
Òðåáîâàíèå ê çà÷åòó

Äëÿ çà÷åòà íóæíî ðåøèòü 10 çàäà÷, ïðè ýòîì èç êàæäîé ÷àñòè A,B,C,D,E íóæíî ðåøèòü
íå ìåíåå îäíîé çàäà÷è. Çàäà÷à ñ íåñêîëüêèìè ïóíêòàìè ñ÷èòàåòñÿ îäíîé çàäà÷åé.

×àñòü A

1. Compute the Fourier expansions of the following functions.

(a) The selection function Sel : {−1, 1}3 → {−1, 1} which outputs x2 if x1 = −1 and
outputs x3 if x1 = 1.

(b) The density function corresponding to the product probability distribution on {−1, 1}n
in which each coordinate has mean ρ ∈ [−1, 1];

(c) The hemi-icosahedron function HI : {−1, 1}6 → {−1, 1}, de�ned as follows: HI(x) is 1 if
the number of 1's in x is 1, 2, or 6. HI(x) is −1 if the number of −1's in x is 1, 2, or 6.
Otherwise, HI(x) is 1 if and only if one of the ten facets in the following diagram has all
three of its vertices 1:

Ðèñ. 1: The hemi-icosahedron

(Please give some indication of how you arrived at the expansion; a bare formula does
not su�ce.)

2. Let f : {−1, 1}n → {−1, 1}.

(a) Suppose W1[f ] = 1. Show that f(x) = ±χS for some |S| = 1.

(b) Suppose W≤1[f ] = 1. Show that f depends on at most 1 input coordinate.

(c) Suppose W≤2[f ] = 1. Is it true that f depends on at most 2 input coordinates?

3. Let A ⊆ Fn2 , let α = |A|/2n, and write 1A : Fn2 → {0, 1} for the indicator function of A.

(a) Show that
∑

S 6=∅ 1̂A(S)2 = α(1− α).

(b) De�ne A + A + A = {x + y + z : x, y, z ∈ A}, where the addition is in Fn2 . Show that
either A+A+A = Fn2 or else there exists S∗ 6= ∅ such that |1̂A(S∗)| ≥ α

1−α ·α. (Hint: if
A+A+A 6= Fn2 , show there exists x ∈ Fn2 such that 1A ∗ 1A ∗ 1A(x) = 0.)

4. For functions f : Fn2 → R, sometimes it is more natural to index the Fourier coe�cients not
by subsets S ⊆ [n] but by elements γ ∈ Fn2 ; here we identify a subset with its indicator vector.
In this case we would write the Fourier expansion as

f =
∑
γ∈Fn

2

f̂(S)χγ , where χγ(x) = (−1)γ·x
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and γ · x is the dot-product of γ and x in the vector space Fn2 . Note that for β, γ ∈ Fn2 we
have χβχγ = χβ+γ .

(a) Let H be a vector subspace of Fn2 . Let H
⊥ be its �perpendicular subspace�; i.e., H⊥ =

{γ ∈ Fn2 : γ · x = 0 for all x ∈ H}. Show that the indicator function 1H : Fn2 → {0, 1}
of H has the Fourier expansion 1H =

∑
γ∈H⊥ 2−kχγ , where k = dim(H⊥). (Remark:

k = n− dim(H) is sometimes denoted codim(H).)

(b) Given the subspace H and also y ∈ Fn2 , the set H + y = {h + y : h ∈ H} is called
an �a�ne subspace� of Fn2 . Show that the indicator function 1H+y : Fn2 → {0, 1} of
this a�ne subspace has the Fourier expansion 1H+y =

∑
γ∈H⊥ 2−kχγ(y)χγ , where again

k = dim(H⊥).

×àñòü B

5. In 1965, the Nassau County (New York) Board used a weighted majority voting system to make
its decisions, with the 6 towns getting di�ering weights based on their population. Speci�cally,
the board used the voting rule f : {0, 1}6 → {−1, 1} de�ned by f(x) = sgn(−58 + 31x1 +
31x2 + 28x3 + 21x4 + 2x5 + 2x6). Compute Inf i[f ] for all i ∈ [6]. (PS: John Banzhaf invented
the notion of Inf i while suing on behalf of towns #5 and #6.)

6. Let f : {−1, 1}n → {−1, 1} be unbiased (i.e.,E[f ] = 0), and letMaxInf [f ] denote maxi∈[n]{Inf i[f ]}.
Recall that the KKL Theorem implies MaxInf [f ] ≥ Ω( logn

n ). In 1987, this was still a
conjecture; all that was known was the following results, independently observed by Alon
and by Chor and Ger�eb-Graus. . .

(a) Use the Poincare Inequality to show MaxInf [f ] ≥ 1/n.

(b) Prove |f̂(i)| ≤ Inf i[f ] for all i ∈ [n]. (Hint: consider E[|Dif |].)
(c) Prove that I[f ] ≥ 2− nMaxInf [f ]2. (Hint: �rst prove I[f ] ≥W1[f ] + 2(1−W1[f ]) and

then use the previous exercise.)

(d) Deduce that MaxInf [f ] ≥ 2
n −

4
n2 .

7. In this exercise you are asked to prove some fancily-named properties of the noise operator
Tρ.

(a) Show that Tρ is �positivity-preserving� for all ρ ∈ [−1, 1], meaning f ≥ 0⇒ Tρf ≥ 0.

Show also that it is �positivity-improving� for all ρ ∈ (−1, 1), meaning f ≥ 0, f 6≡ 0 ⇒
Tρf > 0.

(b) Show the �semigroup property�: Tρ1 ◦ Tρ2 = Tρ1ρ2 for all ρ1, ρ2,∈ [0, 1].

(If you like, prove it even for ρ1, ρ2 ∈ [−1, 1].)

(c) Show that Tρ is a �contraction on Lp� for all p ≥ 1 and ρ ∈ [−1, 1]; i.e., ‖Tρf‖p ≤ ‖f‖p,
where ‖f‖p = Ex[|f(x)|p]1/p.

×àñòü Ñ

8. Suppose the Fourier spectrum of f : {−1, 1}n → R is ε1-concentrated on F and that g :
{−1, 1}n → R satis�es ‖f − g‖22 ≤ ε2. Show that the Fourier spectrum of g is 2(ε1 + ε2)-
concentrated on F .
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9. Given s ∈ N+, let C be the class of all functions f : {−1, 1}n → {−1, 1} expressible as
f(x) = g(h1(x), . . . , hs(x)), where h1, . . . , hs : {−1, 1}n → {−1, 1} are weighted majority
functions and g : {−1, 1}s → {−1, 1} is any function. Show that C is learnable from random
examples to error ε in time nO(s2/ε2). You may use Peres's Theorem, that NSδ[h] ≤ 2

√
δ for

all δ ∈ [0, 1
2 ] and all weighted majorities h. (Hint: how can you bound NSδ[f ]?)

10. (a) Let k ∈ N+ and let C = {f : {−1, 1}n → {−1, 1} | deg(f) ≤ k}. (In particular, C
contains all functions computable by depth-k decision trees.) Show that C is learnable
from random examples with error 0 in time nk · poly(n, 2k). You may use the following
�Degree/Granularity Fact�: for every f ∈ C and every S ⊆ [n], the Fourier coe�cient
f̂(S) is an integer multiple of 21−k.

(b) Prove the Degree/Granularity Fact.

11. Informally: a �one-way permutation� is a bijective function f : Fn2 → F
n
2 which is easy

to compute on all inputs but hard to invert on more than a negligible fraction of inputs;
a �pseudorandom generator� is a function g : Fk2 → F

m
2 for m > k whose output on a

random input �looks unpredictable� to any e�cient algorithm. Goldreich and Levin proposed
the following construction of the latter from the former: for k = 2n, m = 2n+ 1, de�ne

g(r, s) = (r, f(s), r · s),

where r, s ∈ Fn2 . When g's input (r, s) is uniformly random then so is the �rst 2n bits of its
output (using the fact that f is a bijection). The key to the analysis is showing that the �nal
bit, r · s, is highly unpredictable to e�cient algorithms even given the �rst 2n bits (r, f(s)).
This is proved by contradiction.

(a) Suppose that an adversary has a deterministic, e�cient algorithm A good at predicting
the bit r · s:

Pr
r,s∼Fn

2

[A(r, f(s)) = r · s] ≥ 1
2 + γ.

Show there exists B ⊆ Fn2 with |B|/2n ≥ 1
2γ such that for all s ∈ B,

Pr
r∼Fn

2

[A(r, f(s)) = r · s] ≥ 1
2 + 1

2γ.

(b) Switching to ±1 notation in the output, deduce Â[n]|f(s)(s) ≥ γ for all s ∈ B.
(c) Show that the adversary can e�ciently compute s given f(s) (with high probability) for

any s ∈ B. If γ is nonnegligible this contradicts the assumption that f is �one-way�.
(Hint: use the Goldreich�Levin algorithm.)

(d) Deduce the same conclusion even if A is a randomized algorithm.

×àñòü D

12. Suppose f(x) = sgn(a0 + a1x1 + · · · anxn) is an LTF with |a1| ≥ |a2| ≥ · · · ≥ |an|. Show that
Inf1[f ] ≥ Inf2[f ] ≥ · · · ≥ Infn[f ].

13. In class we will discuss the FKN Theorem and the proof of the following: If f : {−1, 1}n →
{−1, 1} has E[f ] = 0 andW1[f ] ≥ 1−δ then f is O(δ)-close to ±χi for some i ∈ [n]. Assuming

this, show the following: If f : {−1, 1}n → {−1, 1} has W≤1[f ] ≥ 1 − δ then f is O(δ)-close
to a 1-junta. (Hint: de�ne g(x0, x) = x0f(x0x).)
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14. Consider the sequence of LTFs fn : {−1, 1}n → {0, 1} de�ned by fn(x) = 1 if and only if∑n
i=1

1√
n
xi > t. (I.e., fn is the indicator of the Hamming ball of radius n

2 −
t
2

√
n centered at

(1, 1, . . . , 1).) Show that

lim
n→∞

E[fn] = Φ(t), lim
n→∞

W1[fn] = φ(t)2,

where φ is the pdf of a standard Gaussian and Φ is the complementary cdf (i.e., Φ(u) =
∫∞
u φ).

You may use the Central Limit Theorem without worrying about error bounds.

×àñòü E

15. Ðàñïðåäåëåíèå D íà {0, 1}n íàçûâàåòñÿ t-íåçàâèñèìûì, åñëè äëÿ ëþáîé ñëó÷àéíîé âåëè-
÷èíû X ðàñïðåäåëåííîé ñîãëàñíî D, äëÿ ëþáûõ ðàçëè÷íûõ i1, i2, . . . , it ∈ {1, 2, . . . , n},
ñëó÷àéíàÿ âåëè÷èíà Xi1i2...it èìååò ðàñïðåäåëåíèå Ut. Ïóñòü A � âåðîÿòíîñòíûé àëãî-
ðèòì, êîòîðûé ïîëó÷àåò îðàêóëüíûé äîñòóï ê âõîäó äëèíû n, àëãîðèòì A ìîæåò âî
âðåìÿ ñâîåé ðàáîòû àäàïòèâíî çàïðîñèòü t áèòîâ âõîäà. à) Äîêàæèòå, ÷òî åñëè D ÿâ-
ëÿåòñÿ t-íåçàâèñèìûì, òî Prx←D[A(x) = 1] = Prx←Un [A(x) = 1]. Èíûìè ñëîâàìè äàæå
àäàïòèâíûé àëãîðèòì, êîòîðûé èçó÷àåò t áèòîâ âõîäà íå ìîæåò îòëè÷èòü ðàñïðåäåëåíèå
D îò ðàâíîìåðíîãî.
á) Ïîêàæèòå, ÷òî åñëèD ÿâëÿåòñÿ (t, ε)-íåçàâèñèìûì, òî |Prx←D[A(x) = 1]−Prx←Un [A(x) =
1]| ≤ 2tε.
â) Ïîêàæèòå, ÷òî ñóùåñòâóåò òàêîå ðàñïðåäåëåíèåD, êîòîðîå ÿâëÿåòñÿ (t, t2−t)-íåçàâèñèìûì
äëÿ êîòîðîãî ñóùåñòâóåò òàêîé àëãîðèòì A, ÷òî |Prx←D[A(x) = 1]−Prx←Un [A(x) = 1]| ≥
1
2 .

16. Ïóñòü S � ýòî ìíîæåñòâî n-áèòíûõ, â êîòîðûõ ÷èñëî åäèíèö äåëèòñÿ íà 3. Äîêàæèòå,
÷òî ðàâíîìåðíîå ðàñïðåäåëåíèå íà S ÿâëÿåòñÿ ε-ñìåùåííûì ïðè ε = 2−Ω(n).

17. Ïóñòü G : {0, 1}k → {0, 1}n çàäàåò ε-ñìåùåííîå ðàñïðåäåëåíèå íà {0, 1}n (èìååòñÿ â âèäó,
÷òî ðàñïðåäåëåíèå G(Uk) ÿâëÿåòñÿ ε-ñìåùåííûì) ïðè ε < 1. à) Ïóñòü êàæäûé áèò âûõîäà
G çàäàåòñÿ ìíîãî÷ëåíîì íàä F2 ñòåïåíè íå áîëüøå d îò k âõîäîâ. Äîêàæèòå, ÷òî n ≤∑d

i=1C
d
k . á) Ïîêàæèòå, ÷òî n < 2k; â) Ïîêàæèòå, ÷òî åñëè n > k, òî G íå ìîæåò áûòü

ëèíåéíûì.
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