TpeboBanue K 3a4eTy
st 3aueTa HY>KHO PEIINTb He MEHbIIe, YeM ¢ 3ajad u3 yactu A, b 3ay1ad u3 yacru B u ¢ 3aa4
u3 yactu C u He MeHee, 9eM § 3aJia4 Bcero. Eciu B 3aj1a4e HECKOJIBKO IIyHKTOB, TO HYXKHO PEIIUTD
ux Bce. [lapamerpsl a, b, ¢, s U3 TAOIUITHL:

Nms alb|lc| s
Jamun 0(0]2] 3
Cearocmas |0 | 1 |3 | 5
Apryp 21212 6
Hacrsa 11237
Tans 113131 8
Hana 313|310
Mapcenn 61311
Iletp 513312
Wsan 63313
JIuza 63313

Yacts A

1. Compute the Fourier expansions of the following functions.

(a) The selection function Sel : {—1,1}® — {—1,1} which outputs zo if z; = —1 and
outputs x3 if x1 = 1.

(b) The density function corresponding to the product probability distribution on {—1,1}"
in which each coordinate has mean p € [—1,1];

(c) The hemi-icosahedron function HI : {—1,1}% — {—1,1}, defined as follows: HI(z) is 1 if
the number of 1’s in z is 1, 2, or 6. HI(x) is —1 if the number of —1’s in z is 1, 2, or 6.
Otherwise, HI(x) is 1 if and only if one of the ten facets in the following diagram has all
three of its vertices 1:

Puc. 1: The hemi-icosahedron

(Please give some indication of how you arrived at the expansion; a bare formula does
not suffice.)

2. Let f:{-1,1}" — {-1,1}.

(a) Suppose W![f] = 1. Show that f(z) = xg for some |S| = 1.
(b) Suppose W=1[f] = 1. Show that f depends on at most 1 input coordinate.



(c) Suppose W=2[f] = 1. Is it true that f depends on at most 2 input coordinates?
3. Let A CF3, let o = |A]/2", and write 14 : 'y — {0, 1} for the indicator function of A.

(a) Show that 3¢ Ta(5)? = (1 — a).

(b) Define A+ A+ A={x+y+z:xzy,2z € A}, where the addition is in F%. Show that
cither A+ A+ A = T} or else there exists S* # () such that [14(5*)| > %= - . (Hint: if
A+ A+ A# Y, show there exists x € F§ such that 14 %14 % 14(x) =0.)

4. For functions f : 5 — IR, sometimes it is more natural to index the Fourier coefficients not
by subsets S C [n] but by elements v € FJ; here we identify a subset with its indicator vector.
In this case we would write the Fourier expansion as

f= Z J/C\(S)X'y, where x4 (z) = (—1)7"
v

cFy

and v - x is the dot-product of v and x in the vector space IF5. Note that for 8,7 € Fy we
have xgXy = Xg+4~-

(a) Let H be a vector subspace of F%. Let H* be its “perpendicular subspace”; i.e., H+ =
{yeFy:v -2z =0forall z € H}. Show that the indicator function 1z : 4y — {0,1}
of H has the Fourier expansion 1y = > 1 27%y,, where k = dim(H'). (Remark:
k =mn — dim(H) is sometimes denoted codim(H).)

(b) Given the subspace H and also y € F5, the set H +y = {h+y : h € H} is called
an “affine subspace” of 5. Show that the indicator function 1g4, : Fy — {0,1} of
this affine subspace has the Fourier expansion 14, = Zye L Q*kxq,(y)xv, where again
k= dim(H"').

5. In 1965, the Nassau County (New York) Board used a weighted majority voting system to make
its decisions, with the 6 towns getting differing weights based on their population. Specifically,
the board used the voting rule f : {0,1}6 — {—1,1} defined by f(x) = sgn(—58 + 31z +
31zg + 28w + 21x4 + 225 + 226). Compute Inf;[f] for all ¢ € [6]. (PS: John Banzhaf invented
the notion of Inf; while suing on behalf of towns #5 and #6.)

6. Let f:{—1,1}" — {—1,1} be unbiased (i.e., E[f] = 0), and let MaxInf|f] denote max;c[,, { Inf;[f]}.

(a) Use the Poincare Inequality to show MaxInf[f] > 1/n.

~

(b) Prove |f(i)| < Inf;[f] for all i € [n]. (Hint: consider E[|D; f|].)
(c) Prove that I[f] > 2 — nMaxInf[f]2. (Hint: first prove I[f] > W1[f] +2(1 — W1[f]) and

then use the previous exercise.)
(d) Deduce that MaxInf[f] > % _ 4

'I’L2 '
7. In this exercise you are asked to prove some fancily-named properties of the noise operator
T,.
(a) Show that T, is “positivity-preserving” for all p € [—1, 1], meaning f > 0= T,f > 0.
Show also that it is “positivity-improving” for all p € (—1,1), meaning f > 0, f # 0 =
T,f > 0.
(b) Show the “semigroup property”™ T, o T,, =T, ,, for all p1, p2, € [0,1].

(If you like, prove it even for p1, p2 € [—1,1].)
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(c) Show that T, is a “contraction on LP” for all p > 1 and p € [—1,1]; i.e., [[Tofllp < ||fllps
where || f|, = Ex||f()P]'/7.

Suppose the Fourier spectrum of f : {—1,1}" — R is €;-concentrated on F and that g :
{-1,1}" — R satisfies ||f — g||3 < e2. Show that the Fourier spectrum of g is 2(e; + €2)-
concentrated on F.

(a) Let k € NT and let C = {f : {-1,1}" — {-1,1} | deg(f) < k}. (In particular, C
contains all functions computable by depth-k decision trees.) Show that C is learnable
from random examples with error 0 in time n* - poly(n, 2¥). You may use the following
“Degree/Granularity Fact”: for every f € C and every S C [n], the Fourier coefficient
f(S) is an integer multiple of 21 7%,

(b) Prove the Degree/Granularity Fact.
Hactes B

Let H = {f : [m] — [I]} be a pairwise independent hash family and let [ > n%. Then for any
S C [m] of size |S| = n, there exists an h € H such that the restriction h|g is a one to one
function from S to [I].

Let k be a constant. Let X C {0,1}" with | X| = o(n*/?). Show that for d = |k/2], there is a
function f : {0,1} — R which satisfies: 1) f is not identically 2) f(S) = 0 for each |S| > d.
3) f(x) = 0 for each € X. Use this to show that any k-wise independent distribution over
{0,1}™ has support at least Q(n*/2).

Show that for any e-biased distribution i, 37, c o 1yn p(z) < € + 5. Conclude that if € <
1/ 27/2 then p must have support at least %2”.

Let p be an e-biased distribution on {0,1}"™. Let ¢t be a parameter to be chosen later. Let
v = p*p*--- % (t times). 1) Show that v is an e-biased distribution. 2) Show that
|Support(v)| < ('S“ppm;t(“””) 3) Combine these with the previous problem to show that

_n
€2 log %

|Support ()| = 2 (

Show a correspondence between e-bias generators G : {0,1}* > 0, 1!®) and binary linear
error-correcting codes C' : 0,1/F) > 0, 12" such that every two codewords are at distance
(1 £ €(k))2*~1 apart. Guideline: Consider G such that the i-th bit of G(j) equals the j-th bit
of C(07-110!M~1).

Yacts C

OmeHure CBepXy BEPOSITHOCTH TOrO, YTO IPH CJAydaitHOM OsyKaanuu jiusbl £ 10 (n,d, «)-
9KCIaHJIEPy MHOXKECTBO B IIoTHOCTH p Gy/IeT moceneHo Kak MuHuMyM (3¢ pas.

[Tycrs H)' — cemeiicTBo nonapHo HesaBucuMbix xeri-bysaknuii. Ilycrs S C {0,1}". Ilycrs
ciaydJaiinasg BeamdnHa H pacupenesieHa paBHOMepHO Ha [, a ciy4aiinas BenmunHa X pas-
nomepuo Ha S. JloKaXKuTe, ITO CTATUCTUIECKOE DACCTOSHIE MEXK/Iy PACHpe/eseHIeM, 3a/1a-

BaeMbIM citydaitnoit Bemmannoit (H, H(X)) u cayuaitnoit Benmunuoit H, U, He mpeBOCXOAnAT
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Onpenemam dbynkmuro Ext : {0,1}" x {0, 1}t — {0,1}", xoTopas 1o koxy seprmus (27, d, %)—
aaredpanvIeckoro 3KCIaHIepa BbIIaeT KO BEePIIMHDI TI0c/Ie OJIy K IaHus, KOTOPOEe 3aKO0INPOBa-
HO B crpoke t. [Tokaxkure, aTo /151 Kaxkgoro k u € > 0 cymecrsyer t = O(n — k + log %), 9T0
Tak onpejenentast Gyukus Ext spisiercs (k, €)-9KCTPAKTOPOM.

ycrs Ext : {0,1}" x {0,1}¢ = {0,1}™ — 310 (k, €)-3xcTpakTop. ITokazuTe, 9T0 aaropuThM,
KOTODBII TIOJIydeT cilydaiinyio cTpoky r jumubl n u jemaer 2¢ sampocos {Ext(r,s) | s €
{0,1}9} k dbymkmun f : {0,1}™ — [0,1] u BByTAET cpejHEe apHOMATHEECKOE IOy ICHHBIX
OTBETOB, SIBJISIETCSI YCPEIHSIOMMM CIMILIEPOM C TOYHOCTBLIO € ¥ OIMUOKON § = 9~ (n—k—1),
[Mokazkure, 9To CymecTBYIOT 3(DDEKTHBHBIE XUTTEPHI C CJEIYOMIMA TapaMeTpaMu: a) ¢ =
1o L 1 1 ) 1o L 1
clogsgmr="2logs.6)q=Fur=2n;8) q=0(;logs) nr=2n+ O(logys). (6§ — 310
BEPOSITHOCTD HEYJIA4H, & € — 9TO JI0JIs eauunl GyHKiwn f).



