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Äçåòà ôóíêöèÿ Ðèìàíà

Ðÿä Äèðèõëå:

ζ(s) =
∞∑
n=1

n−s= 1−s + 2−s + 3−s + · · ·+ n−s + . . .

Ðÿä ñõîäèòñÿ ïðè for s > 1 è ðàñõîäèòñÿ ïðè s = 1

Ïðîèçâåäåíèå Ýéëåðà:

ζ(s) =
∏

p � ïðîñòîå

1

1− p−s

Äîêàçàòåëüñòâî.

∏
p � ïðîñòîå

1

1− p−s
=

∏
p � ïðîñòîå

(1 + p−s + p−2s + p−3s + . . . )



Basel Problem ( Pietro Mingoli, 1644)
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Äðóãîå äîêàçàòåëüñòâî

ctg(x)− 1
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= · · ·+ 1

x − (−2)π
+

1

x − (−1)π
+

1

x − π
+

1

x − 2π
. . .

=
2x

x2 − π2
+

2x

x2 − 4π2
+

2x

x2 − 9π2
. . .

= −2

x

∞∑
n=1

(
1 +

x2

n2π2
+

(
x2

n2π2

)2

+

(
x2

n2π2

)3

+ . . .

)

= −2ζ(2)

π2
x − 2ζ(4)

π4
x3 − 2ζ(6)

π6
x4 − . . .

ζ(2k) =
1

(2k)!

(
d2k

dx2k
(1− ctg(x))

∣∣∣∣
x=0

)
π2k



Äðóãèå çà÷åííèÿ ζ(s)

ζ(2) =
1

6
π2=

21

2!
B2π

2

ζ(4) =
1

90
π4= −23

4!
B4π

4

ζ(6) =
1

945
π6=

25

6!
B6π

6

ζ(8) =
1

9450
π8= −27

8!
B8π

8

ζ(10) =
691

638512875
π10=

29

10!
B10π

10

ζ(12) =
2

18243225
π12= −211

12!
B12π

12

ζ(14) =
3617

325641566250
π14=

213

14!
B14π

14



×èñëà Áåðíóëëè
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Åùå äðóãèå çíà÷åíèÿ ζ(s)

ζ(0) = 10 + 20 + 30 + · · · = 1 + 1 + 1 + . . . = −1

2

ζ(−1) = 11 + 21 + 31 + · · · = 1 + 2 + 3 + . . . = − 1

12

ζ(−2) = 12 + 22 + 32 + · · · = 1 + 4 + 9 + · · · = 0

ζ(−3) = 13 + 23 + 33 + · · · = 1 + 8 + 27 + . . . =
1

120



Ïî÷åìó òàêîå çíà÷åíèå ζ(0)

(1− 2 · 2−s)ζ(s) = (1− 2 · 2−s)(1−s + 2−s + 3−s + 4−s + . . . )

= 1−s + 2−s + 3−s + 4−s + . . .

− 2 · 2−s − 2 · 4−s − . . .

= 1−s − 2−s + 3−s − 4−s + . . .

(1− 2)ζ(0) = 1− 1 + 1− 1 + . . .= S

= 1− (1− 1 + 1− 1 + . . . )= 1− S

S = 1− S S =
1

2
ζ(0) = 1 + 1 + · · · = −1

2



Ïî÷åìó òàêèå çíà÷åíèÿ ζ(−1), ζ(−2), ζ(−3), . . .

(1− 2)ζ(0) = 1− 1 + 1− 1 + . . .

= lim
t→−0

(et − e2t + e3t − e4t + . . . )

= lim
t→−0

et

1 + et
=

1

2

(1− 2 · 2m)ζ(−m) = 1m − 2m + 3m − 4m + . . .

= lim
t→−0

dm

dtm
(et − e2t + e3t − e4t + . . . )

= lim
t→−0

dm

dtm
et

1 + et

ζ(−m) = − Bm+1

2m + 2

0 = ζ(−2) = ζ(−4) = ζ(−6) = . . .



Ôóíêöèîíàëüíîå óðàâíåíèå

ζ(−m) = − Bm+1

2m + 2
ζ(2k) = (−1)k+1

22k−1

(2k)!
B2kπ

2k

ζ(1− 2k) = (−1)k21−2kπ−2k(2k − 1)!ζ(2k)



Äçåòà ôóíêöèÿ Ðèìàíà

Ðÿä Äèðèõëå:

ζ(z) =
∞∑
n=1

n−z

Ïðîèçâåäåíèå Ýéëåðà:

ζ(z) =
∏

p � ïðîñòîå

1

1− p−z

Ðÿä è ïðîèçâåäåíèå ñõîäÿòñÿ ïðè for <(z) > 1.

Òî÷êà z = 1 ÿâëÿåòñÿ åäèíñòâåííûì ïîëþñîì ζ(z).

Òî÷êè z1 = −2, z2 = −4, . . . , zk = −2k , . . . ÿâëÿþòñÿ
òðèâèàëüíûìè íóëÿìè ζ(z).

ζ(1− z) = cos
(πz
2

)
21−zπ−zΓ(z)ζ(z)



Ðàñïðåäåëåíèå ïðîñòûõ ÷èñåë

π(x) = êîëè÷åñòâî ïðîñòûõ ÷èñåë, íå áîëüøèõ x

π(x) ≈ x

ln(x)

π(x)

x/ ln(x)
→x→∞ 1

π(x)− x

ln(x)
π(x)−

∫ x 1

ln(t)
dt



Ôóíêöèèÿ ×åáûøåâà θ(x)

π(x) =
∑
p ≤ x

p � ïðîñòîå

1 θ(x) =
∑
p ≤ x

p � ïðîñòîå

ln(p)

π(x) ≈ x

ln(x)
⇔ θ(x) ≈ x

π(x)−
∫ x 1

ln(t)
dt θ(x)− x



Ôóíêöèèÿ ×åáûøåâà ψ(x)

π(x) =
∑
p ≤ x

p � ïðîñòîå

1 ψ(x) =
∑
p ≤ x

p � ñòåïåíü

ïðîñòîãî

ln(p)

= ln(LCM(1, 2, ..., bxc))

π(x) ≈ x

ln(x)
⇔ ψ(x) ≈ x ψ(x)− x

Òåîðåìà (von Mangoldt [1895]).

ψ(x)− x = −
∑

ρ

xρ

ρ
+
∑
n

x−2n

2n
− ln(2π)



Ãèïîòåçà Ðèìàíà

Ãèïîòåçà Ðèìàíà (âåðñèÿ 1). Âñå íåòðèâèàëüíûå íóëè
ôóíêöèè ζ(z) ëåæàò íà êðèòè÷åñêîé ïðÿìîé <(z) = 1

2
.

Ãèïîòåçà Ðèìàíà (âåðñèÿ 2).

ψ(x)− x = O(
√
x ln(x)2)

Ãèïîòåçà Ðèìàíà (âåðñèÿ 3).

π(x)−
∫ x 1

ln(t)
dt = O(

√
x ln(x))



Ôóíêöèÿ Ðèìàíà ξ(z)

ζ(1− z) = cos
(πz
2

)
21−zπ−zΓ(z)ζ(z)

ξ(z) = π−
z

2 (z − 1)Γ(1 + z
2
)ζ(z).

ξ(1− z) = ξ(z)

Íóëÿìè ôóíêöèè ξ(z) ÿâëÿþòñÿ âñå òðèâèàëüíûå íóëè ôóíêöèè

ζ(z), è òîëüêî îíè.

ζ∗(z) = 2(z − 1)ζ(z) ζ∗(0) = 1

Ãèïîòåçà Ðèìàíà (âåðñèÿ 4). Òðèâèàëüíûå íóëè
z1 = −2, z2 = −4, . . . , zk = −2k , . . . ÿâëÿþòñÿ åäèíñòâåííûìè

íóëÿìè ôóíêöèè ζ∗(z), ëåæàùèìè â ïîëóïëîñêîñòè <(z) < 1

2
.



Çàìåíà ïåðåìåííîé

w =
z

1− z
z =

w

w + 1

z1 = −2, z2 = −4, . . . , zk = −2k , . . .

w1 =
z1

1− z1
= −2

3
, w2 =

z2

1− z2
= −4

5
, . . . ,wk =

zk

1− zk
= − 2k

2k + 1
, . . .

ζ̃(w) = ζ∗( w
w+1

)

Ãèïîòåçà Ðèìàíà (âåðñèÿ 5). Òðèâèàëüíûå íóëè
w1 = −2

3
,w2 = −4

5
, . . . ,wk = − 2k

2k+1
, . . . ÿâëÿþòñÿ

åäèíñòâåííûìè íóëÿìè ôóíêöèè ζ̃(w), ëåæàùèìè â îòêðûòîì

êðóãå |w | < 1.



Ïîäãèïîòåçû

RHk , k-ÿ ïîäãèïîòåçà Ðèìàíà (âåðñèÿ 1). Òðèâèàëüíûå
íóëè w1 = −2

3
,w2 = −4

5
, . . . ,wl = − 2k

2k+1
ÿâëÿþòñÿ

åäèíñòâåííûìè íóëÿìè ôóíêöèè ζ̃(w), ëåæàùèìè â çàìêíóòîì

êðóãå |w | < 2k+1

2k+2
.

Ãèïîòåçà Ðèìàíà (âåðñèÿ 6). Ïîäãèïîòåçà RHk âåðíà äëÿ

k = 1, 2, . . . :
RH⇔ RH1 &RH2 &RH3 . . .



Ïî÷åìó âåðíà ïîäãèïîòåçà RH1?

1/ζ̃(w) = 1 + τ1w + · · ·+ τmw
m + . . .

RH1 (âåðñèÿ 2). Ïðè n→∞

τn =
(
− 3

2

)n
(R1 + o(1))

äëÿ íåêîòîðîé íåíóëåâîé êîíñòàíòû R1.

ζ̃(w) = 1 + θ1w + · · ·+ θkw
k + . . .



Îïðåäåëèòåëè

L1,m =



θ1 1 0 . . . 0 0

θ2 θ1 1 . . . 0 0

θ3 θ2 θ1 . . . 0 0
...

...
...

. . .
...

...

θm−1 θm−2 θm−3 . . . θ1 1

θm θm−1 θm−2 . . . θ2 θ1


.

τm = (−1)m det(L1,m)

Ïîäãèïîòåçà RH1 (âåðñèÿ 3). Ïðè m→∞

det(L1,m) =
(
3

2

)m
(R1 + o(1))

äëÿ íåêîòîðîé íåíóëåâîé êîíñòàíòû R1.



Ñîáñòâåííûå ÷èñëà

det(L1,m) = λ1,m,1λ1,m,2 . . . λ1,m,m

ãäå λ1,m,1, λ1,m,2, . . . , λ1,m,m � ñîáñòâåííûå ÷èñëà ìàòðèöû L1,m

Ïîäãèïîòåçà RH1 (âåðñèÿ 3). Ïðè m→∞(
m∏

n=1

λ1,m,n

) 1

m

→ 3

2
.
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Ñì. Àíèìàöèÿ 1 (ôàéë zetalambda1.pdf)



Ïðåäïîëîæåíèå

Ïîìåñòèì âåñ 1

m
â êàæäóþ èç òî÷åê λ1,m,1, λ1,m,2, . . . , λ1,m,m è

îáîçíà÷èì ÷åðåç λ1,m ñîîòâåòñòâóþùóþ äèñêðåòíóþ ìåðó.

Òîãäà

I ñóùåñòâóåò ïðåäåëüíàÿ ìåðà λ1, ñîñðåäîòî÷åííàÿ íà

�ïðåäåëüíîì ëóêå� è �ïðåäåëüíîé ñòðåëå�

I
∫
log(w)dλ1 = log

(
3

2

)



Òîëüêî òðèâèàëüíûå íóëè

ζT(z) =
ζ∗(z)

2ξ(z)
=

π
z

2

Γ(1 + z
2
)

ζT(0) = 1

ζ̃T(w) = ζT

(
w

1+w

)
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Ïî÷åìó âåðíû ïîäãèïîòåçû RH2, RH3,. . . ?

ζ∗(z)∏k−1
n=1

(1− z
zn

)



Ïðèáëèæåíèÿ Pad�e

ζ̃(w) ≈
Pk,m(w)

Qk,m(w)
=

1 + pk,m,1w + · · ·+ pk,m,kw
k

1 + qk,m,kw + · · ·+ qk,m,mwm

= ζ̃(w) + O(wk+m+1)



Ïðèáëèæåíèÿ Pad�e � ñëó÷àé k = 1

ζ̃(w) ≈ P1,m(w)

Q1,m(w)
=

1 + p1,m,1w

1 + qk,m,kw + · · ·+ qk,m,mwm

p1,m,1 = −τm+1

τm

1/ζ̃(w) = 1 + τ1w + · · ·+ τmw
m + . . .

RH1 ⇒ p1,m,1 = −τm+1

τm
→ 3

2

RH1 ⇒ P1,m(w) → 1 + 3

2
w = 1− w

w1



Ïðèáëèæåíèÿ Pad�e � cëó÷àé ïðîèçâîëüíîãî k

ζ̃(w) ≈
Pk,m(w)

Qk,m(w)
=

1 + pk,m,1w + · · ·+ pk,m,kw
k

1 + qk,m,kw + · · ·+ qk,m,mwm

Ñëåäñòâèÿ òåîðåìû de Montessue [1902]:

RHk =⇒ Pk,m →
k∏

j=1

(
1− w

wj

)

RHk =⇒ pk,m,k →
k∏

j=1

(
− 1

wj

)
=

k∏
j=1

2j + 1

2j



Ñëàáûå ïîäãèïîòåçû

Ïîäãèïîòåçà RHw

k , îñëàáëåííûé âàðèàíò RHk (âåðñèÿ 1).
Ïðè m→∞

pk,m,k →
k∏

j=1

(
− 1

wj

)
=

k∏
j=1

2j + 1

2j

Ãèïîòåçà Ðèìàíà (âåðñèÿ 7). Ïîäãèïîòåçà RHwk âåðíà äëÿ

k = 1, 2, . . . :
RH⇔ RH

w

1 &RHw2 &RHw3 . . .



Íîâûå îïðåäåëèòåëè

Pk,m(z)

Qk,m(z)
=

1 + pk,m,1w + · · ·+ pk,m,kw
k

1 + qk,m,1w + · · ·+ qk,m,mwm
= ζ̃(w) + O(wk+m+1)

Òåîðåìà C. G. J. Jacobi [1846].

pk,m,k =
det(Lk,m+1)

det(Lk,m)

ãäå

Lk,m =


θk θk−1 . . . θk−m+1

θk+1 θk . . . θk−m+2

...
...

. . .
...

θk+m−1 θk+m−2 . . . θk


è θj = 0 ïðè j < 0



Íîâûå ñîáñòâåííûå ÷èñëà

det(Lk,m) = λk,m,1λk,m,2 . . . λk,m,m,

ãäå λk,m,1, λk,m,2, . . . , λk,m,m � ñîáñòâåííûå ÷èñëà ìàòðèöû Lk,m

Ïîäãèïîòåçà RHw

k (âåðñèÿ 3). Ïðè m→∞(
m∏

n=1

λk,m,n

) 1

m

→
k∏

j=1

2j + 1

2j
.
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Íîâûå ìàòðèöû

Lk,m =


θk θk−1 . . . θk−m+1

θk+1 θk . . . θk−m+2

...
...

. . .
...

θk+m−1 θk+m−2 . . . θk



Mk,m = −(−1)
(m+1)(m+2)

2


θk+m−1 θk+m−2 . . . θk
θk+m−2 θk+m−3 . . . θk−1

...
...

. . .
...

θk θk−1 . . . θk−m+1


det(Lk,m) = det(Mk,m)

µk,m,1, µk,m,2, . . . , µk,m,m � ñîáñòâåííûå ÷èñëà ìàòðèöû Mk,m
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Figure: k = 1, m = 1, . . . , 256.



Ñì. Àíèìàöèÿ 8 (ôàéë zetamu2.pdf)



Figure: k = 2, m = 1, . . . , 256.



Ñì. Àíèìàöèÿ 9 (ôàéë zetamu3.pdf)



Figure: k = 3, m = 1, . . . , 256.
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Figure: k = 4, m = 1, . . . , 256.
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Figure: k = 5, m = 1, . . . , 256.



Ñì. Àíèìàöèÿ 12 (ôàéë zetamu6.pdf)



Figure: k = 6, m = 1, . . . , 256.



Ðàñïðåäåëåíèÿ

Ïîìåñòèì â êàæäóþ òî÷êó ln(|µk,m,n|) âåñ 1

m
, è îáîçíà÷èì

÷åðåç Fk,m(x) ñîîòâåòñòâóþùóþ ôóíêöèþ ðàñïðåäåëåíèÿ.

Ïîäãèïîòåçà RHw

k (âåðñèÿ 4). Ïðè m→∞

∫ +∞

−∞
xdFk,m(x) → ln

 k∏
j=1

2j + 1

2j

 .
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