
Çàäàíèå 6.

CC22. Ïóñòü E1 : {0, 1}n → Σm è E2 : Σ → {0, 1}k � ýòî äâà êîäà ñ ëîêàëüíûìè ñïèñî÷íûìè
äåêîäåðàìè. Äåêîäåð êîäà E1 âûäàåò ñïèñîê ðàçìåðà `1, è îáðàáàòûâàåò 1 − ε1 îøèáîê. Äåêîäåð
äëÿ êîäà E2 âûäàåò ñïèñîê ðàçìåðà `2 è îáðàáàòûâàåò 1

2 − ε2 îøèáîê. Äîêàæèòå, ÷òî ó êàñêàäíîãî
êîäà E1 ◦ E2 ñóùåñòâóåò ëîêàëüíûé ñïèñî÷íûé äåêîäåð, êîòîðûé îáðàáàòûâàåò 1

2 − ε1ε2`2 îøèáîê
è âûäàåò ñïèñîê ðàçìåðà `1`2.

CC23. Äîêàæèòå, ÷òî åñëè ñóùåñòâóåò δ-ïëîòíîå ðàñïðåäåëåíèå H íà {0, 1}n, ÷òî Prx←H [C(x) =

f(x)] ≤ 1
2 + ε äëÿ ëþüîé ñõåìû C ðàçìåðà S ≤

√
ε2δ2n/100, òî ñóùåñòâóåò ïîäìíîæåñòâî I ⊆ {0, 1}n

ðàçìåðà õîòÿ áû δ
22n, ÷òî Prx←U(I)[C(x) = f(x)] ≤ 1

2 + ε.

CC24. à) Ïîêàæèòå, ÷òî ñóùåñòâóåò äåòåðìèíèðîâàííûé poly(n) àëãîðèòì A, êîòîðûé ïîëó÷àåò
âõîä, ðàñïðåäåëåíûé ñîãëàñíî ðàñïðåäåëåíèþ X ñ H∞(X) ≥ n100 è èìååò îðàêóëüíûé äîñòóï ê
ôóíêöèè f : {0, 1}n → {0, 1}, êîòîðûé óäîâëåòâîðÿåò ñëåäóþùèì ñâîéñòâàì:

• Åñëè E[f(Un)] ≥ 2/3, òî A îòâå÷àåò 1 ñ âåðîÿòíîñòüþ õîòÿ áû 0.99;

• Åñëè E[f(Un)] ≤ 1/3, òî A îòâå÷àåò 0 ñ âåðîÿòíîñòüþ õîòÿ áû 0.99.

Òàêîé àëãîðèòì áóäåì íàçûâàòü àïïðîêñèìàòîðîì ôóíêöèè.
á) Ïîêàæèòå, ÷òî íå ñóùåñòâóåò àïïðîêñèìàòîðà áåç äîñòóïà ê ñëó÷àéíûì ÷èñëàì.
â) Ïîêàæèòå, ÷òî åñëè ðàñïðåäåëåíèå X íàõîäèòñÿ íà ðàññòîÿíèè áîëåå 1

5 îò êàæäîãî ðàññïðå-
äåëåíèÿ Y ñ H∞(Y ) ≥ n/2, òî íå ñóùåñòâóåò àïïðîêñèìàòîðà, âõîä êîòîðîãî ðàñïðåäåëåí ñîãëàñíî
ðàñïðåäåëåíèþ X.

CC1. Ðàññìîòðèì ôóíêöèþ Maj : {0, 1}n → {0, 1}, êîòîðàÿ âûäàåò 1, åñëè íå ìåíåå ïîëîâè-
íû âõîäíûõ áèòîâ ðàâíû 1. Äîêàæèòå, ÷òî ñóùåñòâóåò ïîëèíîìèàëüíîãî ðàçìåðà â) ìîíîòîííàÿ
ôîðìóëà (ò.å. ñõåìà, èñïîëüçóþùàÿ òîëüêî ãåéòû ∨ è ∧), âû÷èñëÿþùàÿ ôóíêöèþ Maj.

CC10. Ïóñòü f1(x11, . . . , x1n1), . . . , fm(xm1, . . . , xmnm) � ïðîèçâîëüíûå áóëåâû ôóíêöèè, çàâèñÿ-
ùèå îò íåïåðåñåêàþùåãîñÿ ìíîæåñòâà ïåðåìåííûõ. Äîêàæèòå, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî:

L (f1(x11, . . . , x1n1)⊕ · · · ⊕ fm(xm1, . . . , xmnm)) ≥ 1

2

∑
i

L(fi),

ãäå L(f) îáîçíà÷àåò ìèíèìàëüíîå êîëè÷åñòâî ãåéòîâ â {∧,∨,¬}-ôîðìóëå, âû÷èñëÿþùåé f .
CC13. à) Ïóñòü M [X,X] ýòî 0/1-ìàòðèöà, êîòîðàÿ ñîäåðæèò ïåðåñòàíîâî÷íóþ ìàòðèöó ðàçìåðà
|X| (ò.å. åå ïåðìàíåíò íàä R íå íîëü). Äîêàæèòå, ÷òî R(M) · T (M) ≥ |X|2, ãäå T (M) � ýòî ÷èñëî
åäèíèö â M . á) Äîêàæèòå ñ ïîìîùüþ ýòîé òåõíèêè, ÷òî L(MOD2) = Ω(n2).

CC16. Äëÿ ãðàôà G îáîçíà÷èì ÷åðåç G′ ãðàô, â êîòîðîì ê êàæäîìó ðåáðó íàðèñîâàëè ïàðàëëåëü-
íóþ êîïèþ. Ìû ðàññìàòðèâàåì íåâûïîëíèìóþ öåéòèíñêóþ ôîðìóëó TG′ , ïîñòðîåííóþ ïî ãðàôó
G′ à) Ðàññìîòðèì ñëó÷àéíóþ ÷àñòè÷íóþ ïîäñòàíîâêó: èç êàæäîãî èç äâóõ ïàðàëëåëüíûõ ðåáåð
ãðàôà G′ âûáèðàåòñÿ îäíî è ïåðåìåííîé, êîòîðàÿ ýòîìó ðåáðó ñîîòâåòñòâóåò, ïîäñòàâëÿåòñÿ ñëó-
÷àéíîå çíà÷åíèå èç {0, 1}, ïåðåìåííîé èç âòîðîãî ðåáðà íè÷åãî íå ïîäñòàâëÿåòñÿ. Äëÿ äèçúþíêòà
ðàçìåðà W îöåíèòå âåðîÿòíîñòü òîãî, ÷òî îí íå áóäåò âûïîëíåí ýòîé ïîäñòàíîâêîé. á) Äîêàæèòå,
÷òî ðåçîëþöèîííîå äîêàçàòåëüñòâî ôîðìóëû TG′ èìååò ðàçìåð 2Ω(e(G)).

CC19. Äîêàæèòå, ÷òî åñëè ñóùåñòâóåò S(`)-ïñåâäîñëó÷àéíûé ãåíåðàòîð, òî ñóùåñòâóåò òàêàÿ
ôóíêöèÿ f ∈ E, ÷òî Hwrs(f)(n) ≥ S(n).

CC20. Äîêàæèòå, ÷òî åñëè ñóùåñòâóåò f ∈ E è ε > 0, ÷òî Havg(f)(n) ≥ 2εn ïðè âñåõ n, òî
MA = NP.
CC21. Let G : {0, 1}∗ → {0, 1}∗ be an S(`)-length candidate pseudorandom generator that fails
to derandomize a particular BPP algorithm A on the average case. That is, letting L ∈ BPP be the
language such that Pr[A(x) = L(x)] ≥ 2/3, it holds that for every su�ciently large n, with probability
at least 1/n over the choice of x ← {0, 1}n, Pr[A(x;G(U`(n))) = L(x)] < 1/2 (we let `(n) be such that
S(`(n)) = m(n) where m(n) denotes the length of random tape used by A on inputs of length n). Prove
that there exists a probabilistic polynomial-time algorithm D that on input 1n outputs a circuit Dn such
that with probability at least 1/(2n) over the randomness of D, |E[Dn(G(U`(n))]−E[Dn(Um(n))]| > 0.1.
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