TpeboBanue K 3a4dery
st 3agera HykHO permuTh 10 3a7a4, mpu 91oM u3 kKax ol vactu A, B, C, D, E Hy>XHO permuThb
He MeHee OTHOI 3a/1adn. 33/1a9a ¢ HECKOJILKUMI IYHKTAMKU CUMTACTCS OJHON 33 1a9eil.

YHacts A
1. Compute the Fourier expansions of the following functions.

(a) The selection function Sel : {—1,1}> — {—1,1} which outputs xo if 2; = —1 and
outputs x3 if x1 = 1.

(b) The density function corresponding to the product probability distribution on {—1,1}"
in which each coordinate has mean p € [—1, 1];

(c) The hemi-icosahedron function HI : {—1,1}% — {—1,1}, defined as follows: HI(z) is 1 if
the number of 1’s in z is 1, 2, or 6. HI(z) is —1 if the number of —1’s in z is 1, 2, or 6.
Otherwise, HI(x) is 1 if and only if one of the ten facets in the following diagram has all
three of its vertices 1:

Puc. 1: The hemi-icosahedron

Please give some indication of how you arrived at the expansion; a bare formula does
g % ’
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2. Let f:{-1,1}" —» {-1,1}.
(a) Suppose W![f] = 1. Show that f(x) = 4xg for some |S| = 1.

(b) Suppose W=1[f] = 1. Show that f depends on at most 1 input coordinate.
(c) Suppose W=2[f] = 1. Is it true that f depends on at most 2 input coordinates?

3. Let A CF3, let o = |A]/2", and write 14 : 'y — {0, 1} for the indicator function of A.

(a) Show that > g 14(9)2 = a(1 — o).

(b) Define A+ A+ A={x+y+z:xy,2 € A}, where the addition is in F}. Show that
either A+ A+ A =% or else there exists S* # () such that 14(5%)| > 12 - . (Hint: if
A+ A+ A #TFY, show there exists x € F§ such that 14 %14 * 14(x) =0.)

4. For functions f : F§ — R, sometimes it is more natural to index the Fourier coefficients not
by subsets S C [n] but by elements v € F7; here we identify a subset with its indicator vector.
In this case we would write the Fourier expansion as

f= Z J?(S)X% where x(z) = (=1)"*

velFy



and v -z is the dot-product of v and = in the vector space IF5. Note that for 5,7 € I} we
have xgXy = Xg+~-

(a) Let H be a vector subspace of F%. Let H* be its “perpendicular subspace’; i.e., H+ =
{y€TFy :~v-2=0forall z € H}. Show that the indicator function 1y : F} — {0,1}
of H has the Fourier expansion 1y = >y 27%y,, where k = dim(H'). (Remark:
k =n — dim(H) is sometimes denoted codim(H).)

(b) Given the subspace H and also y € 3, the set H +y = {h+y : h € H} is called
an “affine subspace” of 5. Show that the indicator function 1gy, : Fy — {0,1} of
this affine subspace has the Fourier expansion 154, = ZyeHi Q*kxﬁ,(y)xv, where again
k= dim(H"').

Yacts B

5. In 1965, the Nassau County (New York) Board used a weighted majority voting system to make
its decisions, with the 6 towns getting differing weights based on their population. Specifically,
the board used the voting rule f : {0,1}6 — {—1,1} defined by f(x) = sgn(—58 + 31z; +
31zg + 28z + 21x4 + 225 + 226). Compute Inf;[f] for all i € [6]. (PS: John Banzhaf invented
the notion of Inf; while suing on behalf of towns #5 and #6.)

6. Let f:{-1,1}" — {~1,1} be unbiased (i.e., E[f] = 0), and let MaxInf|[f] denote max;cf, {Inf;[f]}.
Recall that the KKL Theorem implies MaxInf[f] > Q(loiﬁ”) In 1987, this was still a

conjecture; all that was known was the following results, independently observed by Alon
and by Chor and Geréb-Graus. ..

(a) Use the Poincare Inequality to show MaxInf[f] > 1/n.

(b) Prove | f(i)| < Inf;[f] for all i € [n]. (Hint: consider E[|D;f]].)

(c) Prove that I[f] > 2 — nMaxInf[f]%. (Hint: first prove I[f] > W[f] +2(1 — W1[f]) and
then use the previous exercise.)

(d) Deduce that MaxInf[f] > 2 — 4
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7. In this exercise you are asked to prove some fancily-named properties of the noise operator
T,.

(a) Show that T, is “positivity-preserving” for all p € [-1,1], meaning f > 0= T,f > 0.
Show also that it is “positivity-improving” for all p € (—1,1), meaning f > 0, f # 0 =
T,f > 0.

(b) Show the “semigroup property”™ T, o T,, =T, ,, for all p1, p2, € [0,1].
(If you like, prove it even for p1, ps € [—1,1].)

(c) Show that T, is a “contraction on LP” for all p > 1 and p € [—1,1]; i.e., [T, fllp < || fllp,
where [|f[|, = Eq[| f()["]'/7.

Yacrs C

8. Suppose the Fourier spectrum of f : {—1,1}" — R is e;-concentrated on F and that g :
{~1,1}" — R satisfies ||f — g||3 < e2. Show that the Fourier spectrum of g is 2(e; + €2)-
concentrated on F.



9.

10.

11.

12.

13.

Given s € NT, let C be the class of all functions f : {—1,1}" — {—1,1} expressible as
f(z) = g(hi(z),...,hs(z)), where hi,...,hs : {=1,1}" — {—1,1} are weighted majority
functions and ¢ : {—1,1}* — {—1,1} is any function. Show that C is learnable from random
examples to error € in time nO6*/<*) You may use Peres’s Theorem, that NSs[h] < 2V/4 for
all § € [0, 5] and all weighted majorities h. (Hint: how can you bound NS;[f]?)

(a) Let k € NT and let C = {f : {-1,1}" — {-1,1} | deg(f) < k}. (In particular, C
contains all functions computable by depth-k decision trees.) Show that C is learnable
from random examples with error 0 in time n* - poly(n, 2¥). You may use the following
“Degree/Granularity Fact™ for every f € C and every S C [n], the Fourier coefficient
f(S) is an integer multiple of 21 7.

(b) Prove the Degree/Granularity Fact.

Informally: a “one-way permutation” is a bijective function f : Fj — T3 which is easy
to compute on all inputs but hard to invert on more than a negligible fraction of inputs;
a “pseudorandom generator” is a function g : F§ — T3 for m > k whose output on a
random input “looks unpredictable” to any efficient algorithm. Goldreich and Levin proposed
the following construction of the latter from the former: for k = 2n, m = 2n + 1, define

g(?“, S) = (r,f(s),r : 3)7

where r, s € F}. When ¢’s input (7, s) is uniformly random then so is the first 2n bits of its
output (using the fact that f is a bijection). The key to the analysis is showing that the final
bit, r - s, is highly unpredictable to efficient algorithms even given the first 2n bits (v, f(s)).
This is proved by contradiction.

(a) Suppose that an adversary has a deterministic, efficient algorithm A good at predicting
the bit r - s:
Pr [A(r,f(s) =171 s] >

n
r,s~I7%

+ .
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Show there exists B C F} with |B|/2" > 3~ such that for all s € B,

Pr [A(r, f(s)) =7 s]| > 5 + 3.
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(b) Switching to 41 notation in the output, deduce Ay, s (s) > for all s € B.

(c) Show that the adversary can efficiently compute s given f(s) (with high probability) for
any s € B. If v is nonnegligible this contradicts the assumption that f is “one-way”.
(Hint: use the Goldreich-Levin algorithm.)

(d) Deduce the same conclusion even if A is a randomized algorithm.

Yacrs D

Suppose f(x) = sgn(ag + a1x1 + - - - apxy,) is an LTF with |a1| > |ag| > -+ > |ay|. Show that
Infy[f] > Infsy[f] > --- > Inf,[f].

In class we will discuss the FKN Theorem and the proof of the following: If f: {—1,1}" —
{—1,1} has E[f] = 0 and W![f] > 16 then f is O(d)-close to £x; for some i € [n]. Assuming
this, show the following: If f : {—1,1}"* — {—1,1} has W=![f] > 1 — 6 then f is O(5)-close
to a 1-junta. (Hint: define g(xg,x) = zof(xoz).)



14. Consider the sequence of LTFs f,, : {—1,1}" — {0,1} defined by f,(z) = 1 if and only if

Yoy ﬁxz > t. (Le., fn is the indicator of the Hamming ball of radius % — £/n centered at
(1,1,...,1).) Show that

lim E[f,] = ®(t),  lim W[fa] = ¢(t)%

n—oo n—oQ

where ¢ is the pdf of a standard Gaussian and ® is the complementary cdf (i.e., ®(u) = fuoo 0).
You may use the Central Limit Theorem without worrying about error bounds.

Yacts E

15. Pacopeznenenne D ua {0, 1}" HasbiBaeTcs t-HE3aBUCHMBIM, €CJIH JIJIsT JIOOOM corydaiinoil Ben-
gnHbl X pacnpejiesieHHol cornacHo D, s JIIoObIX pasiuuHbIX i1,42,...,4; € {1,2,...,n},
cnyvaitnas Beamanna X; i, i, uMeer pacupenenerne U;. Ilycts A — BeposSTHOCTHBIN ajro-
PUTM, KOTOPBIA TOJydaeT OPaKy/AbHBIN JOCTYI K BXOMY JJIMHBI 1, ajJropuTM A MOXKeT BO
BpeMsi CBOell paboThl aJallTHBHO 3alpOCUTH ¢ 6uToB Bxoda. a) lokaxkure, aro eciu D siB-
nsercs t-nesasucuMbiM, 10 Pry. p[A(x) = 1] = Pryp, [A(z) = 1]. Nusivu croBamu jgaxe
AJIANTUBHBIN AJICOPUTM, KOTOPBIH U3y4daeT ¢t OUTOB BXO/a HE MOXKET OTJIMYUTH PACIIPE/IEIEHUE
D ot paBHOMEDPHOTO.

6) IMokazkure, uro ecau D spaserca (t, €)-wesasucumbim, 10 | Pry. p[A(x) = 1]-Pr,y, [A(z) =
1]| < 2%.
B) IlokazkuTe, 4TO CymecTByeT TaxKoe pacmupesetenne D, Kotopoe apigerca (t,t27!)-HezapucaMbim

JTsT KOTOPOTO cyIecTByeT Takoii aaropur™ A, uro | Pry. p[A(z) = 1] —Pryp, [A(z) = 1]| >
1
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16. Ilycts S — 9T0 MHOXKECTBO N-OUTHBIX, B KOTOPBIX UMUCIO eNWHUI JeauTcd Ha 3. Jlokakure,
9TO PaBHOMEPHOE PaCIpee/eHne Ha S sBJISIeTCs €-CMEIEHHBIM [P € = 2=8(n)

17. Tyers G : {0,1}F — {0, 1}" zanaer e-cmermennoe pacnpesenenne na {0, 1}" (umeerca B BuLy,
uro pacnpegenenne G(Uy) sBisiercs: e-cmerrieHHbIM) pw € < 1. a) Ilycrs KaxkIpiii 6T BBIXOA
G zanaerca muorowieHoMm Hajl Fo cremenu He Gosibitie d or k Bxomos. Hokaxkure, 4ro n <
Z?Zl Cg. 6) Ioxaxure, uro n < 2F; B) Ilokaxkure, uro ecau n > k, To G He MOXKeT GBITH
JIMHCHHBIM.



