
Çàäàíèå 5.
DM 21. Äîêàæèòå, ÷òî â Rn íå áîëåå 2n âåêòîðîâ, ñêàëÿðíîå ïðîèçâåäåíèå ëþáûõ äâóõ èç êîòîðûõ
íåïîëîæèòåëüíî.
DM 22. Äîêàæèòå óñèëåíèÿ îöåíêè Âàðøàìîâà-Ãèëáåðòà. Äîêàæèòå, ÷òî ñóùåñòâóåò ëèíåéíûé êîä

Σk → Σn ñ ðàññòîÿíèåì d, ãäå |Σ| = q, åñëè âûïîëíÿåòñÿ à) qkVq(d− 1, n) ≤ qn; á)qkVq(d− 2, n) ≤ qn.

DM 23. A set S ⊆ {0, 1}n is a pairwise independent space, if, for every pair i 6= j ∈ {1, . . . , x}, it is the
case that if you pick a random element of S and project it onto the ith coordinate and jthe coordinate you
get a pair of independent bits drawn uniformly from {0, 1}.

1. Let H be the (2` − 1)× ` parity check matrix of a binary Hamming code. Show that the collection of
vectors S = {~xHT |~x ∈ {0, 1}`} forms a pairwise independent space. (HT denotes the transpose of H.)

2. Show that any pairwise independent space on n bits must contain at least n + 1 points.

DM 24. An instance of the MAX 3SAT problem φ consists of m �clauses� C1, . . . , Cm on n Boolean
variables x1, . . . , xn, where a clause is the disjunction of (exactly) 3 distinct literals; and each literal is either
a variable xi or its negation ¬xi. The goal is to �nd a 0/1 assignment to the n variables that �satis�es� the
maximum number of clauses, where a clause is satis�ed if at least one of the literals in the clause is set to
1. For any MAX 3SAT instance φ with m clauses, prove that there exists an assignment satisfying at least
7
8 ·m clauses.

DM 25. (An Application of Codes): This is a long exercise whose goal is to �derandomize� Problem DM24
Speci�cally the �nal outcome we seek is a deterministic algorithm to compute, given a MAX 3SAT instance
φ with m clauses, an assignment that satis�es at least 7

8 ·m clauses of φ. We start with some de�nitions.
Definition: A probability space on {0, 1}n is a function P : {0, 1}n → [0, 1] such that

∑
α∈{0,1}n P (α) =

1. The support of a distribution P is the set of α such that P (α) > 0. A probability space is said to be 3-wise
independent if for every triple i, j, k ∈ {1, . . . , n} of distinct indices, the marginal distribution Pijk of P on
the (i, j, k)th coordinates is the uniform distribution.1

1. Let P be a 3-wise independent distribution. Let φ be a MAX 3SAT instance with m clauses. Show
that there exists an assignment α in the support of P such that α satis�es 7

8 ·m clauses of φ.

2. Given an m× n matrix H, de�ne an associated probability space PH , where PH(x) = 1
M if H · x = ~0

and PH(x) = 0 otherwise.

(a) For what value of M does the above satisfy the de�nition of a probability space. (Note that M is
not allowed to depend on x.)

(b) Give a necessary and su�cient condition (using coding theoretic terms) for PH to be 3-wise
independent.

(c) Use the above characterization, to give a 3-wise independent probability space of small support.

3. Put the above together to describe an e�cient deterministic algorithm that computes an assignment
satisfying 7

8 ·m clauses given any instance of MAX 3SAT with m clauses.

DM 9. Ïóñòü G � ýòî àëãåáðàè÷åñêèé (n, d, α)-ýêñïàíäåð. Ïóñòü k ≤ 1
α è n äåëèòñÿ íà k. Äîêàæè-

òå, ÷òî åñëè ïîêðàñèòü âåðøèíû â k öâåòîâ òàê, ÷òîáû êàæäûé öâåò èñïîëüçîâàëñÿ ðîâíî n
k ðàç, òî

íàéäòåòñÿ õîòÿ áû îäíà âåðøèíà, ñðåäè ñîñåäåé êîòîðîé âñòðå÷àþòñÿ âñå k öâåòîâ.

1More elaborately, for b1, b2, b3 ∈ {0, 1}, let Sb1,b2,b3 = {α ∈ {0, 1}n | αi = b1, αj = b2, αk = b3}. Now let Pijk(b1, b2, b3) =∑
α∈Sb1,b2,b3

P (α). This is the marginal distribution of P onto its i, j, kth coordinates. We require this to be uniform, i.e.,

Pijk(b1, b2, b3) = 1
8
for every i, j, k, b1, b2, b3.


