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Ñëàáûå èñòî÷íèêè è ýêñòðàêòîðû

• Ïóñòü D ðàñïðåäåëåíèå íà {0, 1}n.
• Ìèíèìàëüíàÿ ýíòðîïèÿ

H∞(D) = max{k ∈ R | ∀z D(z) ≤ 2−k}.
• 0 ≤ H∞(D) ≤ n; åñëè H∞(D) = n, òî X � ðàâíîìåðíîå.

• Ðàñïðåäåëåíèå D íà {0, 1}n � ýòî (n, k)-èñòî÷íèê, åñëè,
H∞(D) ≥ k ⇐⇒ ∀z D(z) ≤ 2−k .

• Îïðåäåëåíèå. Ôóíêöèÿ Ext : {0, 1}n × {0, 1}d → {0, 1}m
íàçûâàåòñÿ (k , ε)-ýêñòðàêòîðîì, åñëè äëÿ ëþáîãî

(n, k)-èñòî÷íèêà D, ðàñïðåäåëåíèå Ext(D,Ud) ≈ε Um.

• Òåîðåìà. ∀k, n, ε ñóùåñòâóåò (k, ε)-ýêñòðàêòîð
Ext : {0, 1}n × {0, 1}d → {0, 1}k , ãäå
d = log n + 2 log(1/ε) + O(1).

• Ëåììà. ∀ε > 0, n ≥ k ìîæíî ïîñòðîèòü (k, ε)-ýêñòðàêòîð
Ext : {0, 1}n × {0, 1}t → {0, 1}n, ãäå t = O(n − k + log 1

ε ).
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Ïåðåèñïîëüçîâàíèå ñëó÷àéíûõ áèòîâ

• Ïóñòü ìû èñïîëüçîâàëè n ñëó÷àéíûõ áèòîâ äëÿ

âû÷èñëåíèÿ ôóíêöèè f : {0, 1}n → {0, 1}s .
• Åñëè s << n, òî êàçàëîñü áû, ÷òî ìîæíî ïåðåèñïîëüçîâàòü
ýòè ñëó÷àéíûå áèòû åùå ðàç.

• Ïîñêîëüêó ìû çíàåì f (x), òî ïðèìåðíî s ñëó÷àéíûõ áèòîâ
ìû ïîòåðÿëè.

• Ëåììà. (Ëåììà î ïåðåèñïîëüçîâàíèè) f : {0, 1}n → {0, 1}s ,
Ext : {0, 1}n × {0, 1}t → {0, 1}n � ýòî (k , ε)-ýêñòðàêòîð, ãäå
k = n − s − log 1

ε . Òîãäà äëÿ X ← Un,W ← Un, z ← Ut

âûïîëíÿåòñÿ f (X ) ◦W ≈ε f (X ) ◦ Ext(X , z).
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Ëåììà î ïåðåèñïîëüçîâàíèè
Ëåììà. (Ëåììà î ïåðåèñïîëüçîâàíèè) f : {0, 1}n → {0, 1}s ,
Ext : {0, 1}n × {0, 1}t → {0, 1}n � ýòî (k , ε/2)-ýêñòðàêòîð, ãäå
k = n − (s + 1)− log 1

ε . Òîãäà äëÿ X ← Un,W ← Un, z ← Ut

âûïîëíÿåòñÿ f (X ) ◦W ≈ε f (X ) ◦ Ext(X , z).
Äîêàçàòåëüñòâî.

• Xv � ñëó÷àéíàÿ âåëè÷èíà, ðàâíîìåðíî ðàñïðåäåëåííàÿ íà

f −1(v), ãäå v ∈ {0, 1}s .

δ(f (X ) ◦W , f (X ) ◦ Ext(X , z)) =
∑
v ,w

| Pr
X ,W

[f (X ) = v ∧W = w ]

−Pr
X ,z

[f (X ) = v∧Ext(X , z) = w ]| =
∑
v

Pr[f (X ) = v ]·δ(W ,Ext(Xv , z))

• Ïóñòü V = {v | Pr[f (X ) = v ] ≥ ε/2s+1}. Äëÿ v ∈ V , Xv �

ýòî (n, k) � èñòî÷íèê äëÿ k = n − (s + 1)− log 1
ε .

• Ext(Xv , z) ≈ε/2 W äëÿ v ∈ V .
•
∑

v /∈V Pr[f (X ) = v ] ≤ 2s × ε
2s+1 = ε/2
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Âû÷èñëåíèÿ ñ ëîãàðèôìè÷åñêîé

ïàìÿòüþ

• L � êëàññ ÿçûêîâ, ïðèíèìàåìûõ Ìàøèíàìè Òüþðèíãà,

èñïîëüçóþùèõ O(log n) ïàìÿòè.

• BPHL � ýòî ìíîæåñòâî ÿçûêîâ A, äëÿ êîòîðûõ ñóùåñòâóåò
âåðîÿòíîñòíàÿ ìàøèíà Òüþðèíãà M:

1 ∀x Pr[M(x) = A(x)] ≥ 3
4

2 M èñïîëüçóåò O(log n) ïàìÿòè
3 ∀x M(x) îñòàíàâëèâàåòñÿ äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè

ñëó÷àéíûõ áèòîâ.

• Ëåãêî ïîêàçàòü, ÷òî L ⊆ P.

• Ïîêàæåì, ÷òî BPHL ⊆ P.
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BPHL ⊆ P

• Êîíôèãóðàöèÿ ÌÒ (ñîäåðæèìîå ëåíò, ïîëîæåíèå ãîëîâîê,

ñîñòîÿíèå): O(log n) áèò.

• ×èñëî êîíôèãóðàöèé: ≤ nd .

• Ìàòðèöà ïåðåõîäà nd × nd : áèñòîõàñòè÷åñêàÿ ìàòðèöà èç

0, 12 , 1.

• Èç êîíå÷íîãî ñîñòîÿíèÿ íèêóäà óéòè íåëüçÿ.

• Ñîñòîÿíèÿ â ïóòè ïîâòîðÿòüñÿ íå ìîãóò.

• Äîñòàòî÷íî âîçâåñòè ìàòðèöó ïåðåõîäà â ñòåïåíü nd è

óìíîæèòü íà âåêòîð íà÷àëüíîãî ðàñïðåäåëåíèÿ.

• (Óïðàæíåíèå) Äîêàæèòå, ÷òî BPL ⊆ P (â BPL ìàøèíû

îñòàíàâëèâàþòñÿ ñ âåðîÿòíîñòüþ 1).
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Ïñåâäîñëó÷àéíûé ãåíåðàòîð Íèñàíà
Òåîðåìà. Äëÿ ëþáîãî d ñóùåñòâóåò c è ïîëèíîìèàëüíî

âû÷èñëèìàÿ ôóíêöèÿ g : {0, 1}c log2 n → {0, 1}nd , ÷òî ëþáàÿ
ëîãàðèôìè÷åñêàÿ ïî ïàìÿòè ìàøèíà M, ãðàô êîíôèãóðàöèé

êîòîðîé èìååò ≤ nd âåðøèí, îáëàäàåò ñâîéñòâîì:∣∣∣∣∣ Pr
r←U

nd

[M(x , r) = 1]− Pr
z←Uc log2 n

[M(x , g(z)) = 1]

∣∣∣∣∣ < 1

10

• Ïóñòü M èìååò L ≤ nd êîíôèãóðàöèé. Ðàññòîÿíèå îò

íà÷àëüíîé êîíôèãóðàöèè äî êîíå÷íîé ≤ L.
• Ñ÷èòàåì, ÷òî â êàæäîé êîíôèãóðàöèè èñïîëüçóåòñÿ 1

ñëó÷àéíûé áèò.
• Ðàçîáüåì ñëó÷àéíûå áèòû íà äâå ÷àñòè: ïåðâûå L/2 è

âòîðûå L/2.
• Ïîñëå èñïîëüçîâàíèÿ ïåðâûõ L/2 ñëó÷àéíûõ áèòîâ,

åäèíñòâåííàÿ èíôîðìàöèÿ î íèõ � ýòî êîíôèãóðàöèÿ

(O(log n) áèòîâ). Ìîæíî ïðèìåíèòü ëåììó î

ïåðåèñïîëüçîâàíèè. 8 / 15



Êîíñòðóêöèÿ ãåíåðàòîðà

Ãåíåðàòîð Íèñàíà

• r > 0, Extk : {0, 1}(k+1)r × {0, 1}r → {0, 1}(k+1)r �

ýêñòðàêòîð.

• Gk : {0, 1}(k+1)r → {0, 1}2k

• G0(z) = z1 (ïåðâûé áèò ñòðîêè z).

• Gk(a ◦ z) = Gk−1(a) ◦ Gk−1(Extk−1(a, z)), |a| = kr , |z | = r .

• Ïóñòü s � ýòî ñòðîêà äëèíû 2k . Îáîçíà÷èì ÷åðåç fu,2k (s)

âåðøèíó, â êîòîðóþ ïðèäåò ìàøèíà çà 2k øàãîâ, íà÷àâ â

êîíôèãóðàöèè u, èñïîëüçóÿ s â êà÷åñòâå ñëó÷àéíûõ áèòîâ.

• fu,2k (D) � ðàñïðåäåëåíèå âåðîÿòíîñòåé íà óðîâíå 2k .

• Îñíîâíàÿ öåëü: ïîêàçàòü fu,2k (U2k ) ≈ fu,2k (Gk(U(k+1)r )).
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Ãåíåðàòîð Íèñàíà

Òåîðåìà. Ïóñòü r = O(log n) òàêîå, ÷òî äëÿ âñåõ k ≤ d log n,
Extk : {0, 1}(k+1)r × {0, 1}r → {0, 1}(k+1)r � ýòî

((k + 1)r − 2d log n, ε/2)-ýêñòðàêòîð.

• Gk : {0, 1}(k+1)r → {0, 1}2k

• G0(z) = z1 (ïåðâûé áèò ñòðîêè z).

• Gk(a ◦ z) = Gk−1(a) ◦ Gk−1(Extk−1(a, z)), |a| = kr , |z | = r .

Òîãäà δ(fu,2k (U2k ), fu,2k (Gk(U(k+1)r ))) ≤ 3kLε.
Êàê ïðèìåíèòü ýòó òåîðåìó?

• u � íà÷àëüíàÿ êîíôèãóðàöèÿ

• 2k = L

• 3kLε < 1
10 =⇒ log 1/ε = O(log L) = O(log n)

• Ýêñòðàêòîð èç ñëó÷àéíîãî áëóæäàíèÿ ïî ýêñïàíäåðó.
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Äîêàçàòåëüñòâî

• Íóæíî äîêàçàòü: δ(fu,2k (U2k ), fu,2k (Gk(U(k+1)r ))) ≤ 3kLε.

• Ïóñòü εk � ýòî ìàêñèìóì ëåâîé ÷àñòè ïî âñåì f è u.

• ε0 = 0.

• Èíäóêöèåé äîêàæåì, ÷òî εk ≤ 2εk−1 + εL.

• ×òîáû îöåíèòü ðàññòîÿíèå ìåæäó fu,2k (D1) è fu,2k (D4), ìû
ðàññìîòðèì äâà äîïîëíèòåëüíûõ ðàñïðåäåëåíèÿ D2 è D3 è

âîñïîëüçóåìñÿ íåðàâåíñòâîì òðåóãîëüíèêà:

δ(fu,2k (D1), fu,2k (D4)) ≤ δ(fu,2k (D1), fu,2k (D2)) +
δ(fu,2k (D2), fu,2k (D3)) + δ(fu,2k (D3), fu,2k (D4)).

• D1 = U2k

• D4 = Gk(U(k+1)r )

• D2 = U2k−1 ◦ Gk−1(Ukr )

• D3 = Gk−1(Ukr ) ◦ Gk−1(Ukr )

• D1
εk−1→ D2

εk−1→ D3
Lε→D4
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δ(fu,2k(D1), fu,2k(D2)) ≤ εk−1

• D1 = U2k

• D2 = U2k−1 ◦ Gk−1(Ukr )

• puw = Pr[fu,2k−1(U2k−1) = w ]

• quw = Pr[fu,2k−1(Gk−1(Ukr )) = w ]

•
∑

w |puw −quw | = δ(fu,2k−1(Uk−1), fu,2k−1(Gk−1(Ukr ))) ≤ εk−1
• D1 = U2k = U2k−1 ◦ U2k−1

δ(fu,2k (D1), fu,2k (D2)) =
∑
v

∣∣∣∣∣∑
w

puwpwv −
∑
w

puwqwv

∣∣∣∣∣
=
∑
w

puw
∑
|pwv − qwv | ≤ εk−1
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δ(fu,2k(D2), fu,2k(D3)) ≤ εk−1

• D2 = U2k−1 ◦ Gk−1(Ukr )

• D3 = Gk−1(Ukr ) ◦ Gk−1(Ukr )

ÀÍÀËÎÃÈ×ÍÎ!
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δ(fu,2k(D3), fu,2k(D4)) ≤ εL

• D3 = Gk−1(Ukr ) ◦ Gk−1(Ukr )

• D4 = Gk(U(k+1)r ) = Gk−1(Ukr ) ◦ Gk−1(Extk−1(Ukr ,Ur ))

• Ïóñòü gu : {0, 1}kr → [1, L], gu(a) = fu,2k−1(Gk−1(a))

• Ïóñòü X ,Y ← Ukr , z ← Ur .

• Ëåììà î ïåðåèñïîëüçîâàíèè:

gu(X ) ◦ Y ≈ε gu(X ) ◦ Extk−1(X , z).
• gu(X ) ◦ gw (Y ) ≈ε gu(X ) ◦ gw (Extk−1(X , z)) äëÿ âñåõ w íà

ðàññòîÿíèè 2k−1 îò u.

δ(fu,2k (D3), fu,2k (D4)) =
∑
v

|
∑
w

Pr [gu(X ) = w ∧ gw (Y ) = v ]−∑
w

Pr [gu(X ) = w ∧ gw (Extk−1(X , z)) = v ]| < εL
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Çàêëþ÷èòåëüíûå çàìå÷àíèÿ

• Íåòðóäíî ïðîâåðèòü, ÷òî î÷åðåäíîé áèò Gk ìîæíî

âû÷èñëèòü, çà ïîëèíîìèàëüíîå âðåìÿ, èñïîëüçóÿ O(log2 n)
ïàìÿòè.

• Èç ýòîãî ñëåäóåò, ÷òî BPHL ∈ DSpace[log2 n]

• Ìû ñîêðàòèëè ÷èñëî ñëó÷àéíûõ áèòîâ äî O(log2 n),
ïðîèãðàëè ìóëüòèïëèêàòèâíûé log n ïî ïàìÿòè, àëãîðèòì

âñå åùå ïîëèíîìèàëüíûé ïî âðåìåíè.

• (Çàäà÷à) Äîêàæèòå, ÷òî ëþáîé ÿçûê èç BPHL ìîæíî

ðåøèòü îäíîâðåìåííî çà ïîëèíîìèàëüíîå

äåòåðìèíèðîâàííîå âðåìÿ è O(log2) ïàìÿòü.
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