3agauue 4.
I'pad ¢ n BxogaMu u n BBIXOZAMU HA3BIBAETCS CYTEPKOHIIEHTPATOPOM, €CJIU JJIs JIFOOBIX 33 TaHHBIX
HOAMHOXKECTB u3 k BxomoB u k BbIx0Z0B (k < n) cyumiecTByer k Henmepecekalomuxcd myTeil ¢ HadaJaMu B
3a/IaHHBIX BXOJAaX U KOHIAMM B 33JIaHHBIX BbIxozax.) [lokaxkure, 4To CyIECTBYyeT CyNepKOHIEHTPATOPBI C C
qucsoM Bepiiud u pedep O(n).

DM 18. | IIpuaymaiiTe, KAk YMEHBIINUTH BEPOSITHOCTD OIMHOKH B aJTOPUTMe s si3blka n3 Kjaacca BPP B
MOJIMHOMUAJIBHOE YUCJI0 pa3 6e3 UCHOIb30BaHNS JOMOJTHUTETHbHBIX CIIyYalHBIX YHCEI.

DM 19. | IIycr nan kog Puna-Conomona, Koropstit uctpasiisier e omubok. [Tokaxkure, 910 ecrb ajropurM,
KOTODBIil UCHPABJISET p MPOMYyCKoB n k ommbok, eciim p/2 + k < e. IIpomyck — 3TO OTCYTCTBHE CHMBOJIA, &
HE MCKaKeHHUe ero.

DM 20. | (The Hat Problem) The Hat Problem involves n people in a room, each of whom is given a
black/white hat chosen uniformly at random (and independent of the choices of all other people). Each
person can see the hat color of all other people, but not their own. Each person is asked if (s)he wishes
to guess their own hat color. They can either guess, or abstain. Each person makes their choice without
knowledge of what the other people are doing. They either win collectively, or lose collectively. They win if
all the people who don’t abstain guess their hat color correctly and at least one person does not abstain.
They lose if all people abstain, or if some person guesses their color incorrectly. Your goal below is to come
up with a strategy that will allow the n people to win, with pretty high probability. The problem involves
some careful modelling, and some knowledge of Hamming codes!

a) Lets say that a directed graph G is a subgraph of the n-dimensional hypercube if its vertex set is
{0,1}" and if u — v is an edge in G, then u and v differ in at most one coordinate. Let K (G) be the number
of vertices of G with in-degree at least one, and out-degree zero. Show that the probability of winning the
hat problem equals the maximum, over directed subgraphs G of the n-dimensional hypercube, of K(G)/2™.

b) Using the fact that the out-degree of any vertex is at most n, show that K(G)/2" is at most =5 for
any directed subgraph G of the n-dimensional hypercube.

¢) Show that if n = 2¢ — 1, then there exists a directed subgraph G of the n-dimensional hypercube with

K(G)/2" = /7. (This is where the Hamming code comes in.)

DM 9.| Ilycrb G — 3ro anrebpaudeckuii (n,d, a)-sxcuanzgep. [ycrs k < i u n genurca Ha k. Jlokaxku-
n

TE, UTO €CJIM MOKPACUTh BEPIIUHBI B k IBETOB Tak, 4TOOBI Kax kIl IBET MCMOJIL30BAJICA POBHO 7 pa3, TO
HafiATeTCs XOTs ObI OHA BEPIIMHA, CPEIN COCeAell KOTOPOi BCTPEYaAOTCst BCe Kk IIBETOB.

DM 14. | Ilycts G — caydvaiinbrii rpad HA 1 BEPITUHAX, B KOTOPOM KaXK/1as BEPITUHA HE3ABUCUMO CJIydaii-
HbIM 00pa3oM Beibupaer cebe d coceeil (HoBTopbI paspeinenbl). JlokazKkuTe, 4T0 CyHIECTBYET TaKas KOHCTAHTA,

. log d
a, 910 ¢ GOJIBIIOH BEPOATHOCTHIO Pa3Mep He3aBUCHMOIO MHOXKECTBA, TAaKoro rpada ne 6osbire, dem an—5%.



