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Information for speakers

Our expectations. We like understandable talks. In any case we prefer to
hear and understand a small amount of information than to hear a large
number of incomprehensible information. We feel good about the fact that
we are reminded of all the definitions. We do not treat the talk as a
formality.

We prefer to learn about proofs. It is much more important for us to
understand the ideas of the proof than to understand the technical details.

We do not like very fast presentations. It is important that the audience
would have the opportunity to ask questions before the topic changes
cardinally.
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First guess, then prove.
George Pdlya
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[3eTa-pyHkuna Pumana
(s)=1"°"4+2"° 4+ -+ k°+...

Itot pag [upuxne cxoputes B nonynnockoctu Re(s) > 1, Ho
onpeaenseMas UM yHKLUS MOXKET BbITb aHANMTUYECKM MPOAOKEHA Ha
BCIO KOMMJIEKCHYHO MOCKOCTb 33 UCKIOYEHNEM TOYKM S = 1, koTopas
ABNAETCH €ANHCTBEHHBIM (1 NPOCTLIM) NOMOCOM MepoModbHON byHKLMN
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[pyroe onpeaenerune a3eta-pyHKLUAN

Teopema (Toxpectso diinepa [1737]).

C(s) = 17°42°+ -+ k°+4...
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BeckoHe4YHOCTb MHOXeCTBA MPOCTbIX HKncen

Toxaecteo Jiinepa:

1
1754254 4k S+... = 11 Qe
p — npoctoe - P

Teopema (Esknug). Cywectsyer 6€CKOHEYHO MHOMO MPOCTBIX YMCEN.

DokazatennbcTBo (3iinep). Ecim bbl konmyecTBo npocTbix ymncen Bbiio
KOHEYHbIM, TO FAPMOHUYECKUN Psif, UMEN Dbl KOHEYHYIO CYyMMY:
1 1 1 1 1
St =
i ; 1]

— -1
2 3 p—npOCToe1 P



CKoflb MHOTO MPOCThIX Yncen?

7(X) — KONMHYECTBO MPOCTLIX YNCEN, HE NPEBOCXOASLLUMX X
C. Gauss: 7(x) =/ In

Teopema (Riemann [1859]).

m(x) = Li(x) — 1L1( %) Z Li(x”) + (manble cnaraembie)



Beunas npobnema

Mwnotesa Pumana (1859)
Mpobnema MNunbbepra (1900)
Mpobnema Thicsivenetus (XXI Bek)

Bce  HesewecTenHbie  (HasbiBaemble

HeTpusuansHusimu) Hyau pyukymu ((s)
JIEXAT HA KPUTUYECKOM NPsMou

DkBuBaneHTHas poOpmMynMpoBKa.

7(x) = Li(x) + O(x2 In%(x))
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[MpynoxxeHus runotessl Pumana

Teopema (Manindra Agrawal, Neeraj Kayal n Nitin Saxena [2002].
CyliecTByeT AeTEPMHUPOBAHHbIN anroOpUTM, KOTOPbI/ pPacno3HaéT,
ABNACTCA NN OAHHOE HNCAO P NPOCTbIM UJWN HET, 3a NOJIMHOMWNANBHOE
BpeEMSI.

MepsoHayansHoe gokasatensctso: 3a spemsa O(In'21¢(p))
Carl Pomerance u Hendrik W. Lenstra [2006]: 3a epemst O(In®*¢(p))

Teopema (Gary L. Miller [1976]. CywecTByeT aeTepMMHNPOBaHH biii
aNropuTM, KOTOPbIF PAacro3HA&T, SIBASIETCS N AAHHOE YUCAO P NPOCTbIM
WU HET, 33 BPeEMSI

O(In**(p)),

ecnn BepHa (pacwmpeHnHas) runotesa Pumana.



[mnotesa Pumana n dusnka

Joint online seminar of Saint Petersburg State University and
Peking University. Thursday, November, 14 at 3-5 PM Moscow

Lecture 2. Real-Valued Spacetime Dimensions, Black Hole Dualities, and
the Riemann Zeta Function

Speaker: Irina Aref’eva (Steklov Mathematical Institute, Moscow)

Abstract: ... This talk will also address the emergence of negative
dimensions, which appear when attempting to describe black hole
thermodynamics using quantum statistical models. ... To assign
mathematical meaning to geometrical objects in negative dimensions, we
use analytical continuation and properties of the Riemann zeta function.

|. Aref’eva and |.Volovich, “Violation of the Third Law of Thermodynamics
by Black Holes, Riemann Zeta Function and Bose Gas in Negative
Dimensions”, Eur. Phys. J. Plus 139, 300 (2024)



[MepedopmynupoBku runotessl Pumana

Encyclopedia of Mathematics and s Applications 164

EQUIVALENTS OF
THE RIEMANN
HYPOTHESIS

Volume One: Arithmetic Equivalents

KEVIN ALFRED BROUGHAN
Equivalents of the Riemann Hypothesis

Volume 1. Arithmetic Equivalents (325 pp, 2017)
Volume 2. Analytical Equivalents (491 pp, 2017)
Volume 3. Further steps towards resolving

the Riemann hypothesis (684 pp, 2024)

Encyclopedia of Mathematics and its Applications
Cambridge University Press

Vol. 1, p. 241: “A subset T C N is computable if there
is an algorithm to determine in a finite number of steps
whether or not an arbitrary given natural number is a
member of T [44]. From the theory of algorithms it
follows that RH is decidable, i.e. its truth or negation
are able to be proved.”



[mnotesa PumaHa — 370 o4eHb npocTo!

Teopema (A. Turing [1939])

RH € M3

RH<S Vxi...xmIy1 . Yo (X1, ooy Xmy Y, - - -

Teopema (G. Kreisel [1958])

RH e n?
RH < Vxi ... xm¥(x1, ..., Xm)

7.y”)



[MnoTesa PumaHa ans WKoONbHUKOB
Teopema (Matuscesuny [2018]). [unoresa Pumana BepHa ecan u
TO/ILKO €CIN CReayrouas nporpamma Ha a3sike PYTHON 3 He 3aBepLuaet
paboty:
from math import gcd
d=m=p=0
f0=f1=f3=n=q=1
while p**2x(m—f0)<f3:
d=2snxd—(—1)**nx*f1l
n=n+1
g=gcd(n,q)
q=nxq//g
if g==1: p=p+l
m=0; q2=q
while g2>1:
q2=q2//2; m=mtd
f1=2xf0
fO=2%n%f0
f3=(2xn+3)*f3



https://scottaaronson.blog/?p=2741
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The Blog of Scott Aaronson

B
If you take nothing else from this blog: quantum computers won't
solveyhard problems instantly by just try|ng all solutions in parallel.

« The 8000th Busy Beaver number eludes ZF set theory: new paper by Adam Yedidia
and me
Three announcements My Quora session »

(-3) Bonus Announcement of May 30: As a joint effort by Yuri Matiyasevich,
Stefan O’Rear, and myself, and using the Not-Quite-Laconic language that Stefan
adapted from Adam Yedidia’s Laconic, we now have a 744-state TM that halts iff
there’s a counterexample to the Riemann Hypothesis.



[13eTa-byHKLMA HE MpOCTa

D. Hilbert [1900]

Hanpumep, paccmoTpum knacc tex yHKLMiA, KOTOPbIE MOXHO
xapakTepu3oBaTh AnuddepeHunanbHbIMU YPaBHEHUSIMU, 0ObIKHOBEHHIMU
NAN B YaCTHbIX NPOU3BOAHbIX. Kak Mbl 3TO ceiivac yBuaum, B 3TOT Knacc
He BXOAAT (PYHKUMM, KOTOPbIE NOPOXKAAIOTCA Teopueli Yucen u
NCCAEefOBaHNE KOTOPbIX A HAC Ype3BblvaiiHo BakHo. Hanpumep,
ynomsiHyTasi yxe dyHkuus ((s) He yLOBNETBOPSIET HUKAKOMY
anrebpandeckomy auddepeHLnanbHOMY YPaBHEHUIO, KaK 3TO JIErKO
YCMOTPETb 13 u3BeCcTHOro cootHowenmns mexay C(s) n (1 — s) nonb3sysce
npeanoxeHnem, gokasaHHbiM [€nbgepom, o Tom, 4to yHkums [(x) He
YOOBNETBOPSIET HUKakoMy anrebpanyeckomy auddpeperumansHoMy
YPaBHEHUIO.

V. E. E. Stadigh [1902]
. 1. Mopgyxaii-BonTtosckoii [1914]
A. M. Octposcknii [1920]



3HakonepeMeHHast A3eTa-pyHKLUMSA

((s) = > n°
n=1

0s) = (-1

n=1

n(s) = (1 =2 x27%)¢(s)



Hepgoctmxumas ambuumnosHas uens

Haditn nunelinbiii MHOro4yieH
P(yo:y1,---syn—1) =Yo+ayi+ -+ cn—1yn—1 — b
C YUCTIEHHBIMU KO3hGhuymeHTamm
b, Cl,...,CN—1

Takow 470 A/15 BCEX KOMIMJIEKCHbIX a



Hepgoctmxumas ambuumnosHas uens

P(yo,y1,---,yn—1) =Yo+cay1 + -+ cn_1yn—1 — b

.. Takoli 4To AN BCEX KOMMNAEKCHbIX a

P(n(a),n'(a),...,.n"N " (a)) = 0.

2A = {a0,...,aN_1} — KOMMJEKCHbIE 4MC/Ia B ODLLEM MONOXKEHUM

n(ao) + ain'(a0) +- - + CN—177<N_1>(30) -b =

b(2A), c(A), ..., cn—1(2A) — pewenne 370 cnctemsl



TecToBblEe MHOXECTBA

2[1 2[2



PelweHunsa cuctemsol

] I A=2 | A=A
a(A) 7.30910... —0.26348...1 7.35147... —0.23197...1
() || 23.85173... —1.81924...i | 24.15410... —1.61238...i
c3(A) || 45.96860... —5.55318...1 | 46.92441... —4.95964...1
ca() || 58.22426... —9.89546...i | 59.99059... —8.91557...i
cs(2) || 50.94334... —11.42336...i | 53.05986... — 10.39502...i
() || 31.43810... —8.94113...i | 33.15830... —8.22831...i
cr(2) 13.68711... —4.81140...1 | 14.64820... — 4.48445.. .}
cs(2A) 4.11913... —1.75935...i 4.48375... —1.66349...i
co(2) 0.81560... — 0.41866...1 0.90549... —0.40230...1
cro(2A) 0.09551... —0.05857...1 0.10851... —0.05731...i
a1 () 0.00500... —0.00365...1 0.00583... —0.00365...1

b(21) = 0.99999999999999430995
b(2(2) = 1.00000000000000637109

...+ 0.00000000000000951329.. 1,
... +0.00000000000003070321.. 1.




Pelwétkn
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PelweHus cuctembl ans peLiérok

le%l(;(a,dl,dz,Nl,Ng):{a+k51 +€62\k:O,...,Nl,E:O,...,Nz}

’ a { 01 I 0> {Nl { N> M N { |b(A) — 1]
—200 + 15i 50 50i | 5| 51 36| 1.0523...-10>7
—5 4 15i 5 51| 5| 51 36| 5.7251...-107%*
30i | 0.0001 | 0.0001i | 5| 5| 36| 1.1424...-10733
0.25 + 301 | 0.0001 0|5 | 0] 60| 5.3809...-10"%
0.5 + 30i 0 3i| 0| 59| 60| 2.0739...-107%
—200 + 10000i 50 50i | 5| 51 36| 3.8883...-107°!

N = (N +1)(N>+1)



[nckpeTHble Kpyru

14]
12
. Ac(c,r, N) = {c+e> /Np| k= 0,..., N—1}
e 10 *
8 2y = A (0.5 + 7i,3 + 2i,12)
6|
. 4 °
2
-3 -2 -1 1 2 3 4 5




Pelenns cuctemsi ONA OUCKPETHBIX KPYros

Ac(c,r,N) = {c+ e /Nr| k=0,...,N—1}

o | IN}“lecarN—lw

10i | 107° 1.2861...-10732

—1+20i | 1073 36 6.2669 ... 10752

0.25+30i | 1071 | 60 | 5.4442....10798
0.6 + 40i 1| 72| 1.1660...-10"1%
1+ 50i 10| 80| 4.6580...-107138
24601 | 102 | 96 || 4.5686... 10225
70i | 103 | 120 || 3.9966... 1071623




[MpaBuno Kpamepa

A ={ao,...,aN_1} — KOMMJEKCHbIE 4MC/Ia B ODLLEM MONOXKEHUM
77(30) + C17]/(ao) + -+ CN7177<N_1>(30) —b = 0
n(an—1) +an'(an-1) + -+ vV P(ay_1) b = 0
b(2A), a(A), ..., cn—1(A) — pewenne 3Toii cucTemsl
n(a)  n'(a0) ... nN(ap)
a._ ’a._ <N_1>. _
b(m):n(’vl) n'(an-1) 7/\7/1 (aNl)%1
~1(ao)

1 7'(a0) ... 7

1 ?7/(3/\/_1) 77<N71>(a/\/_1)



XapakTepuCTN4eCKNe MHOMOYJIEHbI

n(ao)  n'(a) ... ™MV (a0)
L@ = : : :
nan-1) 7'(an-1) ... MV (an-1)
1 n'(a0) - n™P(a0)
MER) = |: : :
1 or'(an-1) oo VU (anoa)
P(A) = det(L(A) — AEy) = VAN 4 Va(@)A" + - + Vo(3)
Q) = det(M(A) = AEy) = WAV + -+ W(2)A" + - + Wo(2A)
Vo(2) b(A) ~ 1 2100 @)

Wa ()

s
E



OTHOLWEHNA KOIPPULMEHTOB XapaKTEPUCTNHECKNX

MHOIO4YIEHOB

n Va(2h) iy 1

0| —2.8932...-107*8—-5.1873...-10 %% 1.1085...-107 14
1 1.1853...-1073342.1097...-10734 8.6263...-10713
2 || —=2.2690...-10722-1.6178...-1072% 5.1025...-10711
3 4.0262...-107144+8.4755...-10~ 14 3.6813...-107°
4 || —3.7956...-1078 4+2.0698...-107 11 1.7175...-1077
5 1.5216...-1073 +8.8240...-1073i 8.2908...-10°°
6 3.7984...-10° —4.2877...-10% 1.0541...-107*
7 || —3.0090...-10° +4.8652...-10% 2.3986...-1073
8 || —1.8858...-10° +4.2625...-10% 1.8282...-1072
9 || —1.1127...-103 +9.0420...-10% 5.7323...-1072
10 || —=5.2122...-101 +2.1236...-10% 1.0387...-10°
11 1.0390...-10' —7.6856...-10% 5.2691...-1071




PeweHrns cucrtembr ans pewérok (nosTop)

Ql:ﬂg(a,él,dg,Nl,Ng):{a+k51 +£(52‘kZO,...,N]_7£:O,...7N2}

] a [ o1 I 5o [/\/1 [Nz}[ N [ 1b(2A) — 1| \
—200 + 15i 50 50i| 5| 51 36| 1.0523...-107°1
—5 + 151 5 5| 5| 5| 36| 5.7251...-107%
30i | 0.0001 | 0.0001i | 5| 51 36| 1.1424...-107°3
0.25 + 30i | 0.0001 0|5 | 0| 60| 5.3809...-1079
0.5 + 30i 0 3i| 0|59 60| 2.0739...-10736
—200 + 10000i 50 50i| 5| 5 36| 3.8883...-10°51
n(a)  7'(ao) ntN=1(ag)
a._ ’a._ (N=1) (g0
b(g{):n(llll) 77(N1) n (Nl)

1 7n'(an-1)

1’ (a0)

ntN=1 (ag)

niV="1(ay_1)




[Npasuno Jlonutans

im flate)—f(a) _ - (fla+e)—f(a)/e
=~0g(a+e)—g(a) =0 (g(a+e)—g(a))/e
lim.o(f(a+¢) —f(a))/e
lim.—o0(g(a+¢e) —g(a))/e
f'(a)

g'(a)




“Mpasuno Jlonutana gns onpegenvntenei

n(a)  n'(a0) ... nNTU(a)
nenn) o) o g™ (an)
)= ) . ()
1 og(an) . 1™V (a)
ag=a ag=ate a=a+2 ... ay-1=a+(N-1)
n(a) 1'(a) nN=1)(a)
7@ ) 7™(3)
A0 g . g2

o) = I PO = G )




[MpenenbHble 3HAYEHUS

Iby(a) — 1]
a N =20 T N =70 N =200
—6 3.9870...-10" 18 | 1.7014....101°% [ 3.7560... .10 368
-3 4.7492...-10722 | 6.5289...-10"1 | 6.8468... 10375
-1 1.2054...-1072% | 1.6130... 10" | 2.2057....10737?
—1 + 300i 2.8175...-107'® | 1.5955....107 98 1.0048 ... - 10378
—0.8 6.6420...-1072% | 7.0318...-10715 | 7.8416... 10380
—0.8 + 50i 4.9124...-1072% | 1.6522...-10"1% | 4.8600... 10380
0 6.1439...-1072° | 25409....107116 | 1.2527.. . .10 381
50i 5.1433...-1072% | 6.3145....10717 | 7.8169...-10 382
300i 1.4208...-1077 | 2.4131....1071%° | 6.6292....10 38
1500i 3.5498...-10"'% | 3.8431....1078° 3.1958 ... 107397
0.2 + 10i 2.4939...-10726 | 1.0349....107116 | 4.3685....10 382
0.2 + 100i 1.6846...-10"2' | 3.3113....1071'7 | 8.0859....10 383
0.5 1.3006...-1072% | 3.1908...-10"1'7 | 9.4420....107 383
0.5 + 50i 1.2520...-10725 | 8.2073...-10"1*® | 50166...-10 383
0.5 + 1500i 6.7418...-10"'% | 1.0285....10"8° 4.0432....107308
0.8 5.7069...-10727 | 9.1900...-10"1® | 2,0017....10383
0.8 + 300i 1.1103...-107 % | 7.2488....1071°2 | 1.1928....10 382
0.8 + 1500i 2.7648...-107'% | 4.2059....1078 1.0755 ... - 10308
1+ 10i 2.3862...-10727 | 3.7524....107118 | 6.0820....10 384
1 + 50i 3.0417...-10726 | 1.0666...-10"118 | 4.4787... .10 384
1 + 300i 5.7549...-1071% | 2.0804....1071°2 | 4.3682....10 383
2 + 10i 1.2736...-10"2% | 5.9438...-10712° | 3.0701....10 386
2 + 1500i 1.3075...-10"16 | 7.2077....10"%3 1.7403 ... .10 311




[Npenckaszarus

Munotesa 1. /[]n5 Bcex KOMMNEKCHbIX a, KPOME, bbiTh MOXET, CHETHOro
KOJIMYECTBa 3HAYEHU,

@ () (N-1)(

1) ') 7™ ()

VN g . V()
P@ o A | e



[Npenckaszarus
Munotesa 2. /[]ns BCex KOMMNEKCHbIX a, KPOME, bbiTb MOXET, CHETHOro

KOJIMYECTBa 3HAYEHU,
p(N—1)

n(a) 7' (a)
[ oo (NEI)
1™ (a)
NI

n“"‘.‘)(a) 7tV (a) n<2"".2>(a)

T T(2N—2) S
nt"(a) N—o0
N!




HucneHHble 3HaYeHNs B MONb3y TMMNOTE3bI 2

|by(a) — 1]

a N=70 [ N=200 [ N=700
-2 6.6474...-1073 | 42041...-107° | 1.0842...-10°13
-1 9.9362...-1073 | 8.6712...-107% | 1.8735...-10" 14
-0.8 1.1821...-1072 | 1.0637...-107° | 1.2612...-10714
0 1.2694...-1072 | 1.5834...-107% | 2.3561...-10715
50i 9.9046...-1072 | 5.6900...-107° | 1.0808...-10" !4
0.2 3.9934...-1073 | 8.0428...-1077 | 3.7177...-10° !4
0.2+ 10i || 9.6420...-107% | 1.1453...-107°% | 4.8160...-1071°
0.5 1.2866...-1073 | 3.1413...-10°7 | 8.2725...-10716
0.8 4.8940...-107% | 1.6870...-1077 | 3.1938...-10716
0.8+ 10i || 2.5509...-107* | 2.6686...-10~7 | 7.1105...-1016
1+ 10i 3.4554...-107% | 2.3766...-10~7 | 4.4841...-1016
1+ 50i 8.7300...-1072 | 4.6678...-107°% | 4.5817...-10"16
2 + 10i 2.4417...-107% | 1.4395...-10~7 | 2.5638...-10"17




[Npenckaszarus

MvnoTtesa 1 (noeTopenue). [as Bcex a, kpome bbITb MOXKET CHETHOO
KOJIMYECTBa 3HAYEHU,

@ () (N-1)(

1) ') 7™ ()

VN g . ()
P@ e A | e



[Npenckaszarus

Munotesa 1 (nepedopmynunposka). [is Bcex KOMNIEKCHBIX 3, KPOME,
b6bITb MOXET, CYETHOIrO KOIMYECTBA 3HAYEHWNI,

det(Ln(a))
det(My(a)) N—oo

raoe
n@ ) ... p"H(a
L(a) = @ ') ... nN(a)
U@y g . o A(a)

a matpuua My(a) nonydaercs ns matpuusl Ly(a) Boiuépknsatnem
nepeoro ctonbua n nepeoii CTpoku.



[Npenckaszarus

Mnotesa 1 (o6obwenwne). Mycre | = {i, ...k} v J={j,...,jk} =
KOHEYHbIE MHOXECTBA MOJIOKUTE/IbHbBIX LUEJIbIX YNCEJT, OTJINHYHbIX OT 1. ,qﬂ/‘:l
BCEX KOMIMJIEKCHbIX a, Kpome 6bITb MOXET CHETHOIr0 KOJINHECTBA 3Ha'—IeHl/ll>i,

det(LhJ’N(a)) 5o
det(M/J’N(a)) N—o0

rae Ly n(a) — maTpuua, nonyyatowascs ns matpuLibl

n(a) 1'(a) N1 (a)
1'(a) "(a) V) (a)
(@) aVa) L N2a)
BblY4EPKUBaHNEM CTONBLOB C HOMEpPaMW i, ..., ik W CTPOK C HOMEpaMu
Ji,---.Jk, a maTpuua M; j n(a) nonydaercs us matpuust Ly ;5 n(a)

BbIYEPKMBAHNEM NePBOro cTonbLa u nepeoil CTPoKu.



det (L7, 4,n(2)

det (M 5 n(a))

/ J N = 40 T N = 150
{2} {2} 1.5705...-10 27 | 4.1503...-10 273
{2,4} 1.5883...-107%0 | 1.4302....107271
{4,6} 4.4938...-1075%7 | 4.2342....107272
{2,4,6} 1.9855...-10"5%% | 5.9628... 10270
{2,4,5,6,8} 6.3476 ... 1053 1.9159 ... 10266
{2,4} {2} 1.5883...-10 °° | 1.4302...-10 27%
{2,4} 1.6076...-107%% | 4.9296....10727°
{2,3,4} 1.0726...-10°% | 1.0420... 107257
{4,6} 4.5482...-107%6 | 1.4503....10727°
{2,4,5,6,8} 6.4409...-10°52 | 6.6060... 10265
{2,3,4} {2} 1.0588...-10 >* | 3.0229....10 299
{2,3,4} 7.1626...-10752 | 2.2028....107265%
{4,6} 3.0343...-1075%% | 3.0848....107268
{2,4,6} 1.3430...-107%2 | 4.3452....10266
{2,4,5,6,8} 4.3085...-105° 1.3968 ... 10262
{4,6} {2} 4.4938...-107°7 | 4.2342....107272
{2,4} 4.5482....1075% | 1.4503....10727°
{4,6} 1.2867...-107%0 | 4.3204....107271
{2,4,6} 5.6898 ... 10 5% | 6.0849... 10269
{2,4,5,6,8} 1.8219... 1052 1.9556 ... 10265
{2,4,6} {2} 1.9855...-10 °° | 5.9628.... 10 270
{2,4} 2.0112...-1075% | 2.0554....107268
{2,3,4} 1.3430...-107°2 | 4.3452....107266
{2,4,6} 2.5183...-107%3 | 8.5712....107 267
{2,4,5,6,8} 8.0783...-10"5 | 27554, .. .10263
{2,4,5,6,8} | {2} 6.3476...-10 >3 | 1.9159....10 266
{2,3,4} 4.3085...-107°° | 1.3968....107 262
{2,4,6} 8.0783... 105! | 2.7554....107263
{2,4,5,6,8} 2.6003...-10 4% | 8.8624....10 260
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