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Monck anckpetHoro norapudma

Cepreii Hukonenko
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@ /-metoae
o Beegenne. Ataka Ha rnagkue mogynu
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o A-metog lMNonnapga
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Baegenne. Ataxa Ha rnagkue mogynu
Anroputm Llenkca u p-metoa Monnapaa
A-metoa Monnapaa
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e Ha I'IpOLLIJ10ﬁ JIEKUMN Mbl Y3HaNW, KaK packnaablBaTb YNCAa Ha
MHOXUTENN.

o Tenepb nonpobyem pewaTts gpyryto bazosyto 3agauy
KpunTorpacbuu: SUCKPETHBIN norapndm.

Beeacnme. ATaka Ha rnagkne Moaynu
Anropurm Lllenkca n p-metos Monnapaa
A Monnapaa

/-meroap!

@ Ha npownoii nekunm Mbl y3Hanu, Kak packnafplBaTb 4MCia Ha
MHOXNTENN.

o Tenepb nonpobyem pewaTts gpyryto bazosyto 3agauy
KpunTorpacuu: ANCKPETHBINA Norapndm.

o [uckpetHbisi norapngpm: B uuknmnyeckoli rpynne G no g € G
u y € G HaiiTn Takoii x, 4To g¥ =y.

@ DTOT X ONpefensieTcsi C TOYHOCTbIO A0 MOPSIAKA g; ecnu
(g) = G, To norapudm onpegenén ¢ TouHocTbio fo |G| = n.
Mbi byaem cuutaTh, 4To (g) = G.
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Beeacnne. ATaka Ha rnagkne Moaynu
Anroputm Llenkca u p-meroa Monnapaa
A-metoa Monnap

/-meron

CnoxHocTb obuel 3agaqm

o VI3BeCTHO, 4TO €Can HE NONIb30BATLCA HMYEM, KPOME
rpynnoBsoli onepauumn 1 B3ATMS 0OPATHOro, TO HUYErO NyHLUE,
uem /n, He BygaeT: korga anroputm obpaulaercs 3a
Oﬂpe,qe}'léHHblMl/l yMHO)KeHVIHMI/I, MO>XHO Nno XOAy CTpouTb
rpynny Tak, 4To emy npuaércs obpawateca Q(,/p) pas, rae p
— Hanbonbmii npocToii genutens n [Shoup, 1997].

o Mbl cHauana paccCMOTPMM MeTofbl, AOCTUratoLMe 3TON uenu,
a noToMm nepeiigém k cneundnyeckn YNCNoBLIM METOAAM,
paboTatoLym He BO BCEX rpynnax.

TpuBunanbHbIli NOLXOA

o TpuBManbHLIf NoaxoA: BO3BOANTL g, 82, &°, ..., NOKa He
HAaTKHEMCS Ha Y.

o TpebyeT npumepHo 5 onepauuii, UMeeT CMbIC] TONLKO ANs
MasieHbKIX N.
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ATaka Ha rnagkue mMomyu

Baeaenne. Ataxa Ha rnagkue mogynu
Anroputm Llenkca u p-metoa Monnapaa
A-metoa Monnapaa

/-meTon

ATaka Ha rnagkine Moayaun

o MMyctb n = pflpé(z .. pf’.

@ 3amMeTnMm, YTO A4S KaXKAOro M3 3TUX P NOPSAOK dEMEHTA
g"/pk pasen pk, n nopsimok snemenTa y"/pk HEe NpeBoCXoanT
p*.

o Wnaye rosops, g”/”k nopoxaaet nogrpynny G nopsigka pX, a
y"/pk NeXUT B 3TOW noarpynne.

@ U ecnim mbl MOXxeMm HaiiTu norapucm B 3TON Noarpynne:
n/pk x! n/pk =
g =y , TO, C ApYroil CTOPOHbI,

X
(g"/Pk> :y"/pk, M TeM CaMbIM

!

x"'=x (mod p¥).

Breaenne. Ataka Ha rnagkue mMogynu
Anropurm Llenkca n p-metos Monnapaa
A-metoa Monnapaa

/-meroap!

o Torpa, ecin Mbl HaliféMm norapudMbl MO MOAYNAM MPOCThIX

4yncen
X1

(g"/Pfl = y"/pi(l’

kp \ X2 ko
n _ n
(g /Pa ) =y /P
: N
K\ XI Ky
n/ _ n/
(g Pr ) - .y Pr )
TO CMOXEM MO KWUTalCKOA Teopeme 06 OCTaTKaX BOCCTAaHOBUTb
X, NOTOMY 4TO

X = x (mod p{“),
X = x (mod péz),
_ . B ky
X = X (mod p;!).

Cepreii Hukonenko Mouck auckpeTHoro norapucsma Cepreii Hukonenko Momck auckpeTHoro norapudsma
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Ha r1agkne MoZyau

o OkasbiBaeTcsi, HaiiTu norapudm no mogynto pX ans
MaJieHbKOro MpoCTOro p Nerko, aake ecnm k bonbLuoe.

o Pasnoxum npegnonaraemsliii norapudm x’ no ocHosaHuio p:
1 _ 2 k
X =z0+ziptzp°+...+zp".

o Monoxum cHavana yo = y"?, go = g"/P. Mopsinok go He
bonble p, 3HauuT,

Yo=y"P =g""P = g5 =g

@ Tem cambIiM Mbl HawM zg. Tenepb MOXHO €ro Bbl4eCTb,
—z0\n/P?
noONOXNTL y1 = (yg0 Z") - npofoIXKaTh.
o B nTore Haiigém norapucbm no mogynio pk 3a k nomckos

norapudpma no mogynto p.

Beeacnne. ATaka Ha ragkne Moaynu
Anroputm Llenkca n p-meros Monnapaa
A-metoa Monnapaa

/-meroap!

Baby-step—Giant-step

ATaka Ha rnagkne moayaun

@ 3HauuT, rnagKue MOAYAMN UCMONb30BATh HENb3S.
@ HyxHo BbibupaTb Takue n, y KOTOpbIX €CTb BoNbLINE NPOCTbIE
Jenvtenu.

° J'||/|60, B KpaﬁHeM C/ly4ae, pa3NioXXeHNE N HEU3BECTHO, HO €CTb
NPNYUHbI NOJNAraTh, 4TO bonblumne NPpOCTbI€ AENNTENN €CThb.
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Baby-step—Giant-step

o Shanks, 1973: anroputm, paboTtatownii 3a O(+/n);
cTaHpapTHbIA time-space tradeoff.
Q 3annwewm x B BuAe x = im +j pnsa kakoro-to m. Torpa
y-lg™' =g _
Q TMpeasbruncaum g/ n bygem nepebupatb i, ymHoxas y Ha g'"

—m

1 NpoBepsisi, HET Jin ero cpean g’.
o Ecnm 3anucate gj B xew-Tabanuy, MOXHO CYMTaTb, YTO
npoBepKa Ha pPaBEHCTBO NMPOUCXOAUT B CPeJHEM 3a
KOHCTaHTHOE Bpems.

® Anroputm 3anuceiBaeT agBa maccusa. [lepsbiii (giant steps):
s={(igV)1i=0.[va]}.
@ Bropoii (baby steps):
T={(.y-&)1j=0.[vnl}.

o Kak Tonbko cnucku nepecekyTcs, norapum MoxHo bygert
HalTN Kak

loggy =i (\/ﬂ —J (mod n).

o OpgHako 3T0T anropnTm TpebyeT 3KCMOHEHUNaNbHO NamsTy.
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p-meton [Nonnapaa

Bsenenne. Ataxa Ha rnagkue mogynu
Anroputm Llenkca u p-meton Monnapaa
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p-metog [Nonnapaa

o Pollard, 1978. Cytb — «birthday paradox»: mbl BbIbUpaem
NCeBAOCAyYaliHyIO NOCIEAOBATENBHOCTD 31EMEHTOB B rpynne
n xaém yukna. Lnkn byaet B cpeaHem qepes O(+/n)
31EMEHTOB.

o Pa30b6bém rpynny Ha Tpu vactu (He nogrpynnel) Si, Sz, Ss.
Bygem Bbluncnsts

y-aj, ecm a; €Sy,
aj41 = a,?, ecnn a; € 52,

g-aj, ecamaj€ S;.
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Anroputm Proliga ans noncka LMK

o Ecnan B nocnepoBaTeNbHOCTN HANMAETCSA UNMKA, 3TO C BonbLLON
BEPOATHOCTBIO MPUBEAET K TOMY, HTO Mbl HAlAEM ONCKPETHBIA
norapucdm, NOTOMY HTO Mbl HalljéM COOTHOLUEHME BMAA
gayb — gcyd_

@ Ho, kasanocw bbl, BCE paBHO HafjoO XpaHUTb BCHO
nocsenoBaTesibHOCTb, N C NAMATHLIO N1y4yLle HEe CTAHOBUTCA.
Yto genats?

Brepenne. Ataxa Ha rnagkue mogynu
Anroputm Llenkca u p-metoa Monnapaa
A-metoa Monnapaa

/-meron

Anroputm bpenta

o Anroputm Pnoiiga, oH xe «tortoise-and-hare algorithms.

o Obuwias nocTaHOBKa: XOTUM HAlTW LUK B
nocnefosaTenbHocT aj 41 = f(a;).

o [lasalite bygem xpaHUTb BCEro ABa yKasaTens: U U V, NPUYEM
u; = a; (uepenaxa), a v; = ap; (3asu).

o Ecnn B nocnegosaTensHOCTW eCTb LUKA Nepuoaa r,
Ha4mHatowmiics ¢ nosuuun s (a; = aj4, AN [ > s), TO Ans
moboro [/ > s, gensauweroca Ha r, aj = ao;.

o T.e. Ham nNpugértcs uckatb He bonee 4em Ha AnuHY nepuopa
(T.e. npumepHoO BABOE) AoNbLUE.
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o [lpyroii anroputm Aas Toro »e camoro — anroputm bpenTa.

o Tenepb Yepenaxa oCTaHaBAMBAETCS Ha CTEMeHAX ABOIKMU, a
3asil, NpbIFAeT LWar 33 WaroM K CaefyroLwei cTenexn.
@ Tloka tortoise#hare:

@ ecnum i == pow, TO
tortoise := hare
pow =2 - pow
i=0

o hare= f(hare)

o +4i

o Lllaros B ntobom cnyyae He bonblue, Yem B anropuTme
@noiiga, HO KaxAblii War — 3TO OAHO BblYUCAeHUe f, a He
Tpu.

Beeacnne. Ar: rnagkme Moaynn
Anropurm Llle 1 p-metoa Monnapaa
A-metoa Monnapaa

/-meron

A-metop [Monnapaa

Panblue 6o 3aliubl v Yepenaxu, TENEPb — KEHTYpY.

A-metog Monnapga ewé HaswbiBaetcs «kangaroo method».

o [Mpeanonoxum, 4To Mbl 3Haem Hekuii uHTepsan [a, b, Ha
KOTOPOM JAOJIXKEH NeXaTb HEN3BECTHbIM Norapndm x.

o Kak 310 ucnonbsosats?

Cepreii Hukonenko Movck auckpeTHoro norapudma Cepreii Hukonenko Movck anckpeTHoro norapudma

A-meTog [Monnapaa

o Onpepenum xew-pyHkuymto h, gensuwyto G Ha r MHOXECTB
51,5,...,5: S5 = hfl(ln).

o [MocTaBum KaxxgoOMy MHOXECTBY B COOTBETCTBME PAcCTOSIHUE
di,do,...,d, n anuny npeixka g, g% ... g%

o Tenepb NyTb KeHrypy onpefensieTcsi Kak

nie;
Cit1 =Ci- gl
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A-metog [Monnapaa
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A-meton [Monnapga

Ham ByayT Hy>Hbl 4Ba KEHrYpy: AUKUI N PYYHOIA.

o PyuyHoli keHrypy Ha4HET npbiraT U3 Kakoii-HMbyab ToukM
atb
BHYTPU nHTepBana [a, b], Hanpumep, g = .

o OpHako, cymmupyst dj, Mbl MOXXeM XpaHuTb obiiee
NpoiieHHOE PacCTosiHME st ODOUX KEHTypY.
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/-meroap!

P- n A-meTogpl

o [lnkunii KeHrypy Ha4HET NpbiraTb U3 HEM3BECTHON TOUKM .

o Korga py4HOl n AVKWAN KEHTypy BCTPETSTCS, MPUHEM pyYHOI
npoiiaéT K TOMy BPEMEHU PacCTosiHue t, a ANKNin —
pacCTosiHMe W, Y HaC NONy4YUTCs, YTO

atbh X _w _a+b
T2

gz g =g"g" nx

+t—w.

o [lepeceyeHne MOXXHO HaliTW, Hanpumep, XpaHsi TOJIbKO
t1,to, ta, tg,... N w1, Wo, wg, Wg, ..., MOTOMY 4TO nocne
nepeceyeHunsa NyTn KEHrypy COWAyTCs HaBcerna.

o B pesynbrate (be3 gokasatenbcTsa) OXuUAAEMOE Bpemst
paboTbl nonyyaerca O(vb — a).

Brepenne. Ataxa Ha rnagkue mogynu
Anroputm Llenkca u p-metoa Monnapaa
A-metoa Monnapaa

/-meron

P- 1 A-meToap!

o lNouemy p- n A\-mMeToabl Ha3BaHbl 3TUMMN bykBamu?
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Beegenmne. OcHoBHas naes
Ha rNajkocTb OAHOro 4Yucna

Anropntmbi index calculus: nepsas chasa . ! o
Ha rnapKocTs MHOrMX uncen

Outline

o MMoyemy p- u A-mMeToAbl Ha3BaHbl 3TUMMN bykBamMun?

o lMoTomy 4TO TO, 4TO NPONCXOAUT B aNrOPUTMAax, NOXOXKE Ha
3TN ByKBbI:
© P-METOA CTPOUT MOCNeAOBaATENLHOCTL NEMEHTOB, KOTOpas B
KaKOW-TO MOMEHT BO3BPALLAETCS K OZHOMY U3
NPOMEXXyTOUHbBIX 3HAYeHWiA, CO3AaBas LUKN;
o A-MeTop CTPOMT ABE MOC/IEAOBATEILHOCTY 31EMEHTOB,
KOTOpbIE B KaKOW-TO MOMEHT C/INBAKOTCS 1 3aTEM coBnagatoT.

Beeaenue. OcHosHan uges
Mposepka Ha rnaaKkocTs oaHoro uncna

Anropntmbi index calculus: nepsas chaza epxa na . o
Mposepka Ha cTh mHOrUX Yucen

© Anroputmbl index calculus: nepsas dasa
o Beepenune. OcHoeHas uges
o [poBepka Ha rNagKoCTb OAHOrO YMCAa
@ [poBepka Ha rNagKOCTb MHOMUX Yucen

Cepreii Hukonenko Monck auckpeTHoro norapudma Cepreii Hukonenko Movck anckpeTHoro norapudma

Ot 0bwwx rpynn K YacTHbIM Cay4asm

@ ANropuTMOB JlyHLLE, YEM BbILLIEOMNMCAHHbIE JOBOJIBHO MPOCTbIE
coobpaxeHus, ans obwmx rpynn He M3BECTHO.

o OpHaKo MOXHO cienaTh NyyLle npu JONOJHUTENbHBIX
NPefnoNOXKEHNSIX Ha CTPYKTYpY Fpynmbi.

o OHn BbINONHAOTCA, B HaCTHOCTU, B rpynnax 4ucen Zp.




Breaenue. OcrosHan uges
Mposepka Ha F1aaKoCTL OAHOrO “UCna

Anropntmbi index calculus: nepsas chasa 2 ELETS
Mposepka Ha rnaaKkocTs MHOrMX uncen

Ot 0bwnx rpynn K 4acTHbIM Cay4asim

Bseaenne. Ocrosnan uges
Mposepka Ha r1aaKocTs OAHOro “ucna

Anropntmbi index calculus: nepsas chaza : o e o
Mposepka Ha rnaaKkocTs MHorMX “ncen

Obwas nges index calculus

o [pesnonoxeHns npocTblie: MOXKHO BbIbpaTh pasymHyto Hasy
dakTopusaumm pi, ..., Ps, 4151 KOTOPO MHOTME NEMEHTbI
bynyT nNpeacTaBAsTLCS B BUAE

_ ki ke k
r=ppy%...psc.

o [Insa yncen 3710 nerko: bepém npocTbie Ynucna, MeHbwmne B;
«MHOTMe» — 3TO B TOYHOCTU B-rnagkne anemeHThI.

o B panbHeiiwem bysem cuntaTh, 4TO Mbl paboTaem Hag Zp.

Breaenue. OcosHan uges
Mposepka Ha F1aaKOCTL OAHOrO “UCHa

Anropntmbi index calculus: nepsas chasa s e !
Mposepka Ha rnaaKkocTs MHOrMX uncen

Obwas nges index calculus

o Obwas naes: norapudM raagKoro sNeMeHTa MOXKHO
NpeaCTaBnTb Kak

logg r = ki logg p1+ ko logg po+... 4+ kslogg ps  (mod p—1).

o Ecan mbr 3naem log, r (Hanpumep, camm Buibupanu u u
Boluncnsnm r = g) n Habepém [OCTaTOMHO MHOFO TaKnx

COOTHOLLUEHU, Y HAaC MOAYHNTCA ANHEeHas cucTema Ha Iogg pi.

o E& moxHo pewnTs n Halitu log, pi, a 3aTem ¢ nx nomowsio
HaiiTu logg y.

Beeaenne. OcHosHan upes
Mposepka Ha rnagkocTs oaHoro uncna

Anropntmbi index calculus: nepsas chasa oBepka na ! 1
Mposepka Ha rnaaKkocTs MHOrMX uncen

o Anroputm index calculus o4eHb Noxox Ha anropuTm
chakTOpM3aLMM, NCMONBL3YIOWNI KBaAPaTUHHOE PELLETO.

@ Tak 4TO 3a04HO B KAKOM-TO CMbIC/IE 1 MOBTOPUM MPOLLITYHO
NeKymio.

@ Mbl 3HaeMm cBoiicTBa sorapudma, a UMEHHO

log, (ab)

log, (a°) = elog, a.

logg a + log, b,

Cepreii Hukonenko Mouck auckpeTHoro norapucsma Cepreii Hukonenko Mouck AvckpeTHoro norapudsma

Bsepenne. Ocrosnan uges
Mposepka Ha r1aaKocTh OAHOro HUcna

Anropntmbi index calculus: nepsas chaza 1D O CEr Lt o
Mposepka Ha rnaaKkocTs MHOrMX “ncen

Obwas nges index calculus

o Mtak, nonyuatotca Tpu hasbi.
© Haiitn gocrtaTo4Ho MHOro cooTHoweHwii Ha log, p;.
© Pewntb nnHeiinyto cucremy.
© Haiitu norapudm nHTepecyrowlero Hac y, 3Has norapudmsl p;.
o JluneiiHble cuctembl Byaem pelaTh Tak e, Kak B anroputme
chakTopuzauun.

@ A ocranbHble a3kl ceii4ac paccMOTPUM.

Cepreii Hukonenko Mowck auckpeTHoro norapudma Cepreii Hukonenko Movck anckpeTHoro norapudma

Beeaenue. OcHosHan ues
Mposepka Ha rnaaKkocTs oaHoro uncna

Anropntmbi index calculus: nepsas chaza D) OB e 1
Mposepka Ha rnaaKkocTs MHOrMX “ncen

[mapgkne 4ucna

o Ham HyxHO BbIOpaTb rpanuuy rnagkoctu B, a 3atem Haiitun
Ky4y cooTHoweHnii Ha log, p;, pi < B, npu nomowy rnagkiux

yucen u.
@ Vnaye rosopsi, Hy>KHO MPOBEPUTBL Ky4dy HMCEN HA MNAAKOCTb.

@ Mbl Ha4HEM C METOLOB NMPOBEPKM MHANBUAYAIbHBIX HMCEN Ha
rNaakocTb (TOXE NPUroanTcst), a NOTOM BCMOMHUM METOZ,
NONMHOMMNANBHOTO peLleTa.

Metog lMonnapaa

o Ecnu npocTo nposepsAtb Ha B-rnagkocTb nepebopom,
cnoxHocTb byget nopsigka O(7t(B)).

@ MoXHO BOCNONB30BATHCS METOAOM, OYEHb MOXOXKUM Ha
p-metog Monnapaa: onpeaesMM NoCNe[0BATENBHOCTE HUCES

+1 (mod n), rae n — nHTepecytowee HaC 4nUCno.

o [lo birthday paradox, oHa Ha4HET NOBTOPSATLCS B CPeAHEM
uepes O(+/n).

o Bonee Toro, ecnn y n ectb npocToii genuTenb g, TO B CpefHEM
uepe3 O(1/n) HauHET NOBTOPATHCA NOCNEAOBATENBHOCTL a;
(mod q).

Cepreii Hukonenko Movck auckpeTHoro norapudma Cepreii Hukonenko Monck amckpeTHoro norapudma




Breaenne. OcrosHan uges
Mposepka Ha FNaaKOCTL OAHOrO “UCHa

Anropntmbi index calculus: nepsas chasa D ) (BIErLe
Mposepka Ha rnaaKkocTs MHOrMX uncen

Meton lNonnapaa

Beegenne. Ochosnan nges
Mposepka Ha rnaaKocTs oAHOro “Ucna

Anropntmbi index calculus: nepsas chaza € a rmna 1
Mposepka Ha FnaaKkocTs MHOrMX “ncen

Anroputm JleHncTpsi

@ Mbl He 3HaeM @, HO MOXXEM MPOBEPSITb MPOCTO KaXAbIl pa3 a;
N azj, He JAéT nn

ged(n, az; — a;) wan ged(n, az; + a;)

yero-Hubyab nHTepecHoro. Mpu Takom nogxoae Mbl OXugaem
HaiiTu nenutens n 3a O(,/q), rae ¢ — HauMeHbLINI NPOCTOiA
nenuTens n.

@ 3HaunT, Ha rnagkocTh nposepuTh oxmugaem 3a O(v/B); ecnn
yepes O(v/B) waroe CoBnageHuii He HAZEHO, MOXHO NPOCTO
NPeAnoNOXNTb C BOMLLLOKA BEPOSATHOCTBIO, YTO HE r1aJKoe.
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Breaenne. OcrosHan uges
Mposepka Ha FN1aaKoCTL OAHOFO “UCHa

Anropntmbi index calculus: nepsas chasa s e "
Mposepka Ha rnaaKkocTs MHOrMX uncen

Anroputm JleHncTpei

o Mbi 3Haem adbpeKTMBHbBIE aNTOPUTMbI PA3JIOKEHUS HUCEN HA
MHOXUTENN.

@ V Hac bbinm anroputmbl, paboTatowme 3a spems L, [%,\/ﬂ "
naxe L, [%;1].

@ Ho HenoHATHO, Kak nx 060bwnTb Tak, 4TObLI OLEHKa
3aBucena ot pasmepa npocTbix genuteneii (ot B), a He oT n.

Bsenenne. Ocrosnan uges
Mposepka Ha rnaaKocTs oAHOro “Ucna

Anropntmbi index calculus: nepsas chaza D) OB G 1
Mposepka Ha rnaaKkocTs MHOrMX “ncen

Nrorn

o Anroputm Jlenctpei (ECM, elliptic curve method) aenaet kak
pa3 310. OH OCHOBaH Ha 3ANUNTUYECKUX KPUBbIX, U Mbl €ro
pa3bupaTs He Dygem.

@ BaxHo, uto paboraer oH 3a Bpems

o) (e (2+o(1))log Bloglog B (| n]z> — g [7\/5} )
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Beeaenne. OcHosHan upes
Mposepka Ha rnagkocTs oAHOro uncna

Anropntmbi index calculus: nepsas chasa
Mposepka Ha rnaaKkocTs MHOrMX uncen

@ lITak, y Hac ecTb ABa pa3yMHbIX NOAXOAA K NPOBepKe OZHOro
4YUCna Ha MIAaAKOCTh:
o metop Monnapaa nposepsiet Ha B-rnagkocts 3a O(v/B);
o ECM nposepsier Ha B-rnagkocTb 3a

Lg [%y\/ﬂ =0 (e\/(2+a(1))IogBIogIogB)l

Beeaenue. OcHosHan uaes
Mposepka Ha rnaaKkocTs oaHoro uncna

Anropntmbi index calculus: nepsas chaza
Mposepka Ha FnaaKocTs MHOrMX uncen

3apada

@ Ham HyxHO Ha nepBoii hase NOpoaUTb MHOTO COOTHOLUEHUI
BMAa

logg r = ki logg p1 + ko logg p2 + ... + ks logg ps,  pi < B.

@ [lns 3Toro Hy>KHO NpoBepuTb Maccy Yncen Ha B-rnagkocTsb.
BoobLue roeopsi, Mbl OMKHBI BEIGPaTh MHOTO CyYaliHbIX U, a
notom npoeeputs g¥ (mod p) Ha B-rnagkocTs.

Cepreii Hukonenko Movck auckpeTHoro norapudma

KBagpatniHoe pewweTo

@ Mol gnsi nogobHoli 3aga4um 3HaemM METOZ KBagpPaTUYHOrO
peleTa.
o PaccmoTpum nocnegosaTensHocTs @(x) = x2 — n ans
x=xp=[vn],x0+1,....
o Ecan n — ksagpat no mogynto p, 7o x> —n =0 (mod n) iff
x=aum b (mod p), rae a n b — KopHu U3 n no Mogyato p.
o Ecan n — ne kBagpat (mod p), To geanTbCa HUKOrga He
Oyper.
@ 3Ha4YuMT, MOXHO NPOCTO Tak e Bbl4épkneaTh Te Q(x), ans
KOTOPbIX X AENUTCA Ha @ unu b.
o Mpuyém 3TOT aNnropuTM MOXHO NPUMEHUTL K Ntobomy
MHoOrouneHy (Ham Hy>Hbl BysyT KBaApaTUHHbIE U JMHETHbIE).
@ CnoxHoCTb 3TOro anroputMma:
0 (T[(B}(l + log B)°™) + Nlog log B), rae N — konuyectso
NPOBEPSEMbIX YNCEN.
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Breaenne. OcrosHan uges Bseaenne. Ocrosnan uges
Mposepka Ha F1aaKOCTL OAHOMO “UCHa Mposepka Ha r1aaKocTh OAHOro “ucna

Anroputmbl index calculus: nepsas dasa
Mposepka Ha F1aaKOCTL MHOrUX “ncen Mposepxa Ha r1aaKoCTs MHOrMX “ucen

Anroputmbl index calculus: nepsas daza

[Mpobnema Pewerne

@ Paccmotpum H = [/p| n byaem paccmaTtpueate
nocnegosatensHoctb (H+ ¢ )(H+ ) ans manenbkux ¢ n .
o Torpa ans p; < B nony4atoTcs COOTHOLWEHUS BUAA

@ Ho ceiivac y Hac He BCE Tak npocTo. logg (H+c1)(H+c2) = ki logg p1+ ko logg p2+ ...+ ks log, ps.

o Ecnn Bbibupats u, To gY, KOTOpbIE HY>KHO NPOBEPSITH Ha o Ecm H2 = p+ J, 0

rNagkKoCTb, HE MOXOXWN HW Ha KaKoli MHOrO4YJIEH, U TaK npocTo

BCE HE nosy4nTCs. (H+a)(H+c)=J+(a+ce)H+ac (modp),

o Kak oboiitu 31y npobnemy? 1 TO NINHEHBIA MHOFOYIEH, K KOTOPOMY MOXHO NPUMEHUTH
pewweTo (ecaun B KaXKAbI KOHKPETHbI MOMEHT hUKCUpPOBaTh
€1 1 BapbupoBaThb Cy).

© Ho Begb Mbl no npexHemy e 3xaem log, (H + c1)(H + c2), n
otaenbhbix log, (H + c1) Toxe He 3Haem. :) Yem xe Ham
cTano nyywe?
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Breaenne. Ocrosnan uges Bsenerue 1nes
Mposepka Ha F1aAKOCTL OAHOFO “UCna Mposepxa 1 & oaHoro uucna
Mposepka Ha FMaaKoCTs MHOrUX “ncen Mposepxa Ha r1aaKoCTs MHOrMX “ucen

Anropntmbi index calculus: nepsas chasa Anropntmbi index calculus: nepsas chaza

Pewenne

Cnacubo 3a BHumaHue!

@ Ham cTano nydwe Tem, 4To Tenepb C OGHUMU N TEMM XE C1 1
- o Lecture notes n cnaligbl BygyT nosBAsTLCA Ha Moel
Cp MONYHAKOTCA CPa3y MHOrO COOTHOLEHMI!
homepage:
@ Msl npocto gobaensem log, (H + ¢;) Kak HOBble HeM3BeCTHbIe. . .
g http://logic.pdmi.ras.ru/~sergey/
@ Ho KonuyecTBo ypaBHeHU# pacTéT buicTpee, YeM KOAUYECTBO o o
o [Mpucbinaiite nobble 3aMedaHns, peLIEHNs YNpaXKHEHNA,

HEN3BECTHbIX, U Ha MPaAKTUKE MONY4aeTCs, 4To Ans basbl B
HOBbI€ YNC/IEHHbIE MPUMEPbI 11 MpoYee Mo ajpecam:

HyXHO He bonbwe 47i(B) ypasHenui. sergey@logic.pdmi.ras.ru, snikolenko@gmail.com

@ A 3aTeM Mbl UX pewnM npu nomowm anroputma Bugemana, .
P P w P A o 3axoaute B KX Lsmartnik.

3a pewms 71(B)2.

o Bygem BapbupoBath 0 < ¢ < ¢ < C, C Bbibepem nozxe.
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