaHnA B caydasax F(®, R), & = F, F,.

JokazareabcTBo n3 Kuuru. Ilycts H — HelleHTpajbHaA MO AT PYIINA
B G =G(P,R), P =Eg, E,, HOpManmayeMas sieMeHTaAPHOR O ATPYTI-
moii. Beibepem HelleHTpaJbHBIA 9iieMeHT ¢ € H, BO3bMEM Rpou3804b-
Hudl KopeHb o € ® U paccMoTpUM KoMMmyTaTop z = [¢,%,(1)] € H.
Ecnu z nenrpaabheiii, To o Ilpeanoxkenusam 2—4 noarpymnna H co-
HEPKUT HENEHTPAJbHBIA KOpHEeBO#W siemenT. Torna, samenss, eciu
nyskHo, ¢ na [g,z,(1)] = (9z,(1)g~ 1)z, (=1), MBI MosKeM ¢ camMoro Ha-
Yajia Mpeanojarath, 9To ¢ € H — HelleHTpaJbHBIA 2IIeMEHT CJIeLyIo-
Iero BUa: MPOU3BEAEHNE KOPHEBOTO YHUIIOTEHTA HA BJIEeMEHTaPHBIN
KODHEBOW YHWITOTEHT.

Takoil s1eMeHT ¢ OTIMYAETCA OT KOPHEBOTO YHUIIOTEHTa He 60o-
jiee yeM B § MK, COOTBETCTBEHHO, B 12 cToi6I1aXx. DTO MOKA3KIBAET,
4To Mo KpaiiHeir mepe 21 uan, coorBeTcTBeHHO, 44 cTOoNbIIA MaTpPU-
1Bl § YJIOBIETBOPAIOT YCIOBUAM OCHOBHOUW jieMMbl. Takum obpasom,
H conepsxut HeTpUBUAIBHBIA KOpHEBOUW yHUNOTEeHT. B cuiy peayk-
MM YPOBHA 9TOTO AOCTATOYHO MJA AOKA3aTENHCTBA CTAHIAPTHOIO
OTIMCAHUA.

§ 8. A,-JIOKABATEJIBCTBO 1is “Eg 1 F,

CHoBa, MbI OrpaHNYNMCHA KaHBOM JAOKa3aTeJbCTBa, BCE AeTaJN KO-
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Toporo nposepensl B [11]. B artom caydae popMyiMpoBKa 0CHOBHOM
JEeMMbI TIOUTH ZOCJI0BHO COBIAJAET ¢ OCHOBHOM sieMmoli paborsl [10],
JOKa3aHHOM B IpenplayineM mnaparpade. OpHaKo Telleph ee A0Ka3a-
TeTbCTBO 3aMeMmHo TOHBINNEe U TpyAHee. [lejlo B ToM, UTO paccykie-
HUSA Tpeaplayliero naparpada OYKBAJIbHO MEPEHOCATCS TOJIbKO Ha
ciaydait daunnsz KopHell B F, u, 3mHauwT, B HalleM pacIopsKeHUN
OKa3bLIBAETCA POBHO B TPU pa3a MeHbIle TpUOaBIeHW, YeM paHbIIIe,
a mMeHHO 24 BMecTo 72. B pe3ymbTaTe »TOoT0 BMECTO AOCTATOYHO
0BIIMX paCCYKIEHUHI, aMeJIupyIONnX TOAbKO K BEUIeBCKUM OpOuU-
TaM ¥ PaCCTOAHUAM MEXKIY BECAMU, TEMEPh MBI JOJIKHBI CHOBA, KakK B
§85, 6 aBCcoOMIOTHO KOHKPETHO OTCIIERKMBAThH BO3SHUKAIOIME TIpUbaBie-
HUA Ha BECOBOW amarpamme. 10, 94To Takoe A0Ka3aTelhCTBO MOMKHO
NIOBECTM 10 KOHNA B ciydae Eg, ObIT0 AWIMb cllerka yANBUTEILHO, HO
TO, YTO B ®TOM AOKa3aTeNILCTBE MOMKHO OBOMTUCH TOJBKO AJIWHHBI-
MM KODHEBEIMHU ®JjleMeHTaMu U3 I, yie abcoatomuo cBepxecTecTBeH-
Ho. Mb paccmarpusaem F, u 2Ey aeficTBylonmmu Ha orpaHUueHUn
27-mepHoro npeacraBaeHus E;. Tor ¢akrt, uro »T0 npencrasiieHne
IPUBOAMMO, He WIPAeT JJA HAC HUKaKo# ocoboit posu. UTobwl He
o6cyKIaTh TOHKOCTU, CBA3aHHBIE C MHBOJIONWEN Ha KoJablle K, 1 He
VCIIOKHATE GOPMYJIBI, orpaHuunMca rpymmnoit F,; monpobuoctn, ka-
catormmecs ciaydan “Eg, Moxuo nafitu B [11]. [las eaunoo6pasus Mbl
IPOI0IKAEM HYyMepOBaTh Beca He HATYPAJbHBIMU UYMCIAMU, & KOP-
HAMU cucTeMbl E..

fcHo, uTO Bce BcmoMoraTe IbHBIE Pe3YIbLTATHI TpeABIAYIIETO Mapa-
rpada 3aBUCAT TOJBKO OT TAKUX OOHIMUX CcooOpaskeHWR, KAk CoBep-
IIIEHHOCTh PACCMATPUBAEMBIX IPYII, HAJUYWE B HUX [TOATPYII THIIA
A,, cocToAmuUX M3 ANWHHBLIX KopHe#, u T.4. TakuMm obpa3oM, Bce OHU
MoMeHTaJbHo o6obmatorces Ha caydau Fy u ?Eg. OrpanuummMcs mo-
BTOMY TOJBKO JA0Ka3aTehCTBOM OCHOBHOW JIEMMBI, KOTOPasa Ha BTOT
pa3 COBEDPIIEHHO He BBITEKAET W3 OOIUX COOOParkeHUiA.

OcuoBHag gemma. Safuxcupyem dea eeca \,o € A. Ecau g € H -~
HEUEHMPAALHBT 2aeMenm Makol, wmo g;m = 0 gag scex p € A,
d(A,p) = 2, mo H codepucum nempusuasbnud sseMmenmapuul xop-
Heeol saeMenm.

,Z[OI{a3aTeJIbCTBO- IlokazaTeabcTBO HAUMHAETCA TaK Ke, KaK B CJy-
Yae E6' Pa3yMeeTCH, TeMepb MHOTUME BBIUMUCJECHNA IIPOXO AT TOJBKO
A1 JJAMHHDBIX KOpHeﬁ, 1 HaM 6yﬂeT yﬂO6HO BBE€CTH AJsd MHOMKECTBA
BceX AJIMHHBIX KOpHeﬁ cucteMbr ¢ ClieliiaJibHO € obosHaueHne q)l'
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e PaccMmorpum mrofble ABa pasiWyHBIX Beca i,V € A Takux, 4To
A—p€®, A —v e P, nBBeneM KOPHEBOH pIleMeHT

r(p,v) = Qﬁa(g;/,\)%(g;h\)a
rne a=A—pu, B=A—v. Torma

-1

(g x)pa = glpa + g;/)\g;),a+oz + g;)\(glp,a+ﬁ + g;/)\g/p,a+ﬁ+oz)’

-1
(l‘g )pa = glpa + g;)\g;—a,a + g;/)\(g/p—ﬁ,a + g;)\glp—ﬁ—a,a)'

Ormvernm, uro, ecim A—p € &, a € P, mp—a € A, T0 d(A, p—r) = 2.
Takum obpaszom, (¢~ 1z),, = g;)\1 u, sHaunt, [g,z],, = v*. Ecaum xoTa
6Bl OMVMH W3 3TUX BJIEMEHTOB HEeIeHTPaJeH, TO MBI IOTaJu B COb-
CTBEHHYIO MapaboiMYecKylo MOArPYIILY, M MOKHO BOCIIOJNb30BaTHCSA
parabolic reduction. A MMeHHO, 11O AXOIAINE AHAJOTH P EMITOKEHNN 3
v 4 npeabrayniero naparpada JagayT HaM HETpPUBUAJILHBIA KOpPHEBOMA
YHUTIOTEHT.

e Takum o6pazoM, B AadbHEAIIEM MBI MOKEM OTPaHUYNUTHLCA CILy-
JaeM, KOT/a BCe TaKhe 2 MEeHTpadbHbl. [1oaxoaAmuii anaor mpemro-
MEHUA 2 MOKa3kIBaeT, YTO TOTAAa BCE OHUW PaBHEI €. MHLIMM cioBammu,
B 5ToM ciyuae g~! KommyTupyer co Bcemu x(uv). 3ameHAs B pa-
BEHCTBAX MPe/BbIAYIIEro IyHKTa 0 Ha fi, MBI BUAUM, 4TO ¢}y, = 0
JUISL BCEX TIap BecoB p, f € A, 06analommx CaeayIonmM CBORCTBOM:
cymecTByeT Bec ¥ € A Takoil, utTo a = A —p € @, f=A—-v € P,
npudem p+ B, p—a,p—a ¢ A.

Tenepnb NpAMbIE BEIUACIEHUA TTOKA3LIBAIOT, YTO yCIJAOBUSA
[¢7!, #(p,v)] = e BEIpaKAIOTCA CileAyIONUMU PABEHCTBAMU:

i - 1123211 1123221 1122211 1112221 1011111
91223211 3 9pA = 0, p# et it i 0, o

! [ 1224321 1223221 1122211 1112221 1111111
9112%211 7>\9p>\ =0, pF# 2 ) 2 ) 1 ’ 1 ’ 1 ’

i A # 1224321 1224321 1223221 1123221 1112221 = 1112111
9112%211 Adex = P 277 277 277, 1777 1777 1777

! - 1234321 1223321 1123211 1122211 1122211
9111%111 Adox = o, p# 277 277 177 1 1

! - 1234321 1224321 1123211 1123221 1123211
9111%111 Adox = o, p# 277 277 177 i i

1 o 1224221 1224321 1223321 1223221 1223211
91011111 Z9px = 0, p# 129572, 374, 274, 245, 350,

e UT06BI MOMYyUMTL OCTaJbHbIE ypaBHEHWUs, MbI OyJIeM HeicTBO-
BaTh cieayommM obpaszoM. I[onb3ysachk MONYyYEeHHBIMU B ITPEIBILY-
IMeM IYHKTe YpaBHeHMAMH Ha ¢~ ', MBI Hoa6epeM TaKue »JeMeHTap-

—1 _ -1
HBIe KOPHEeBBIE YHUTOTEHTH! .. (&), uTo (7.(§)g7™ ).y = ¢, - Hocae
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BTOT'0 MBI CMOKeM 0OBIYHBIM 06 pa3oM 3aKITIOUATE, UYTO § KOMMYTHDY-
eT C xw(ﬁ), U TIOJIYYMTL HOBLIe ypaBHeHUA Ha ¢~ . C IOMOIMBIO 5TUX
HOBBIX YpaBHEHUH MBI CMOMKEM IIOCTPOUTH HOBbIE KOPHEBBIE YHMIIO-
! u mpomomxaTh Aeti-
CTBOBATHL TAKAM 06pa3oM 70 MOJHOTO YIOBIETBOPEHUA.

Homoxus ¢ = g;M LA Takoro f, uro A — u € ®;, BuamMm, uro
yciloBHWEe CTAbOUIU3AIANA TTEPBOTO CTONOIa SKBUBAJEHTHO YCIOBUIO

TEHTHI, CTAOUAMBUPYIONIEe TTEPBLIA cCTONGEIT ¢~

Girdp-n =0, peEA.

VTak, MBI MITleM TaKoe 7, UTO JJIA KaKIOr0 BECa p BHITOJIHACTCA p—
vy ¢ A, d(p—y, ) = 2, unm ke yre TOKa3aHO, 4TO g;Mg;_%A =0. Ecau
MBI HaiiieHM Takoe 7, To aubo [ ye COMEPHKUT HETPUBHAJILHBINA
KOPHeBOii »iieMeHT, Jmbo g KommyTupyer ¢ x.(¢,,). B mociaennem
ciyyJae

-1

g;—a + g;)\g;—'y,a = (x'y(g;)\)g_l)ra = (g x'y(g;)\))ﬂf = g;—a + g;)\g;,a+'y'

CaenosatenbHo, g;,¢,, = 0 A5 Bcex Takux g, p € A, 4To CymecTBy-
er takoe v € &, uro p—y ¢ A, [— € A, v mas KaKAOrO Beca p KOpEHb
¥ YIOBIETBOPAET OAHOMY M3 CHOPMYIMPOBAHHBIX BBINIE YCIOBUMA.

Ceiiyac MBI TIEPEYUCIUM Te KOPHU, KOTOPble HY’KHO PACCMOTPETH
AJA TONy4deHWA TeX ypaBHEHWH, KOTOpbIe He MONYyYaloTCA W3 BBI-
JnucileHnid npeablayinero nyHxkra. O6paTuTe BHUMAaHWE, YTO MOpPSA-
[OK BBIYMCIIEHUN MMeeT 3HadeHMe: BOOBINE TOBOPA, MBI UCITOIb3yeM
ypaBHEHUA, MONyUYeHHRBIE HA KAKAOM Iare, HJA TOTO, YTOOHBI GBITH
B COCTOAHWM MPOU3BECTU Cienyronmii. IMeHHO T09TOMY HEKOTOpHIE
KOPHU TOABIAIOTCA B IOKA3aTeNbCTBe Gojlee 0HOTO pa3a.

/ / _ / ! —_
- ) - )
0001  g'i223211  G1123321 0, gh123211  J1224321 0
A A A A
2 1 1 2
/ / —_ 0
91112111 , 91123321 , = Y5
1 A 1 A
0011 ! ! =0 ! ! =0
91223211 91123221 , = VY, F1123211  F1223221 , = Y,
A A A A
2 1 1 2
! ! _ 0
J1112111 /\91234321 e
1 ’ 2 ’
0111 ! ! =0 ! ! =0
91122211 91234321 , = VY, F1122211  F1223221 , = Y,
A A A A
1 2 1 2
/ / _ 0 / / _ 0
J1111111 /\91234321 e 91223211 )\g 1122211, = Y

T 2 2 1
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0001

1111

1120

1222
1121
1220
0001
1111

1221

0011

1120

o Tarmm
ro p,p € A,
JOCTATOYHO

cTosBer MaTpUIhl ¢~ 1. 3aMeHAA ¢ Ha A — 7, MBI OJIYUYMM ypaBHeHUe
Jurdoy = 0 175 BCex map BecoB fi, 0, AJA KOTOPBIX HailleTcs Ta-
Kolt Kopenb 7, uro z,(g),) cTabuausupyer Hepsblii croaber, Hpuuem
T—v¢& A ud—5 €A Takoid KopeHb ¥ JIErKO HAATU AJA KamK IO
mapsl BecoB. MBI MoskeM B3ATHL moutn 060 ¥ € ®; co cpoiicTBOM
77—~ ¢ A. Jlas Takoro 4 mepBbIid crosaberr g~

/ / _ .
91122211 /\91224321 \ 0;
1 ’ 2 ’
! ! 0 ! ! 0
- ) - )
91123211 /\91122211 N 91122211 )\g 1123221
1 ’ 1 ’ 1 ’ 1 ’
/ / / / )
J1011111 /\91223321 N 0, gio11111 )\g 1234321 | = 0;
o 2 0o’ 2
/ / / /
91223211 /\91112221 N 0, 1111111 )\g 1224321 | = 0,
2 ’ 1 ’ 1 ’ 2 ’
/ / .
d1112111  G1293321 . = 0;
1 7 5 N
/ / .
91123211 /\91111111 N 0;
1 ’ 1 ’
/ / 0 / / 0
- ) - )
91123211 /\91112221 N J1011111 )\g 1224321
1 ’ 1 ’ 0 ’ 2 ’
/ / / / )
91111111 , 91123211 . = 05 9112111 F1122011 , = 0;
A A A A
1 ’ 1 ’ 1 ’ 1 ’
/ / .
d1112111  G1123321 . = 0;
1 A 1 A
/ / _ 0
J1112111 /\91122211 e
1 ’ 1 ’
! ! 0 ! ! 0
91223211 /\91011111 e J1111111 /\91123321 e
2 ’ 0 ’ 1 ’ 1 ’
/ / .
J1111111 /\91123221 \ 0;
1 ’ 1 ’
/ / 0
J1011111 , 91223221 , = U5
0 A 2 A
! ! 0
91122211 91112221, = U.
) )
1 A 1 A
o6pa3zoM, Mbl JIOKa3aji, YTO g;Mg;/\ = 0 mgasa BCsAKo-

A —pu € ®;. UrobEl paccMoTpeTh OCTAJbHBIC CJyYaH,
3aMeTUTh, YTO MBI MOTJW 3aMEHUTH & B BBIpaKeHUU
-1 _ -1 ! ! ! —
(J:W(f)g Jix = 0. HA gy M oboro p. Ecom g ,97 = 0 ana
BCEX BeCOB p € A, To yMHOKeHUE HA xw(giﬁ\) cTabunu3npyeT mepBhIid

1

aBTOMATUYECKUA CTabu-
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JU3UPYETCA B CUIY AOKA3aHHBIX B MPEIBLAYIEM TYyHKTE ypaBHEHUT.
Hy:kHo nuiib mpociieuTh 3a TeM, YTOOBI Bec p — 4 ObII OTIUYEH OT
122111 |, 112211

1 1

e Tak, MbI HOKa3aJju, UYTO g:Mg;/A = 0 aus Bcex p,v € A. Unbivn
ciioBamu, eciiut A — umean B R, TOPOXKASHHBIA 9JIeMeHTAMU g;M,
p# A 10 A2 = 0. KpoMe Toro, peayKImsa mo Moayaio A mokasbiBaer,
qro u g, € A nua Bcex p # A

Ocrasnoch paccMoTpeTb KomMmyTaTop z = [¢,2,(1)], & € ®,. Croa-
Ger v = xa(l)g;\l OTIMYAETCA OT g;)\1 TOJIBKO TEM, UTO ¥; = ¢}, —|—gLM
BCe OCTaJIbHBIE DJIEMEHTHI COBIALAIOT. DTO 3HAUUT, YTO gar:g*}\1 mpo-
O PIMOHAJNEH 6a3UCHOMY CTOIGIY v, U z IeXUT B napaboaudeckoii
moarpytmme tuna P;. Teneps nmubo z HemeHTpaIeH, U MBI MOYKEM BOC-
moab3oBaThcA parabolic reduction, anbo z neHTpadieH, HO ToTaa IO
MOIXOAAMIEMY aHAJOTy TpeANoKeHnA | Tpeaplayimero maparpada
caM ¢ JIEKUT B cOBCTBEHHON MapaboiMdecKoi MOoArpyIIe, U MBI CHO-
Ba MOMKEM BOCIIOIb30BaThcsA parabolic reduction. B kaskzom mu3 sTux
ciyyaeB H comep:KUT HETPUBUAILHBI KOPHEBOUW YHUIIOTEHT.

C ydeToM »TOll HOBOI oCHOBHOU jeMMbl /lokasarenbcTtBo n3z Kuu-
ru ansa caydas F, 3akaHuMBaeTcA TOUHO Tak >Ke, KakK ANA Clydad
E;.

§9. CPABHEHUE JIOKA3ATEJBCTBA U3
KHUTY C PA3BJTOKEHUEM YHUIIOTEHTOB

OTMeTUM HECKOIBKO MPUHIMINAIILHBIX MOMEHTOB.
e OHO ommpaeTcsa JUMb Ha Biroxenusa A, C I, E. E..

e Kak u pasiomeHne YHUITOTEHTOB, OHO HE OMUPAETCA HA PE3yilh-
TaThl B pasMepHocTr 0, B TOM YHCJIE ¥ OTHOCAIMECH K CIYydalo MOJIA.
B nmeficTBUTENBHOCTH, HAIIM J0KA3aTEIhCTBA AT, 8 %ACIMHOCIMY,
HOBOE JOKa3aTelbcTBa TeopeMbl npoctoThl lesanmne [18], [35] mns
tunos F,, E; n E..

e Kak u pasiomeHne YHUITOTEHTOB, OHO HE OMUPAETCA HA PE3yilh-
rarbl AGe u Cyasyku [22], [27] o dakTopusanuu 1Mo paidkady.

e B o1amune o1 pasiokeHUA YHUIIOTEHTOB, B HEM He UCIIONb3yeTCA
Hukakofl MHGOPMAIMKM O CTPYKTYPHBIX KOHCTaHTaX JeHCTBUA.

e B oTnnume oT pasioKeHWA YHUIIOTEHTOB, B HEM He KCIIOJb3Y-

eTcA HU MHQopMaluA o 3HaKaX, HM ABHasA dopMa ypaBHEHUI Ha op-
6uTy BeKTOpa cTapliero Beca. B MefCTBUTEIBHOCTH, eJUHCMEcHH AT
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CCHIJIKA Ha ypaBHEHWsA IPOUCXOIUT B cilenyiolneil dpopme: B m06oM
sieMeHTe ¥ anrebpol Jlu Ty, = 0 mmsa Tex BecoB A # i, PasHOCTH
KOTOPBIX He ABJACTCA KOPHEM.

® D10 JAOKAa3aTEJbBCTBO OTBEHAECT CYIIECTBY 3a a4 1 MOKET CJIIy-
HENUTb o6pa3u0M JIJIs1 MHOYKeCTBA AaIbHERIMX O606LL[€HI/II7L

e Ono oroHUaTENLHO CTHUPpaeT pa3Juure MexAY KJIJACCUYECCKUMU U
VCKJIIOUUTEJIBbHBIMUA CJAYYAAMN U ITIOKA3BIBAET S(i)(i)eKTI/IBHOCTb pa6OTbI
C MaTpunnaMmn AJs1 NCKJIIYNTEIJbHBIX T'DYIIII.

CaMBIM CYIIECTBEHHBIM M3 BCETO IMEPEYUCTEHHOTO SABIAETCH, KO-
HEYHO, TO, UTO 5TO — A,-NOKA3aTeJILCTBO.

OnHako Bce CKa3aHHOE BEHINNIE COBEPINEHHO HE O3HAYAET, YTO pa3-
JIOKEHNE YHUITOTEHTOB NOANOCMbI0 TIPEB30MAEHO OMMMCAHHBIM B HACTO-
aAmer pabote JokazaTenbctBoMm n3 kaurn. M BoT movemy:

e Bo MHOTMX BamKHBIX ciaydadx (HApuUMep, HJIA MUKPOBECOBBIX
NpeACTaBIEHWA) pa3JloKeHne YHUTIOTEHTOB JaeT A8HbLE NOAUHOMU-
anpnbie HOpMYABL, BHIPAKAIONIME TPOU3BOIBHBIA DIEMEHT KOPHEBOTO
Trna Kak npoussenenne dim(V(@,)) sieMeHTOB KOPHEBOTO THIIA, Jle-

HallMX B MaKCUMaJbHOI napaboindeckoit moarpynmne tuna P;.

Kak xoporto usBectHo, a formula is a formula is a formula. I1pumernn-
MOCTh MOJMOGHBIX ABHBIX GOPMYJI 20pazdo TMUpe, YeM OMUCAHUE Da3-
JUYHBIX KJaccoB noarpymnn. Hamnpumep, B paborax [54], [58] s1m
GOPMYITBEI UCTOMB3YIOTCA AJNA MONYUEHUA ABHBIX TOTUHOMMUAIBHEIX
OTIEHOK JUIMHBI KOMMYTAaTOpa B 9JIEMEHTAPHBIX 06pa3yIonux.

§ 10. WHAT NEXT?

Mgu1 cumTaeMm, UTO M3IOKeHHLIE B HACTOAIeR paboTe HOBBHIE NO-
Ka3aTedbCTBA CTPYKTYPHBIX T€OPEM OTPasKaloT €CJiM He HOBBI ypo-
BeHb IMOHMMAHUA, TO, no kpatineti Mepe, HOBBIII YPOBEHb HAIETr'0 TeX-
HUYeCKOT0 KOHTPOJIA HAJ MOBeAeHNEM MCKIIOUNTENbLHBIX TpYyIn. MbI
YBepeHbl, YTO KCIMOJIL30BaHMEe dTUX COOOpakeHWI B MOMOJHEHUE K
y3Eke mMelolleficas TeXHMKe MO3BOJUT MOJJHOCTHIO IepeHeCcTH Ha HC-
KJIIOUNTEeJIbHBIE TPYIIBI 8ce Pe3YyJbTaThl, OTHOCAIIMECH K Kiaccuue-
CKMM TI'pYIIIaM, IPUTOM C TEeMU e OIleHKaMU Ha PaHr'W, AJIWHBI U T..1.
O1MeTuM B 3aKIIOUEeHME HECKOJBKO 3a7adv, KOTODPhIE y:Ke OBIIU pe-
TIeHbl HAMU C UCIMOIb30BaHUEM aHAJTOTHUYHBIX COobpaskeHUil, U Hepe-
MMeHHBIX 33134, K KOTOPBIM MBI cobupaeMca BepHYThCA B bamskaiiiiiee
BpeM.
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1. A;-mokasateasctBo mia B u E,. C Toukm 3penus aarebpande-
ckoit K-teopum paccmarTpuBaemasd B HacTosAllel pabore 3amava 06
ONMCAHWUN HOPMAJbLHBIX AejUTellell, — To 3ana4da Ha yposHe K. Ona
MMOKa3bIBAET YPOBEHD HAIET0 KOHTPOJIA HAM BIEMEHTADHBIMU 06pPazy-
wuumu x, (&) rpynnet Mlepanine G(®, R). AHAIOTUYHON Konkpemu ol
3azadveil Ha ypoBHe K., pellenre KoTopoit oTpaskao 66l ypoBeHb Ha-
IIIEr0 KOHTPOJIA HAM COOMHOUERUTMYU MEKITY DIEMEHTAPHBIMU 06 pa-
3YIOMMMU, ABJIAETCA BOMPOC O MEHTPAIBHOCTH PACIIUDEHUA

St(®, R) — G(®, R),

WM, KaK NPUHATO TOBOPHUTH, Bonpoc o HeHTpansHoctu K, (P, R). Ilo-
cie my6mukarmy [10] mepBBIA aBTOp 3aMeTHI, YTo AJA ciy4daeB Eg
u E, npuBeneHHOe TaM IOKa3aTelbCTBO MOYKHO MOAU(PUIMDPOBATE C
TeM, UTOOBI HAWTW JOCTATOYHO BJEMEHTOB KODHEBOTO THUIIA, JIEHKA-
IMUX B 9JIEMEHTAPHBIX HOATpyHmax Ttuna Ag, odnogpemenno crabu-
JU3UPYIONUX Jad CTONGIA MATPUIL TPYIIT 9TUX TUIOB B MUHUMAJIhb-
HBIX TIPEACTABIEHNAX. DTO MO3BOIAET MOMACTH HE B MaKCUMAJBHBIE,
a B cybMakcuMadibHbIe Tapabonuyeckue moArpymnmnsl! Hamomuamm, uro
®TO POBHO TO, YTO HAM HYKHO, UTOOBI yCIEITHO UMUTUPOBATL s
BTUX CJIyYaeB 3aMevdaTebHOE J0Ka3aTeIbCTBO BaH nep Kannena, us-
BecTHOe Kak another presentation [46]. B »ToM mMoKa3aTelhCcTBE BBO-
aaTcsa MoauduimpoBantas rpynmna Creiinbepra S~t(<I>, R), mocTpoen-
Hasf MO eceM — a He TOJBKO »JIEeMeHTapHBIM! — YHUMOTEHTaAM KOp-
HEBOTO THUITA, W M3TOTABIUBAETCA MOJetb DTOU TPYIIBI B 0BBIUHOM
rpymie Creiinbepra St(®, R). Tak BoT, AiA MOCTpoeHUA 06Pa30B
OTAENBHEIX o6pasyrommx Tpynnbl St(®, R) A0CTaTouHO yMeTh II0-
magaTh B Kakue-mo mapaboiMmyecKre MOATPYIIEI, HO BOT IPOBEPKA
KOPPEKTHOCTH U COTITACOBAHHOCTHY BTUX OTIpeeeHri TpebyeT 60ib-
el crenenn cBo6oabl. IMeHHO TT0DTOMY HA A KOMMY TATUBHBIM KO JIh-
oM R HOPMAaJIbHOCTh aiieMeHTapHOH moarpymnnel E(n, R) B GL(n, R)
IOoKa3aHa mpu JI060M n > 3, HO BOT IEHTPAJNBbHOCTH PACIINDEHUA
St(n, R) — FE(n, R) norasana Toibko mpu n > 4. XoTA KOHIENTY-
allbHO OAX0Jl BaH Aep Kananena abcosfoTHO TIpo3padveH, ero (ak-
TUYECKad PeajiM3aliva I UCKIIOUYATENbHBIX TPYIN CBA3aHa C MPo-
BeJleHUEM y:Kacalomux Bolumcienuii. OaHaxo i ciaydaes Eg u E;
MEPBBIA aBTOP HaleeTCs 3aBEPIIATH BCE OCHOBHEBIE TPOBEPKU B OIIH-
xalimree BpeMmsa. OTMeTVM, YTO AJA KIACCUYECKUX TPYINT B KOHTEK-
cre pabornl [34] — u, TeM cambiM, B yacTHOCTH, i rpynn [Tesadine
tunoB C; m D; — peanmsanmsa aHaJorndHONW IporpaMMbl 6blma 065b-
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sapiena DuToHM Bakom m Tawr ['yomwarom 8 ser maszan. Oapnako,
VMEHHO B CHUJY YYIOBUIIHOIO pa3Mepa, AeTAJW A0Ka3aTeIbCTB BCE
elle He oIy 5 IMKOBAHHI.

B 10 ke Bpems npuBenenHoe B § 8 mOKa3aTeNBCTBO MPOXOAUT HA
npezeiie 4eJOBEUYECKUX CUJ M HE OCTaBJIAET HUKAKOW CBOOOABI 1A
crabunmsaimu BTOPOTO CTONOIAa. ABTOPHI He BUIAT, KaK JM0KA3aTh
terTpaibHocTh Ky (F,, R) Ha »ToM myTw.

2. Cayuau Eg. Creanyromas 3a/jaua IpeacTaBideTca HaM Hauboiee
aKTYyaJbHOM, U MBI cobUpaeMcsA BEpHYTHLCA K Hell B caMoe Gamkaiiliee
BpeM.

IIpobaema 1. lposecmu A,-dokazameavcmeo das epynn [llesaane
munoe Eg.

Orauune cayvas Eg oT ciydaeB, pacCMOTDEHHBIX B HacCTOAMIEH
paboTe, cocTouT B ToM, 4To y camoii rpymmsl G(Eg, R) HeT MUKpoO-
BECOBBIX MPEACTABIEHUA, U OHA He ABJAETCA CKPYUMBAHUEM KaKOM-
6o TPYIIILI, UMEIOIel Takue peacTaBienns. CaMoe eCTeCTBEHHOE
npescragienure 1ia Eg — oT0 248-MepHoe IpucoeAUHEHHOe IpeAcTa-
BiieHre. B sToM caydae B KODHEBOM BJIIEMEHTE KPOME CJIaraeMoro u3
camoii anrebper Jlu moABIAeTCA elle kaadpamuynoe ciaraemMoe, Ko-
TOpO€e He T03BOJAeT GYKBAJIBHO MOBTOPUTH JOKA3aTETbCTBO HAIEH
OoCHOBHOM jJeMMEI. Tem He MeHee, KODHEBOUW BJEMEHT BCe €Ille UMeEET
HACTOJBKO CIIEIMAJNBHBIA BU/, 9TO, KaAK HAM KarKeTCHA, CIErKa U3Bep-
HYBIIIACH, YAACTCA MPOBECTHU AaHAJIOTMYHOEe paccyskiaenne. C TOUKH
3peHnsa GOJBINMMHCTBA PeaJbHBIX MPUIOKEHUA COBEDIIEHHO He 00-
3aTeJIbHO Jaxke, YTOOEI ®T0 OBIIO MMeHHO A,-nokaszaTejbcTBo. OHO
MOKeT MCII0JIb30BaTh dJIeMEHTH KOpHeBoTo ThMa B A5, A, 1 BoobIIe B
mo6oit HempuBo IMMO# ToAcucTeMe, kpoMe A, Dy 1 E-. Ecmm He ynn-
paTbCA B 9JIEMEHTHI U3 A,, TO MOKHO UCIIO/Ib30BaTh B TAKOM JOKa3a-
TedbcTBe GoJblie pparMeHTHl BhIUMcIeHni n3 Dy-nokasaTenbcIBa,
ommcanHoro B § 6, HO, pasymeercs, cTabuUAM3UpPOBATHL IPU DTOM HE
ITPOM3BOJILHBIE CUHTYJIAPHBIE CTOJOIIBI, & TONBKO CTOJBOIBI KOPHEBOTO
VHUIIOTEHTA, YI0BIETBOPAIOIINE IPOCTHIM AOOJTHUTENLHBIM Y PaBHE-
HUAM!

3. Honrpyuns! Hepacmwenumebix rpyan. OTMeTHUM ellle OAHY Ypes-
BBIYAMHO MHTEPECHYIO 33/1aUy B TaKOM JAyXe, pellleHue KoTopo# npen-
cTaBidgeTcA HaM Gojlee YeM peaJbHBIM C MCIIOJIbL30BAHMEM METOIOB
HaACTOAIEN paboTHI.
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Ipobaema 2. Jlokazams cmandapmuoe ONUCAHUE HOPMAALHBLL NOO-
epynn e cxpyenuns gopmaz epynn munoe Eg u E. nad npouseossnvim
KOMMYMAMUEHBM KOabYoM R, 8 npednosoxncenuu, wmo onu codepucam
pacuenumyio nodzpynny muna A,.

OcHoBHOU npuHIAT TEOPUU BO3MYIIEHUN cocTouT TOM, UTO I
TOT0, YTOOHI YBUIETh Pa3nWunMe ABYX Belllell, COBMAIAIONINX 10 CIY-
JafiHolt mpuurHe, HY>KHO BBECTHU JOTIOJTHUATEIbHOE HANIpAKeHNe. Y TO-
6Ll MOJIHOCTLIO 0CO3HATHL MpenMyllecTBa JlokaszaTeabcTBa U3 KHM-
I'M nepes pa3josKeHWEM YHUIIOTEHTOB, KaK pa3 M HYKHO BBECTH Ta-
Koe JOIOJHUTeJIbHOE TeXHMYeCKoe HAaNpsiKeHMe B (opMe Iepexona
OT PACHIeNUMBIX IPYII K W30TPONHBIM. [Kak Mbl Bugeau B §§ 5 u 6,
JUIA UCKIIIOUUTEJbHBIX TUIIOB Pa3JiloykKeHWe YHUIIOTEHTOB 3aBUCUT OT
CyIIecTBOBAaHUA paCIleNMMBIX HOArpyHII Tuna A; uin D; MakcuMaJib-
HOT'O BO3MOKHOT'O paHra, u pabotaerT moapko ana rpynn lleanie.
B 10 e Bpewms, HorazaTenbcTBo u3 Kuuru paboraeT AadA BCeX TPYMII
panra > 2, B § 8 MBI yKe BUJIEIN 9TO HA IPUMEpPE T PYIIIThI 2E6. Orpa-
HUYeHWe PaHTOM > 2 MpeNCcTaBIAeTCA BIIOJHE Pa3yMHBIM. XOPOIIo
M3BECTHO, YTO:

e Onrcanre HOPMAJBHOTNO CTPOEHUA AHU30TPOIHBIX MDY ABJIA-
eTcA beznademcno TPyAHOW 3amaueil maxke B ciiydae, Korma R = K
moJie.

e OnricaHue HOPMAJBHOTO CTPOEHUA IPYI paHra | ABAdeTCA bes-
nadexmcro TPYITHOU 3aadveiil gaske B ciyuvae Kojblla R = 7.

ITosToMy mpeamosokene, YTO PAHT > 2, OTBeYaeT CYIECTBY 3a-
mgagu. DTo Kak pa3 TOT Ciydail, KorJa HAIld BO3MOMKHOCTH COBIALa-
I0T C IPUPOJIOA Bellleid.

4. Iloarpynmpl, conep:Kaliyue HCKIIOUNTEJILHYI0 rpynny. /[lis
KJIaCCUYeCKUX I'PYII BOIIPOC, aHAJOTUMYHBIN cileqyIolei 3a1aue, pe-
IleH B IWKJIe HeAaBHUX paboT mepBoro aBTopa m BukTopa IleTpoBa.

IIpo6aema 3. Onucams caedywuue Kaacct nodepynn:

o nodepynnn ¢ GL(27, R), nopmaausyemuie E(Es, R);

e nodepynnu e Sp(56, R), nopmaausyemuie B(E-, R);

e nodepynnn & G(Eq, R), nopmarusyemeie E(F,, R).

B kauecTBe mepBoro mara MokHO GbII0 6Bl OIMCATH OATPYIIILL B
GOJIBIIEH IpyIIIe, colepsKalle MEHBINYIo. IlepBhle BaskHbIE Pe3ylb-

TaTHl B 9TOM HaIllpaBJieHUM TT0JydeHbI B pabore Asmercammpa Jlys-
rapesa [17]. Keratu, umenno sta pabora mobyauia Hac ocaabuthb
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[OCTAHOBKY 3ajauu BO BTopoM myHkTe, B [10] MbI npemsaranu orm-
carp Haarpynmsl B GL(56, R), comepsxamue E(E., R), HO, Kak BUIHO
u3 [17], a10 coBceM He npocras 3agava. Ckopee Bcero, Kak u B pabo-
Tax IepBoro aBTopa M IleTpoBa, JJA MOJHOTO pElIeHUA dTUX 3aJau
NPUIETCA UCIOIb30BaTh KOMOUHAIMIO METOI0B HaCTOAMeH paboThl
¥ JIOKaJIM3alMOHHBIX METOOB.

5. CybrOpMAaNbHBIC MOATPYIOEL. XOPOIIO M3BECTHO, UTO pelleHre
cileIyIoNIeli 3a 129l ABJIACTCA O0CHOBHBIM IIAaroM B OIMCAHUM Cy GHO p-
MaJIbHBIX moArpymm rpymner G(P, R).

IIpoGaema 4. Onucams nodzpynnu ¢ G(®, R), nopmarusyervie
E(®, R, A) dag nexomopozo udeasa A < R.

CraHaapTHBIA OTBET HA 9Ty 3a7a4y GOPMYJIUPYETCH CIenyIoNnmum
obpasom. asa moboit taroii moarpynner H cymectByeT ugean A < R
TaKOM, 4TO

E(®,R,A™I) < H < C(®, R, I)

nasa HerkoToporo m. Takoit mneanm I envHcTBeHEH C TOYHOCTHIO 0
HEKOTOPOI'0 €CTECTBEHHOTO OTHOIIEHUS sKBUBajeHTHocTH {,. Hanm-
6osiee BasKHBIA TeXHWYECKWII acCTeKT ®TOU 3aayud COCTOWUT B HAXO-
KIAECHUU HAUMEHbUWE20 BO3MOMKHOTO 1M TAKOTO, YTO ®TU BKIIOUEHUS
BBITTOJTHEHH /1A BeeX moarpynn H. MoskHo HaZeAThCA, UTO NoKa3a-
TeTbCTBA, ONMMCAHHLIE B HACTOAIMEN paboTe, MOMKHBEI AATh JyUIIUe
oleHEM naA rpymn tunos I, E; u E., 1ueMm Bce apyrue usBecTHHIE
CceroJiHA /I0Ka3aTelbCTBA.

6. Tloarpynmbl, comepskamme subsystem subgroup. Ilycts Te-
nmepb A C & — moacuctema KopHeir B ®. PaccMmorpum Bioskenue
G(A,R) < G(®, R). Pemmenue cienyioleii 3aaun 6b110 OB 060bIe-
HUEM Ha MCKIIOUMTETbHLIE TPYIEI O0JBIIOro IMKJIa paboT 3eHoHa
Bopesnua n Hurosnas BaBunosa o naarpymmax subsystem subgroups,
cm. [2], [6], [7] m manpreiimue cewinrm B [10], [66], [67].

IIpoGaema 5. Onucamb nodzpynnu 6 G(P, R), nopmarusyervie
E(A,R), & npednoaoxncenuu, wmo At = () u ace nenpusodumme xom-
nowenwmut A, kpome, 6sums Moxwcem, 00notl, umeiom panz 2.

B [67] MoskHO HaliTH yKa3aHWA OTHOCHUTENBHO TOTO, KaK BBHITJIAIAT
CTaHJapPTHBI OTBET Ha ®TY 3aJauvy.
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7. HanbEenmmue 3amadu. VMeeTcs MHOTO AadbHERIINX BaKHEIX 3a-
Jad Taknx, Kak omicaHune aproMopdusmon rpymn Hlesanne G(P, R),
KaK y»Ke DEIIeHHBIX, TaK U OTKPBITHIX, KOTOPhIE MOMKHO TPaKTOBATH
MeTOAaMU HACTOAINIER paboTh.
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