
Çàäàíèå 4.
DM 17. Ãðàô ñ n âõîäàìè è n âûõîäàìè íàçûâàåòñÿ ñóïåðêîíöåíòðàòîðîì, åñëè äëÿ ëþáûõ çàäàííûõ
ïîäìíîæåñòâ èç k âõîäîâ è k âûõîäîâ (k < n) ñóùåñòâóåò k íåïåðåñåêàþùèõñÿ ïóòåé ñ íà÷àëàìè â
çàäàííûõ âõîäàõ è êîíöàìè â çàäàííûõ âûõîäàõ.) Ïîêàæèòå, ÷òî ñóùåñòâóåò ñóïåðêîíöåíòðàòîðû ñ ñ
÷èñëîì âåðøèí è ðåáåð O(n).
DM 18. Ïðèäóìàéòå, êàê óìåíüøèòü âåðîÿòíîñòü îøèáêè â àëãîðèòìå äëÿ ÿçûêà èç êëàññà BPP â
ïîëèíîìèàëüíîå ÷èñëî ðàç áåç èñïîëüçîâàíèÿ äîïîëíèòåëüíûõ ñëó÷àéíûõ ÷èñåë.

DM 19. Ïóñò äàí êîä Ðèäà-Ñîëîìîíà, êîòîðûé èñïðàâëÿåò e îøèáîê. Ïîêàæèòå, ÷òî åñòü àëãîðèòì,
êîòîðûé èñïðàâëÿåò p ïðîïóñêîâ è k îøèáîê, åñëè p/2 + k ≤ e. Ïðîïóñê � ýòî îòñóòñòâèå ñèìâîëà, à
íå èñêàæåíèå åãî.
DM 20. (The Hat Problem) The Hat Problem involves n people in a room, each of whom is given a
black/white hat chosen uniformly at random (and independent of the choices of all other people). Each
person can see the hat color of all other people, but not their own. Each person is asked if (s)he wishes
to guess their own hat color. They can either guess, or abstain. Each person makes their choice without
knowledge of what the other people are doing. They either win collectively, or lose collectively. They win if
all the people who don't abstain guess their hat color correctly and at least one person does not abstain.
They lose if all people abstain, or if some person guesses their color incorrectly. Your goal below is to come
up with a strategy that will allow the n people to win, with pretty high probability. The problem involves
some careful modelling, and some knowledge of Hamming codes!

a) Lets say that a directed graph G is a subgraph of the n-dimensional hypercube if its vertex set is
{0, 1}n and if u → v is an edge in G, then u and v di�er in at most one coordinate. Let K(G) be the number
of vertices of G with in-degree at least one, and out-degree zero. Show that the probability of winning the
hat problem equals the maximum, over directed subgraphs G of the n-dimensional hypercube, of K(G)/2n.

b) Using the fact that the out-degree of any vertex is at most n, show that K(G)/2n is at most n
n+1 for

any directed subgraph G of the n-dimensional hypercube.
c) Show that if n = 2` − 1, then there exists a directed subgraph G of the n-dimensional hypercube with

K(G)/2n = n
n+1 . (This is where the Hamming code comes in.)

DM 9. Ïóñòü G � ýòî àëãåáðàè÷åñêèé (n, d, α)-ýêñïàíäåð. Ïóñòü k ≤ 1
α è n äåëèòñÿ íà k. Äîêàæè-

òå, ÷òî åñëè ïîêðàñèòü âåðøèíû â k öâåòîâ òàê, ÷òîáû êàæäûé öâåò èñïîëüçîâàëñÿ ðîâíî n
k ðàç, òî

íàéäòåòñÿ õîòÿ áû îäíà âåðøèíà, ñðåäè ñîñåäåé êîòîðîé âñòðå÷àþòñÿ âñå k öâåòîâ.

DM 14. Ïóñòü G � ñëó÷àéíûé ãðàô íà n âåðøèíàõ, â êîòîðîì êàæäàÿ âåðøèíà íåçàâèñèìî ñëó÷àé-
íûì îáðàçîì âûáèðàåò ñåáå d ñîñåäåé (ïîâòîðû ðàçðåøåíû). Äîêàæèòå, ÷òî ñóùåñòâóåò òàêàÿ êîíñòàíòà
a, ÷òî ñ áîëüøîé âåðîÿòíîñòüþ ðàçìåð íåçàâèñèìîãî ìíîæåñòâà òàêîãî ãðàôà íå áîëüøå, ÷åì an log d

d .


