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UF overview

UF vs. ZFC

ZFC UF
Logic Cl. FOL MLTT
Extras ZFC axioms H-interpretation
Axiomatic Style Hilbert Gentzen
Joining Extras | Non-Logical Constants H-levels
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UF overview

Motivations:

» Presentation of mathematical proofs in a computer-checkable
form;

» Formal support for reasoning “up to" isomorphism and higher
equivalences (Benacerraf problem);

» Mathematical Constructivism;
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UF overview

Computer-chechable proofs:

AUTOMATH (de Bruijn 1967), MIZAR (since 1973), HOL, Lego,
Isabelle, Nuprl, Ngthm, AC2L, Elf, Plastic, Phox, PVS, IMPS,
QED, ...

Ask Jeremy Avigad for a recent overview
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UF overview

Isomorphism-Invariance :

For any proposition P about object X and any isomorphism
X = X’ there exists proposition P’ about object X’ such as P’ is
true if and only if P is true.
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UF overview

Breaking of Il in the ZFC-coding:

where
» e N;
> i cZ

In ZFC whole numbers are encoded as ordered pairs of natural
numbers. So in ZFC the two versions of the formula (for natural
and whole numbers) are not logically equivalent.

Andrei Rodin (andrei@philomatica.org) Constructive Axiomatic Method and Univalent Foundations



Constructivism

Markov 1962

B nocneaHee BpemMs B MaTeMaTMKe NOMYYUAO 3HAUYNTENBHOE
pa3BMTUE KOHCTPYKTMBHOE Hanpaenenne. Ero cyTb coctout B Tom,
4TO MCCNeOBaHME OrPaHNYMBAETCA KOHCTPYKTUBHBIMMN 0bBbeKTaMM
1 NPOBOAUTCA B pamKax abCTpaKumu NOTEHUMASbHO
ocylecTBuMocTn be3 npuenedeHns abcTpakumy akTyasbHOM
6EeCKOHEYHOCTU; NPY 3TOM OTBEPraloTCst Tak Ha3blBa€Mble YNCThIE
TeopeMbl CyLLECTBOBAHUSA, NOCKOJIbKY CyLLECTBOBaHME 0bbeKTa C
JaHHbIMW CBOWCTBAMM ANLLb TOMAA CHUTAETCA AOKA3aHHbIM, Korga
YKa3bIBAETCA CMNOCOD MOTEHUMANBHO OCYLLECTBUMOrO NOCTPOEHUS!
obbekTa € 3TUMK CBOWCTBAMMU.
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Constructivism

Markov 1962

KOHCTPYKTUBHbIE OBBEKTBI - 3TO HEKOTOPbLIE PUTYpHbI,
onpeaeneHHbIM 0Dpa3oM COCTaBJIEHHbIE U3 DIEMEHTAPHBIX PUIYpP -
3/7IEMEHTAPHbIX KOHCTPYKTUBHbIX 06bekTOB. ... OgnH n3
NPOCTENLLMX TUMOB KOHCTPYKTUBHbIX OOBEKTOB 0bpasytoT cioBa B
onpegeneHHoM cukcuposaHHoM andaeute. CNoBo B AaHHOM
andpaeute ectb psig byke aToro andasuTa.
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Constructivism

Markov 1962

B KOHCTPYKTUBHOI MaTeMaTuKe CyLlecTBOBaHME 0bbeKTa C
OAHHBIMW CBOWCTBAMU NIMWb TOFAA CYNTAETCS LOKa3aHHLIM, KOTAa
yKasaH crnocob noTeHLManbHO OCyLEeCTBUMOMO NOCTPOEHMS
obbekTa € 3TMMM CBOWCTBaAMU. TakuM 0Bpa3oM, KOHCTPYKTUBUCTLI
n “knaccukn’ no-pasHoOMy MOHUMAIOT CaMblli TEPMUH
“cyuiecTBoBaHnE’ B CBSI3N C MaTEMaTUYECKMMMN ODbeEKTaMU.
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Constructivism

3ameyanne 1:

TpeboBaHue pacCMOTPEHNSI TOIbKO KOHCTPYKTUBHbLIX ODBEKTOB, TO
ECTb C/IOKHbLIX OOBEKTOB, KOTOPbLIE MOCTPOEHbLI N3 3J1EMEHTAPHbLIX
no onpegenersim npasunam, COBMECTUMO c ucnons3sosaHuem
abcTpakuum akTyansHo beckoHewHocTn. BeckoHeuHoe MHOXECTBO
MOXeT BblTb MPUHSTO B KA4ECTBE 3/IEMEHTAPHOrO 0bbEKTa, a
onepauusi “noCTponNTL MHOXECTBO MOGMHOXECTE AAHHOIO
MHOXECTBA - B Ka4ecTBe NpaBuia NOCTPOEHMS.

Boobuie HeT npuynH 3apaHee orpaHMYMBaTh CMMCOK JOMNYCTUMbIX
KOHCTPYKTUBHbIX NPaBWI TEM WK WHBIM CNOCOBOM.
“AkcrnomaTtuyeckas ceobopa’ [osIKHA PacnpoCTPaHATLCA Ha
npasuia.
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Constructivism

3ameyaHne 2:

BaxHoIi 4acTb NMOHSATUS KOHCTPYKTUBHOCTW, KOTOPOE UCMONb3YyeT
Mapkos, siBnsieTcs nfes o TOM, 4TO B KOHCTPYKTUBHOIA
MaTeMaTuKe OOJKHbI BbITb npasuia, Kotopsle npumensitotes HE k
BbICKa3bIBaHUSIM, a K obbekTam gpyrux Tunos. Ecnum cumTaTs, 4to
Jloryyeckmue NpaBniia BbIBOAA BCErfa NpUMeHSIoTCS K
BbICKa3blBaHWeEM, TO Takue MPaBuaa HY>KHO CYUTATb
BHe-JIOrMYeCKNMU.
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Constructivism

3ameuanne 2 (npogosxkeHne):

leoMeTpuYeckast TeOpUA N3NOXKEHHAS B NEPBbIX YETHIPEX KHUTaX
EBknnpa senseTca KOHCTPYKTUBHOW B TOM CMbIC/E, 4TO OHa
conepxuT MocTynaTel, KOTOpble NpeacTaBastoT coboli npasuna
NOCTPOEHMS HOBbIX FreoMeTpuyecknx duryp us gaHHeix guryp
(MOCTPOEHNS LMPKYJEM U JIMHERKOIA ).

T.H. “akcnombl” (koTopble cam EBknug HasbiBaeT uHaye) - 310
TOXe MpaBusia, KOTOPbIE MO3BOJSIOT BbIBOAUTL HOBblE PABEHCTBA
N3 AAHHbIX PAaBEHCTB.
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Constructivism

3ameuanne 2 (npogosxkeHne):

MopobHyto ugeto ebickasbiean [MnsbepT, KOorga NPoOTUBONOCTABASA
CBOI "'9K3UCTEHLUMANbHBIA aKCMOMATUHECKNT METOS,
“reHeTnyeckomy”’ MeTOLYy NOCTPOEHMSI TEOPUIA, KOTOPbIA OH TaKXXe
Ha3blBaN KOHCTPYKTMBHbIM. [IpyMep reHeTnyeckoro nocTpoeHus,
KOTOPOE, OAHAKO, He SIBASIETCS KOHCTPYKTUBHBIM B CMbIC/IE
MapkoBa (1 BoobLLEe He SIBASETCS KOHCTPYKTUBHBLIM B
ODLLENprHATOM CMbICTE TepMuHa) - cedenns [depekntpa.

OTa uges Takxe MOTUBUPOBana ucymcaeHne 3agad AH.
KonmoropoBa n KOHCTPYKTUBHYIO Teoputo Tunos [1.
MapTtuHa-Jledpa. OpHako TONBKO FOMOTOMMYECKAsi TEOPUSI TUMOB
no3eosisieT POPMasIbHO PasnnMyaThb NPONO3NLUOHANbHEIE 1
HEMPOMNO3NLMOHABbHBLIE TUMbI, U YBUAETL, KaKytO POJib UTrPaloT
HEMPOMNO3NLMOHAbHbIE KOHCTPYKLUM B AOKA3aTENbCTBAX
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MLTT: Syntax

> 4 basic forms of judgement:
(i) A: TYPE;
(i) A=1ype B;
(iii) a: A
(iv) a=ad
» Context : [ - judgement (of one of the above forms)
» no axioms (!)
» rules for contextual judgements; Ex.: dependent product :
If Iyx: X+ A(x): TYPE, then T = (MNx : X)A(x) : TYPE

Andrei Rodin (andrei@philomatica.org) Constructive Axiomatic Method and Univalent Foundations



MLTT: Semantics of t : T (Martin-L&f 1983)

> tis an element of set T

» tis a proof (construction) of proposition T
(“propositions-as-types”’)

> t is a method of fulfilling (realizing) the intention
(expectation) T

» tis a method of solving the problem (doing the task) T

(BHK-style semantics)
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Sets and Propositions Are the Same

If we take seriously the idea that a proposition is defined by lying
down how its canonical proofs are formed [...] and accept that a
set is defined by prescribing how its canonical elements are formed,
then it is clear that it would only lead to an unnecessary duplication
to keep the notions of proposition and set [...] apart. Instead we
simply identify them, that is, treat them as one and the same
notion. (Martin-Lof 1983)

Andrei Rodin (andrei@philomatica.org) Constructive Axiomatic Method and Univalent Foundations



MLTT: Definitional aka judgmental equality/identity

x,y : A (in words: x, y are of type A)

x =ay (in words: x is y by definition)
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MLTT: Propositional equality/identity

p:x=ay (in words: x,y are (propositionally) equal as this is
evidenced by proof p)
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Definitional eq. entails Propositional eq.

X=AY

pix=ay

where p =,_,, refl, is built canonically
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Equality Reflection Rule (ER)
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ER is not a theorem in the (intensional) MLTT (Streicher 1993).
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Extension and Intension in MLTT

» MLTT + ER is called extensional MLTT

» MLTT w/out ER is called intensional
(notice that according to this definition intensionality is a
negative property!)
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Higher Identity Types

VAN _
> XLy IX=AY

"o o /
P XY X =x=ay Y
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Homotopy hierarchy

HoTT: the ldea

Types in MLTT are (informally!) modeled by spaces (up to
homotopy equivalence) in Homotopy theory, or equivalently, by
higher-dimensional groupoids in Category theory (in which case one
thinks of n-groupoids as higher homotopy groupoids of an
appropriate topological space).
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Homotopy hierarchy

Homotopical interpretation of Intensional MLTT

> X,y A
X,y are points in space A

» Xy ix=ay
x',y' are paths between points x, y; x =4 y is the space of all
such paths

> X”,y” X/ :X:Ay y/
x",y" are homotopies between paths x, y’; x' =.—,, y is the
space of all such homotopies
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Homotopy hierarchy

Definition

Space S is called contractible or space of h-level (-2) when there is
point p : S connected by a path with each point x : A in such a
way that all these paths are homotopic (i.e., there exists a
homotopy between any two such paths).
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Homotopy hierarchy

Homotopy Levels

Definition

We say that S is a space of h-level n+ 1 if for all its points x, y
path spaces x =g y are of h-level n.
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Homotopy hierarchy

Cummulative Hierarchy of Homotopy Types

» -2-type: single point pt;

» -1-type: the empty space () and the point pt: truth-values aka
(mere) propositions

» O-type: sets: points in space with no (non-trivial) paths

» 1-type: flat groupoids: points and paths in space with no
(non-trivial) homotopies

» 2-type: 2-groupoids: points and paths and homotopies of paths
in space with no (non-trivial) 2-homotopies

Andrei Rodin (andrei@philomatica.org) Constructive Axiomatic Method and Univalent Foundations



Homotopy hierarchy

Propositions-as-Some-Types |
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Homotopy hierarchy

Which types are propositions?

Def.: Type P is a mere proposition if x,y : P implies x = y
(definitionally).
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Homotopy hierarchy

Truncation

Each type is transformed into a (mere) proposition when one ceases
to distinguish between its terms, i.e., truncates its higher-order
homotopical structure.

Interpretation: Truncation reduces the higher-order structure to a
single element, which is truth-value: for any non-empty type this
value is true and for an empty type it is false.

The reduced structure is the structure of proofs of the
corresponding proposition.

To treat a type as a proposition is to ask whether or not this type is
instantiated without asking for more.
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Homotopy hierarchy

» Thus in HOTT “merely logical” rules (i.e. rules for handling
propositions) are instances of more general formal rules, which
equally apply to non-propositional types.

» These general rules work as rules of building models of the
given theory from certain basic elements which interpret
primitive terms (= basic types) of this given theory.

» Thus HoTT qualify as constructive theory in the sense that
besides of propositions it comprises non-propositional objects
(on equal footing with propositions rather than “packed into”
propositions as usual!) and formal rules for managing such
objects (in particular, for constructing new objects from given
ones). In fact, HoTT comprises rules with apply both to
propositional and non-propositional types.
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Homotopy hierarchy

HoTT is not wholly compatible of the intended semantics of
MLTT

In view of h-hierarchy of types the term “judgement” for all
expressions of form a : A is not appropriate. An appropriate
general term is “declaration”.
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Homotopy hierarchy

Univalence

(A =TYPE B) >~ (A ~ B)

In words: equivalnce of types is equivalent to their equality.
For PROPs: (p = q) > (p <> q) (propositional extensionality)

For SETs: Propositions on isomorphic sets are logically equivalent
(isomorphism-invariance)

Univalence implies functional extensionality: if for all x X one has
fx =y gx then f =x_,y g (the property holds at all h-levels).
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Constructive Axiomatic Method

Constructive Theory

A confluent system of rules some applications of which are logical
(= propositional) while some other are not.
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Constructive Axiomatic Method

Constructive Architecture of Theories

» Gentzen-style;

» The logical part of a given theory is “internal” in the sense that
it is built along with the extra-logical parts of the theory.
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Constructive Axiomatic Method

Example: N as IT

» Formation: N : TYPE
» Introduction: 0 : N and (x : N)F (5(x) :N)
» Elimination: if ¢ : C(0) and

x N, (r : C(x)) F(cs : C(5(x))

then for p : N we have rec(p, co, cs : C(p))

(where r is the result of recursive call at x).

Andrei Rodin (andrei@philomatica.org) Constructive Axiomatic Method and Univalent Foundations



Constructive Axiomatic Method

Example: Circle as HIT

» Formation: S : TYPE;
» Introduction: base : S* and loop : (base = base)
> (Dependent) Elimination: given b : C(base) and

I : (trans(loop, b) = b) for any p : S we have
match(p, b, 1) : C(p)

Computation: match(base, b, I) computes to b and
map(match(—, b, 1), loop computes to loop.

v

Andrei Rodin (andrei@philomatica.org) Constructive Axiomatic Method and Univalent Foundations



Constructive Axiomatic Method

This notion of constructive theory better describes the colloquial
concept of theory in Mathematics and Science than the standard
Hilbert's notion. In Science it allows for representing methods
(including experimental setups and designs), which belong to any
scientific theory deserving the name.
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Constructive Axiomatic Method

Open Problem: Model theory of HoTT and the Initiality
Conjecture

Build a category of models for MLTT (or its replacement) where
the term model is the initial object. Solved only for Calculus of
Constructions (CoC, after Th. Coquand) by Th. Streicher in 1991.
CoC is a small fragment of MLTT. Cf. Lawvere's conception of
theory as a “generic model".
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