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Ëåêöèÿ 13

Ñâåäåíèÿ çàäà÷ ïîèñêà ê

çàäà÷àì ðàñïîçíàâàíèÿ

(Êîíñïåêò: Ô. Ïàðò)

13.1 Âåðîÿòíîñòíûå àëãîðèòìû è çàäà÷è ïî-

èñêà

Äàäèì îïðåäåëåíèÿ êëàññîâ ðàñïðåäåëåííûõ çàäà÷ ðàñïîçíàâàíèÿ, ðå-
øàþùèõñÿ âåðîÿòíîñòíûìè àëãîðèòìàìè çà ïîëèíîìèàëüíîå â ñðåäíåì
âðåìÿ.
Îïðåäåëåíèå 13.1. Ðàñïðåäåëåííàÿ çàäà÷à (L, D) ñîäåðæèòñÿ â êëàññå
AvgBPP , åñëè ñóùåñòâóåò âåðîÿòíîñòíûé àëãîðèòì A(x, n, δ):

1. Âðåìÿ ðàáîòû A îãðàíè÷åííî poly(n, 1/δ)

2. ∀x ∈ supp Dn âåðíî, ÷òî Prr[A(x, n, δ) /∈ {L(x),⊥}] ≤ 1
4

3. Prx←Dn [Prr[A(x, n, δ) =⊥] > 1
4
] < δ

Îïðåäåëåíèå 13.2. Ðàñïðåäåëåííàÿ çàäà÷à (L, D) ñîäåðæèòñÿ â êëàññå
HeurBPP , åñëè ñóùåñòâóåò âåðîÿòíîñòíûé àëãîðèòì A(x, n, δ):

1. Âðåìÿ ðàáîòû A îãðàíè÷åííî poly(n, 1/δ)

2. Prx←Dn [Prr[A(x, n, δ) 6= L(x)] > 1
4
] < δ

Çàìå÷àíèå 13.1. Êîíñòàíòû â ýòèõ îïðåäåëåíèÿõ ìîãóò áûòü çàìåíåíû
íà 2−Ω(n)
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Äî ñèõ ïîð ìû çàíèìàëèñü ðàñïðåäåëåííûìè çàäà÷àìè ðàñïîçíàâà-
íèÿ. Îïðåäåëèì òåïåðü ïîíÿòèå ðàñïðåäåëåííîé çàäà÷è ïîèñêà. Ïóñòü
L̃ çàäà÷à ïîèñêà ðåøåíèÿ y äëÿ óñëîâèÿ x èç L = {x|∃y QL(x, y) = 1},
òàêîãî ÷òî QL(x, y) = 1. Ðàñïðåäåëåííîé çàäà÷åé ïîèñêà (̃L, D) áóäåì
íàçûâàòü ïàðó èç L̃ è íåêîòîðîãî ðàñïðåäåëåíèÿ íà âõîäàõ D.

Íåôîðìàëüíî, åñëè íàéäåòñÿ àëãîðèòì A äëÿ (L, D) êàê â îïðåäåëå-
íèè AvgP (HeurP ) èëè AvgBPP (HeurBPP ), íî åùå è ïðåäîñòàâëÿþùèé
ðåøåíèå (åñëè x /∈ L áóäåì ñ÷èòàòü, ÷òî ëþáîå ðåøåíèå ïðàâèëüíîå), òî
ìîæíî ñêàçàòü, ÷òî çàäà÷à ïîèñêà (̃L, D) ðåøàåòñÿ çà ïîëèíîìèàëüíîå â
ñðåäíåì âðåìÿ è ïðèíàäëåæèò ÃvgP (H̃eurP ) èëè ˜AvgBPP ( ˜HeurBPP )
ñîîòâåòñòâåííî. Äàäèì ôîðìàëüíûå îïðåäåëåíèÿ.
Îïðåäåëåíèå 13.3. Ðàñïðåäåëåííàÿ çàäà÷à ïîèñêà (̃L, D) ñîäåðæèòñÿ
â êëàññå ÃvgP , åñëè ñóùåñòâóåò àëãîðèòì A(x, n, δ):

1. Âðåìÿ ðàáîòû A îãðàíè÷åííî poly(n, 1/δ)

2. ∀x ∈ suppDn∩L âåðíî, ÷òî èëè A(x, n, δ) =⊥ èëè QL(x, A(x, n, δ)) =
1

3. Prx←Dn [A(x, n, δ) =⊥] < δ

Îïðåäåëåíèå 13.4. Ðàñïðåäåëåííàÿ çàäà÷à ïîèñêà (̃L, D) ñîäåðæèòñÿ
â êëàññå H̃eurP , åñëè ñóùåñòâóåò àëãîðèòì A(x, n, δ):

1. Âðåìÿ ðàáîòû A îãðàíè÷åííî poly(n, 1/δ)

2. Prx←Dn∩L[QL(x, A(x, n, δ)) = 0] < δ

Îïðåäåëåíèå 13.5. Ðàñïðåäåëåííàÿ çàäà÷à ïîèñêà (̃L, D) ñîäåðæèòñÿ
â êëàññå ˜AvgBPP , åñëè ñóùåñòâóåò âåðîÿòíîñòíûé àëãîðèòì A(x, n, δ):

1. Âðåìÿ ðàáîòû A îãðàíè÷åííî poly(n, 1/δ)

2. ∀x ∈ supp Dn ∩ L âåðíî, ÷òî Prr[A(x, n, δ) 6=⊥ ∧ QL(x, A(x, n, δ) =
0)] ≤ 1

4

3. Prx←Dn [Prr[A(x, n, δ) =⊥] > 1
4
] < δ

Îïðåäåëåíèå 13.6. Ðàñïðåäåëåííàÿ çàäà÷à ïîèñêà (̃L, D) ñîäåðæèòñÿ
â êëàññå ˜HeurBPP , åñëè ñóùåñòâóåò âåðîÿòíîñòíûé àëãîðèòì A(x, n, δ):

1. Âðåìÿ ðàáîòû A îãðàíè÷åííî poly(n, 1/δ)

2. Prx←Dn∩L[Prr[QL(x, A(x, n, δ)) = 0] > 1
4
] < δ
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13.2 Ñâåäåíèå çàäà÷ ïîèñêà ê çàäà÷àì ðàñ-

ïîçíàâàíèÿ

Òåîðåìà 13.1. Åñëè (NP, U) ⊂ AvgBPP (HeurBPP ), òî ˜(NP, U) ⊂
˜AvgBPP ( ˜HeurBPP )

Äîêàçàòåëüñòâî. Áóäåì äîêàçûâàòü óòâåðæäåíèå äëÿ AvgBPP è
˜AvgBPP (äëÿ HeurBPP è ˜HeurBPP àíàëîãè÷íî).
Ïóñòü L ∈ NP . Ïîñòðîèì àëãîðèòì A(x, n, δ) âû÷èñëÿþùèé ïîäñêàç-

êè äëÿ ñëîâ èç L, èñïîëüçóÿ íàëè÷èå àëãîðèòìîâ ðàñïîçíàâàíèÿ äëÿ
(NP, U). Ïðåæäå âñåãî çàìåòèì, ÷òî åñëè áû ó êàæäîãî ñëîâà èç L ïîä-
ñêàçêà áûëà áû åäèíñòâåííîé, òî åå ìîæíî áûëî áû âû÷èñëèòü îòâåòèâ
íà ñåðèþ âîïðîñîâ òèïà "äà-íåò": "Âåðíî ëè, ÷òî i-é áèò ïîäñêàçêè ðàâåí
1?". Ýòî ðàâíîñèëüíî ðåøåíèþ çàäà÷è ðàñïîçíàâàíèÿ ÿçûêà L′ ∈ NP :

L′ = {(x, i)|x ∈ L, 1 ≤ i ≤ q(n),∃y QL(x, y) = 1 ∧ yi = 1}

Òàê êàê (L′, U) ∈ (NP, U) ⊂ AvgBPP , òî ñóùåñòâóåò ïîëèíîìèàëüíûé â
ñðåäíåì âåðîÿòíîñòíûé àëãîðèòì B((x, i), n, δ′), ðåøàþùèé (L′, U) ñ êîí-
ñòàíòàìè ≤ 1

4q(n)
. Àëãîðèòìó A(x, n, δ) äîñòàòî÷íî çàïóñòèòü ïîñëåäîâà-

òåëüíî B((x, 1), n, δ
q(n)

), B((x, 2), n, δ
q(n)

), . . . ,B((x, q(n)), n, δ
q(n)

) è âûäàòü
⊥ åñëè â ðåçóëüòàòå õîòÿ áû îäíîãî âûçîâà B áûëî ⊥ èëè êîíêàòåíà-
öèþ ðåçóëüòàòîâ çàïóñêîâ B â ïðîòèâíîì ñëó÷àå. Î÷åâèäíî, âûïîëíåíû
óñëîâèÿ:

1. Àëãîðèòì A ðàáîòàåò ïîëèíîìèàëüíîå îò n è 1
δ
âðåìÿ

2. ∀x ∈ supp Un ∩ L âåðíî, ÷òî
Prr[A(x, n, δ) 6=⊥ ∧QL(x, A(x, n, δ) = 0)] =

= Pr
r

[(
∧q(n)

i=1 B
(
(x, i), n,

δ

q(n)

)
6=⊥

)
∧

(
∨q(n)

i=1 B
(
(x, i), n,

δ

q(n)

)
6= L′

(
(x, i)

))]
≤

≤ Pr
r

[
∨q(n)

i=1

(
B

(
(x, i), n,

δ

q(n)

)
6= L′

(
(x, i)

)
∧B

(
(x, i), n,

δ

q(n)

)
6=⊥

)]
≤

≤
q(n)∑
i=1

Pr
r

[B
(
(x, i), n,

δ

q(n)

)
6= L′

(
(x, i)

)
∧B

(
(x, i), n,

δ

q(n)

)
6=⊥] ≤ q(n)

1

4q(n)
=

1

4

3. Âåðîÿòíîñòü îòâåòà "íå çíàþ":

Prx←Un

[
Pr
r

[A(x, n, δ) =⊥] >
1

4

]
≤ Pr

x←Un

[
∃i Pr

r
[B

(
(x, i), n,

δ

q(n)

)
=⊥] >

1

4q(n)

]
≤
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≤
q(n)∑
i=1

Pr
x←Un

[
Pr
r

[B
(
(x, i), n,

δ

q(n)

)
=⊥] >

1

4q(n)

]
≤

≤
q(n)∑
i=1

Pr
x←Un

[
Pr
r

[B
(
(x, i), n,

δ

q(n)

)
=⊥] >

1

4q(n)

]
· Pr
(x,j)←Un+log(q(n))

[
j = i

]
·q(n) =

= q(n) · Pr
(x,i)←Un+log(q(n))

[
Pr
r

[B
(
(x, i), n,

δ

q(n)

)
=⊥] >

1

4q(n)

]
< δ

Óâû, â òàêîì âèäå àëãîðèòì A êîððåêòåí ëèøü â òîì ñëó÷àå, åñ-
ëè ïîäñêàçêè åäèíñòâåííû. Åäèíñòâåííîñòè ïîäñêàçêè ìîæíî äîáèòüñÿ
ïîñðåäñòâîì óñèëåíèÿ ïðåäèêàòà QL(x, y) çàìåíèâ åãî íà êîíúþíêöèþ
Q′L(x, y) = QL(x, y)∧P (y) ñ ïðàâèëüíî ïîäîáðàííûì ïðåäèêàòîì P (y). Â
âûáîðå P (y) íàì ïîìîæåò ëåììà Âýëèàíòà-Âàçèðàíè. Îíà óòâåðæäàåò,
÷òî åñëè S ⊂ {0, 1}q(n) - ìíîæåñòâî ïîäñêàçîê, 2k−2 ≤ |S| ≤ 2k−1 è Hq(n),k

- ñåìåéñòâî ïîïàðíî íåçàâèñèìûõ õýø ôóíêöèé, òî Prh←UHn,k
[∃!y ∈ S :

h(y) = 0k] ≥ 1
8
. Òàêèì îáðàçîì, åñëè âçÿòü ñëó÷àéíóþ õýø ôóíêöèþ h

èç Hq(n),k, òî ñ êîíñòàíòíîé âåðîÿòíîñòüþ ïðåäèêàò P (y) = (h(y) = 0k)
áóäåò âûïîëíåí ðîâíî îäíîé ïîäñêàçêîé è Q′L(x, y) áóäåò îäíîâûïîëíèì.

Ïðèíèìàÿ âî âíèìàíèå âûøåñêàçàííîå, âìåñòî ÿçûêà L′ áóäåì èìåòü
äåëî ñ ÿçûêîì L′′ ∈ NP :

L′′ = {(x, i, k, h)|x ∈ L, 1 ≤ i ≤ q(n), 1 ≤ k ≤ q(n),∃y
(
QL(x, y)∧

∧(h(y) = 0k)
)

= 1 ∧ yi = 1}

Ïóñòü âåðîÿòíîñòíûé àëãîðèòì C ðåøàåò (L′′, U) çà ïîëèíîìèàëü-
íîå â ñðåäíåì âðåìÿ ñ êîíñòàíòàìè ≤ 7

32q(n)
. Âûáåðåì ñëó÷àéíî h è

äëÿ êàæäîãî k êàê è ðàíüøå ïîïûòàåìñÿ ïîëó÷èòü ïîäñêàçêó â âèäå
y = C((x, 1, k, h), n, δ

q2(n)
)C((x, 2, k, h), n, δ

q2(n)
) . . . C((x, q(n), k, h), n, δ

q2(n)
).

Íåòðóäíî óáåäèòñÿ, ÷òî ïîëó÷åííûé àëãîðèòì óäîâëåòâîðÿåò óñëîâè-
ÿì ïîëèíîìèàëüíîñòè â ñðåäíåì è ðåøàåò çàäà÷ó (̃L, U), ñëåäîâàòåëüíî
˜(NP, U) ⊂ ˜AvgBPP .

13.3 Ëåììà Âýëèàíòà-Âàçèðàíè

Îïðåäåëåíèå 13.7. Óíèâåðñàëüíûì ñåìåéñòâîì ïîïàðíî íåçàâèñèìûõ
õýø ôóíêöèé Hn,k íàçûâàåòñÿ ìíîæåñòâî ôóíêöèé {0, 1}n → {0, 1}k, k ≤
n òàêîå, ÷òî:
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1. ∀x ∈ {0, 1}n, ∀a ∈ {0, 1}k âåðíî, ÷òî Prh←Hn,k
[h(x) = a] = 2−k

2. ∀x′ 6= x′′ ∈ {0, 1}n, ∀a′, a′′ ∈ {0, 1}k âåðíî, ÷òî Prh←Hn,k
[h(x′) =

a′ ∧ h(x′′) = a′′] = 2−2k

Ïðèìåð 13.1. Ìíîæåñòâî ëèíåéíûõ ôóíêöèé ha,b = (ax + b)≤k (îïåðà-
öèè â ïîëå F2n) ñ óñå÷åííûìè îáðàçàìè ïðåäñòàâëÿåò ñîáîé ñåìåéñòâî
ïîïàðíî íåçàâèñèìûõ õýø ôóíêöèé.
Ëåììà 13.1 (Âýëèàíòà-Âàçèðàíè). Ïóñòü S ⊂ {0, 1}n, 2k−2 ≤ |S| ≤
2k−1 è Hn,k - ñåìåéñòâî ïîïàðíî íåçàâèñèìûõ õýø ôóíêöèé. Òîãäà
Prh←Hn,k

[∃!x ∈ S : h(x) = 0k] ≥ 1
8

Äîêàçàòåëüñòâî. Îáîçíà÷èì p = 2−k, 1
4
≤ p|S| ≤ 1

2
. Ïóñòü N - êîëè-

÷åñòâî x ∈ S òàêèõ, ÷òî h(x) = 0k. Îöåíèì âåðîÿòíîñòè Pr[N ≥ 1] è
Pr[N ≥ 2]:

• Ïî ôîðìóëå âêëþ÷åíèé-èñêëþ÷åíèé

Pr[N ≥ 1] ≥
∑
x∈S

Pr[h(x) = 0k]−
∑

x6=y∈S

Pr[h(x) = 0k∧h(y) = 0k] = p|S|−p2C2
|S|

• P [N ≥ 2] ≤
∑

x 6=y∈S Pr[h(x) = 0k ∧ h(y) = 0k] = p|S| − p2C2
|S|

Èñêîìàÿ âåðîÿòíîñòü ðàâíà Pr[N = 1] = Pr[N ≥ 2] − Pr[N ≥ 1] ≥
p|S| − 2p2C2

|S| ≥ p|S| − p2|S|2 ≥ 1
8


