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JdennmocTb Anre6pa. Fnasa

2. Uensbie yncna.
Onpepgenexne A.B. Kaprios
Mycts a,b € Z, b # 0. Torpa a gesutcs Ha b (obosHaveHme:
a: b) nam, 4To TO e camoe, b geauT a (obosHaqeHme: b | a),
ecnn a = bc, rae ¢ € Z.
Ecavw a: b, To b — gesmtens a.

Ceoiicteo 1
Ecima bub:c, toa:c.

Hokazatenscteo. Torga a = kb u b = nc, rge k,n € Z, oTkyga
cnepyet a = knc. O

CgoiicTeo 2
Mycts a,b:d, ax,y € 7Z. Torga ax + by - d.

Hokasatenscteo. Torga a = kd v b= nd, rae k,n € Z, otkypa
cnepyet ax + by = (kx + ny)d. O

CeoticTtgo 3
Mycte a,d €N, a:d. Torgaa>d.

Jokazatenbcteo. Torga a = kd, rae k € N, oTkyga cnegyet
a=kd>d. (N



Teopema o0 geneHun c octaTtkom (UREEE, (MR

2. Uensbie yncna.

A. B. Kapnos

Teopema 1

lMyctb a € Z, b € N. Torga cywecTBytoT e4NHCTBEHHbIE
Takne q,r € Z, 4700 <r< bua=bqg+r.

e Yucno r HasbIBaETCA OCTaTKOM OT AENEHNA a Ha b.

HokazaTtenbcteo. d. [lycTb ¢ — Takoe uUeNioe 4NUCNo, HTOo
bg<a<b(qg+1),ar=a—bqg. Torga 0 <r < b (BbluTeM
N3 BCEX TPEX YacTell MEPBOro HepaBeHCTBa bq).

lellyctb a=bgy +rn =bgx+ rn, npnuem 0 < n < bn
0<nm<hb.

eHYO rn>nrn. Torpa0<rn—rmn<bh.

e C apyroii ctopoHbl, 1 — r» = b(ga — q1) > b.
MpoTueopeune. O



Hoﬂ| Anrebpa. nasa

2. Llensbie uncna.
Onpepgenexne A.B. Kapnos
Myctb a1,...,a, € Z. O6osHaunm yepes OD(ay,. .., a,)

MHOXECTBO BCEX OBLMX genuteneli 3Tux Ynuces, a yepes

(a1, ..., an) — ux HOZ (Hanbonblwinii u3 obwmx genuteneii).

Ceoiicteo 1

Ecim b e N. a: b, o OD(a, b) — 370 BCe genmtenn b u

(a,b) = b.

Hokaszatenscteo. ® Ecnin d — obwuii genutens an b, To d —
genutens b.

e Ecnn d — penntens b, To a: d no ceoiictey 1 genumocTu.
3HaunT, d — obuwnii genutens a u b. O

CroiicTBo 2

Mycte a,b,c,k € Z, c = a+ kb. Torga OD(a, b) = OD(c, b), a
cnegosatensHo, u (a, b) = (c, b).

[NokazaTenscteo. @ MNyctb d € OD(a, b). Torpa ¢ : d, a 3HauuT,

d € OD(c, b).

e Haoboport, ecnu d € OD(c, b), To a=c — kb : d, a 3Hauur,

d € OD(a, b). O



Anroputm EBknunpa

o [lyctb a, b € N, a > b. Kaxxpgas cTpoka anroputma — feneHue c
OCTaTKOM.

1) a=bgr+n, 0<n<b;
2) b=ng+n 0<n<n;
3) n=ng+mn, 0<rn<mn;

n)  rh2=rp1qat+r, 0<r,<rpg;

n+1)  roo1= Qo1

e Tak Kak b > r; > r» > ... 1 BCE 3TN YNCNa HEOTPULLATENbHBI,
anropuTm 0bs3aTENLHO 3aKOHYNT paboTy.

Teopema 2

(a, b) = r,, a OD(a, b) — at0 Bce genutennu (a, b).
[okazaTenscreo. o o ceoiictey 2 HO/L

OD(a, b) = OD(b,r1) = OD(r1, r2) = -+ - = OD(ry—1, n), @ 370
no ceotictey 1 HOla — Bce genutenu r,.

e Torpa (a, b) — Hanbonblunii n3 genuteneii r,, a 370 r,. O

Anrebpa. Mnasa
2. Uensbie yncna.

A. B. Kapnos



Teopema 3 Asre6pa. Fnasa

2. Uensbie yncna.
llyctb a,b,m,d € N. Torga:
1) (am, bm) = m(a, b).

2) Ecom d € OD(a, b), 10 (4, 3) = (a&b)'

HokasaTenscteo. ¢ HYO a > b.

A. B. Kapnos

1) e PaccmoTtpum nepsyto cTpoky anroputma Esknuga ans am n
bm: am=bm-qg1+rnm, 0<rm<bm.

e HenonHoe 4acTHOe He MEHSIETCS, @ OCTAaTOK YMHOXAETCS Ha m.
e Tak byseT n co cnegyroWUMK CTPOHKaMm, B pesynsTaTte
MOJYHUTCS CTOJILKO XK€ CTPOK, CKOJAIbKO B anroputme Esknuga ans
awn b, a HOJl — nocnegHuii HeHyNEBOW OCTaTOK — YMHOXUTCS Ha

m.
2) e PaccmoTpum nepeyto cTpoky anroputMa Esknvpa ans 3w
§=5am+3 0<3<f
e HernonHoe YacTHoe He MeHsieTcsl, a oCTaToK Mbl genum Ha d (B
pesy/ibTaTe OH OCTAeTCs LesibiM).

Qo

e Tak DyseT v co cnegyroWwUmMy CTpoHKamm, B pesynsraTte
MOJYHUTCS CTOJSIbKO XK€ CTPOK, CKOJIbKO B anroputme Esknuga pns
awun b, a HOl — nocneaHwnii HeHyneBoil OCTaTOK — Pa3genTCs

Ha d. Bl



Jluneiinoe npepctasnedHne HOZ, Anrebpa. Mnasa

2. Uenbie uncna.
Teopema 4 A.B. Kaprios
lyctb a, b € 7. Toraa cywecTBytoT Takue x,y € Z, 470
(a,b) = ax + by.
® D70 Ha3blBaeTcs smHeliHbiM npegctasneqnem HOa.
[okazaTensctBo. @ Tak Kak fenuTenn y 4ncen a u —a ofHu U Te
xe, (a, b) = (a, —b). MNoatomy, MmoxHo cuutaTh, 40 a, b € N.
e HVO a > b. Bocnonbayemcs anroputmom Eeknuga u
COOTBETCTBYIOLMMUN ODO3HAYEHNSAMN, SOMNOJHUM UX: MYCTb rg = b
nr_1=a.
o [lokaxeM, 4TO CyLLEeCTBYeT NpefacTaBeHne
(a, b) = xkrx + yxrk—1 ans scex k = {n,...,0} (rme (a,b) = r,)
uHAykuuein ¢ obpathbiM xogom. Mpu k = 0 nonyyum
YTBEPXKAEHNE TEOPEMDI.
e basa k = n ouesngHa: (a,b) =1-r, +0-ry_1.
o [lepexog k — k — 1. 3 anroputma EBkinga mbl 3Haem, 4to
rk = rk_o — rk—1qk. lMoacTtasum:

(a,b) = xicrk + Yicrk—1 = Xk(fk—2 — rk=19k) + Yrk—1 =
(—Xk Gk + Yi)rk—1 + Xxre—2. O



HO/ Heckonbkux 4ncen Anre6pa. Inasa

2. Uensbie yncna.

A. B. Kapnos
Teopema 5
Mycte n > 2, a1,...,ap € Z. [Monoxum my = (a1, a2),
ms = (my,a3), ..., my = (mp_1,a,). Torga
mp = (a1,...,an), a OD(a1,...,a,) — arto Bce geantenn
mp.

HokazaTtenbcteo. e VHaykumein no k fokakem, 4To
OD(a1,...,ax) — BCE pennTenn my.

e baza k = 2 pokasaHa B Teopeme 2.

e lNepexon k — k+ 1. OD(a1, ..., ak, ak+1) — 370 BCE
ancna u3 OD(ay, ..., ak), ABNSIOWMNECS ENUTENMU k1.

e Tak kak OD(ay, ..., ax) — 310 BCE menuTenn my,
nonyyaem, yto OD(ay,. .., ak, ak+1) = OD(my, ak+1), a aT0
BCe pgenntenn myi1 = (Mg, aky1) no Teopeme 2.

e lTak, ytBepxaeHue gokasano u OD(ay, ..., a,) — 370 BCe
AennTtenu my. Tenepb NOHATHO, Yto m, = (a1,...,ap). O



Anrebpa. [nasa
2. Uensbie yncna.

CﬂeACTBMe 1 A. B. Kapnos

ns a1, ..., a, € Z cywjecTByeT AMHENHOE NPEACTaBIEHNE
HOA, 1o ectb, Takue x1,...,x, € Z, 4TO
(a1,...,an) = x181 + ... Xnan.

HokazsaTtenbcteo. o [Jokaxxem nHgykumeii no k, 4to
CYLLLECTBYET JIMHEHOe npeacTaBneqne my = (a1, ..., ak).
Baza k = 2 pokasaHa B Teopeme 4.

o [lepexog k — k + 1. o Teopeme 5 n MHAYKLNOHHOMY
MPEANONOKEHNIO,

Mir1 = (31,5 3k, Ak1) = (Mi, A1) = YMi+Xur1dk41 =
/ !
y(X131 + -+ xkak) + Xk+19k+1 =

(YX{)al +... (yx,’()ak + Xk4+13k+1-

Bce koadbpuumentsr yxi, ..., yx,’(, OY€BUIHO, LeSble. O



Bzaumto npocCTblie 4Yncna Anrebpa. nasa

2. Uensbie yncna.

A. B. Kapnos

Onpegenexne

e Yucna ay, ..., a, € Z Ha3bIBAOTCS B3aUMHO MPOCTLIMU,
ecm (a1,...,an) = 1.

e Ecnun nobuie gBa u3 ai, ..., a, B3aUMHO NPOCThLI, 3TN

HKMC/la Ha3blBaOTCA NMOMNApPHO B3aMMHO MPOCTbIMN.

Cgoiicteo 1
Ecnn ay,...,a, € Z nonapHo B3auMHO MPOCTbI, TO OHN
B3aVMHO I'IpOCTbI.

[okazatensctso. Ecim (a1,...,a,) =d > 1, 10 (a1, a2) - d,
a 3HaunT, (a1,a2) > 1. O



Anrebpa. [nasa
2. Uensbie yncna.

CeoticTso 2 A.B. Kapnos
Ecnm a,b,c € Z n (a,b) =1, 10 (ac, b) = (c, b).
[okasatensctso. @ Mycts d = (¢, b) n f = (ac, b).

e I3 ¢ : d cnepyer, 4to ac : d. 3nauur, d € OD(ac, b) n no
Teopeme 2 f - d.

e N3 b: f cnegyer, uto be : f. 3nauur, £ € OD(ac, bc).

e o Teopemam 3 n 2, c = c(a, b) = (ac, bc) - f.

e CnegosatensHo, f € OD(c, b) n no Teopeme 2 d : f.
ellsd,feN, d:fwnf:dcnepyer, utod =f. O

CeoticTtso 3
Ecnm a,b,c € Z, (a,b)=1mac:-b, Toc:b.

[okasaTtensctso. Mo Ceoiictsy 2 (¢, b) = (ac,b) = b
(nocnepHee BepHo Tak Kak ac - b). CnegosatensHo, ¢ - b. [



Anrebpa. [nasa
2. Uensbie yncna.

Ceoiictso 4 A B. Kapnos
[lycte a1, ...,an, by1,...,bm € Z, npudem (a;, b;) =1 gns
Beex i€ {1,...,n} mje{l,...,m}. Torga

(al...a,,, b1...bm) =1.

HokasaTensctso. ® [lokaxeM, 4To (ay...ak, bj) =1 ans
Bcex j € {1,...,m} n k € {1,..., n} nagykunein no k.
Basa k = 1: gaHo B ycnosuu.

Mepexopg k — k +1: (a1...akak+1, b)) = (a1...ak, bj) =1
no ceoiicTey 2 (Tak Kak (ak41, bj) = 1).

e [lyctb A= a;...a, [okaxem, uyto (A, b1...by) =1 ans
Bcex k € {1,..., m} wHaykuneii no k.

Basa kK = 1: gokasaHo BbiLLe.

rlepeXOp, k — k+1: (A, b1 . bkbk+1) = (A, b1 ce bk) =1
no ceoiicty 2 (Tak Kak (A, bxy1) = 1). O



MpocTtbie ynucna Anre6pa. Fnasa

2. Uensbie yncna.

Ol‘lpep,eﬂeH ne A. B. Kapnos

e HaTypanbHoe 4ncno, umetoLLee poBHO fiBa HAaTypasbHbIX
JEenuTens, Ha3bIBAeTCs NPOCTbIM.

e HatypanbHoe 4ucno, umetouee bosiee ABYX HaTypanbHbIX
JenuTenei, Ha3bIBAeTCA COCTaBHbIM.

e MHOXeCTBO BCex NpocTbix Yncen obosHadvaetcs P.

e Ecnn p € P, To HaTypanbHble genutenn 4ucna p — ato 1 u p.
o 1 ¢ IP. Jlioboe HaTypanbHoe 4ncno, bonbwee 1 — npoctoe unm
COCTaBHOe.

Onpegenexne

Mycte a € N. CobcTBeHHbIi feanTesb Yncna a — 31o ntoboii ero
JeNnuTenb, OTAUYHbIG oT 1.

Ceoiicteo 1
Ecnn a € N — cocTaBHoe, To cyujecTByeT pasnoxeHue a = bc, rge
b,ceN,a>b,c>1.

HokazsaTenbcteo. @ CocTaBHOE HUCAO 3 MMEET CODCTBEHHBI
penutens b < a. Torpga a = be, rae ¢ € N. Ouesngro, 1 < ¢ < a.
O



CeolicTso 2

lMyctb a €N, a# 1, a d — MUHUMAILHBIG COBCTBEHHDBIN AEANTEND
a. Torga d € P.

[Jokazatenbcteo. e [lo onpeneneHuto, d > 1.

e [1peagnonoxum, 4to d — coctasHoe. o ceoiicTey 1 Torga
d=bc,rned > b>1.

ez a:dwnd:bcnegyer, yto a: b. 3nauut, b < d —
COBCTBEHHbI AenuTenb a, NpoTUBOpeYmne C BbIbopoMm d. O
Teopema 6

[pocTbix yncen beCKOHEYHO MHOrO.

[Hokazatenbcteo. e [1pesnonoxum npoTuBHOE, NycTb
P={p1,...,pn}

ellyctb m=p;...p,+ 1, a ¢ — HanmeHbwNii COBCTBEHHbIT
Jenutens m.

e [lo ceoiictey 2 Toraa g € P. 3HaunT, ¢ = p; AN HEKOTOPOrO
ie{l,...,n}

e Tak kak m—1: p;, (m,p;) = (1, p;) = 1 (no ceoiicTay 2
HOJa). 3naun, m/ pi, NpOTMBOpeYNe. O

Anrebpa. [nasa
2. Uensbie yncna.

A. B. Kapnos



Anrebpa. [nasa
2. Uensbie yncna.

A. B. Kapnos
CeoticTso 3
Myctb a € Z, p € P. Torga nmbo a - p, mbo (a, p) = 1.

[okaszaTenbctBo. @ Tak kak d = (a,p) e Nup:d, tod =1
win d = p.

e Bo BTOopom cnyuae (a, p) = p, cnegoBatensHo, a - p. O
CeoticTso 4

Mycte a1,...,ap € Z u p € P Takosbl, 4TO a1 ... ap - p.
Torpa cywectsyer takoe i € {1,...,n}, 470 a; - p.

[okasatenbcTso. @ [peanonoxnm npoTuBHoe, NycTb a; / p
ans seex i € {1,...,n}. Mo Ceoiicty 3 Toraa (a;,p) = 1.

e o CeoiicTBy 4 B3aUMHO NPOCTbLIX YWUCEN, TOrAa 1
(a1...an, p) = 1. 3naumt, a1 ...a,/ p. Npotusopeune. [



OcHoBHasn Teopema apucmeTrkm (UREEE, (MR

2. Uensbie yncna.

A. B. Kapnos

Teopema 7

Jltoboe HaTypasibHoe uncio a > 1 packnagbiBaercs B
npousseneHne NpocTbix yucen. Takoe pasnoxeHne
€AUHCTBEHHO C TOYHOCTbLIO [JO MOPSAKA COMHOXUTENEN.

Hokazatenscteo. d. Mngykuus. basa n € P oyeBngHa:
MOAXOANT pa3/ioXKeHne a = a.

MNepexon. e INycTb a — cocTaBHOE, a ANs1 BCEX MEHbLUUX
4yucen Teopema [OKasaHa.

e Torma a= bc, rae 1 < b, ¢ < a. CnegoBaTtensHo,
b=pi...phMCc=q1...qdm-
e Tormaa=p1...png1...QGm — VNCKOMOE Pa3JIOKEHUE.



Anrebpa. [nasa
2. Uensbie yncna.

| I—l o _ A. B. Kapnos
H PEANONOXKNM MPOTUBHOE, I'IyCTb a=pP1...Ph=4q1...dm

— ABa Pa3JIOXKEHNA a B NPON3BEAEHNE NPOCTbIX, NPUYEM a —
HaMMEHbLUEE HATypaJibHOE HNCNO, O KOTOPOro pa3sioxXeHne
B npon3BefeHNE NpPoOCTbIX HEEANHCTBEHHO.

o l3a=p;...py: q1 Cregyert, 4TO p; - g1 AN HEKOTOPOrO
ie{l,....,n}. HYO i = 1.

e 13 p1,q1 € P npr: g1 cnepyer, 4to p1 = g1
(eAVHCTBEHHBIM AenuTenem nNpocToro pi, bonbwum 1,
SIBASIETCS CAMO P1).

e Torpa a' = 2 =p2...Pn=q2--.qm. Ho pasnoxerne a e
NpoM3BefeHne NPOCTbIX EANHCTBEHHO C TOYHOCTBIO A0
nopsgka COMHOXMTENEN, OTKyAa CNeayeT, Y4TO pasoxeHue a
— TOXEe €ANHCTBEHHO C TOYHOCTBIO [0 NOpsAAKa

COMHOXUTENEN. O



KaHoHu4eckoe pasnoxkeHue (QAICELEY [RELD

2. Uensbie yncna.

A. B. Kapnos

Onpegenexne

KaHoHu4Yeckoe pasnoxeHne — 3TO MpecTaB/ieHune
HaTypaJbHOro Yncnia B BUAe n = pfl . é‘S, rae
pi,- .., Ps € P paznnyHbl.

Onpegenexne

Ons n € N obosHaunmm depes d(n) KoNMHECTBO HaTypasibHbIX
nenutenen n.



Anrebpa. [nasa
TeopeMa 8 2. Uenble yncna.

.B. K
llyctb n = pfl ... Ps® — KaHoHu4Yeckoe passioxenne. Torga A 8- Kapnos

BbIMNOJIHEHbI C/IEZYOLNE YTBEPXKIAEHUA.
s

1) n:d, ecm un Tonbko ecam d = pfl... s,

0</{; <kjignssecexic{l,... s}
2) dn)=(ki+1)...(ks +1).

[okazaTensctso. 1) < . OueBungHo.

rge

= . e Ecnu n: d, To d He MOXeT MeTb NPOCTLIX AennTenel,

Kpome pi, ..., ps. CnegoBatensHo, d = p{l .o P
e Ecin ¢; > k; pnsi kakoro-to i € {1,...,s}, To o4eBMAHO,
4to n/ d.

2) e lNokasaTtens cTeneHn nNpocToro 4ucia p; B
KaHOHMYECKOM PassioxkeHnn genutens d|n MoxHo BbibpaThb
ki + 1 cnocobamm (0, 1, ..., k).

e [lepeMHOXaeM KOAMYECTBA BapuUaHTOB AJist P1, ..., Ps W
nosy4aeM AOKa3bIBaeEMYO hopMyily. 0



Anrebpa. [nasa
2. Uensbie yncna.

TeopeMa 9 A. B. Kapnos
llycts a1,...,am €N, p1,...,ps € P npudem

ki1 ki,s .
aj=p;" ...ps"° anaecex i€ {l,...,m} (HekoTopbie u3

nokasateneii moryT bbiTe paBHbl 0). Torga

min(ky,1,...,km,1) min(kys,....km,s)
(at,...,am) = p; ... Ps .

[okazaTenbctso. o Mo Teopeme 8, d| a;, ecnm n Tonbko

ecnmn d = pfl... ﬁf, roe {j < kyj nnsiseex j € {1,...,s}.

e CnepoBatensHo, d € OD(ay, ..., am), €cu 1 TONbKO ecin
d= pfl c.plrme ;< min(ky i, ..., Km,i) Bns BCex
ied{l,... s}

e Tenepb NOHATHO, YTO HaWbONLLLNI 3NEMEHT B
OD(a1,...,am) BbIMUCASIETCS B TOYHOCTM MO hopmysie U3

YCNOBUS. O



Jlnneiinble anodaHTOBLI ypaBHEHUS C ABYMSI (QAICELEY [RELD

2. Uensbie yncna.
Hen3BeCTHbIMU [.B. Kapnos

° ax + by =, (*)
rae a, b, c € 7Z — KOHCTaHThl, X,y € Z — HEeN3BECTHbIE.
o Nyctb d = (a, b). Ecnn ¢/ d, To (*) He umeeT peLueHnii.
e [anee ¢ - d. MNyctb a=da’, b= db', c = dc’. Torpa
ypaBHeHue (*) 3KBUBaNEHTHO

ax+by=¢, roe (a',b') = 1. (%)
e CywectsyeT nuHeliHoe npeacrasneqne HOL: a’'xg + b'yg = 1.
Vmuoxus Ha ¢’, nonysum  a'(xoc’) + b'(yoc’) = ¢'.
Teopema 10
Peiuenus ypasHenus (x) npeacTaBasiorcs B Buge x = xoc’ + tb’,
y =yoc' —td, rge t € Z.

HokazaTenscteo. @ Byaem paboTtaTb ¢ 3KBUBaNEHTHbLIM
ypasHenuem (xx). Mposepum, 4To 3TO AelicTBUTENLHO €ro
peleHus:

a'(xoc'+tb')+b (yoc'—ta') = a'(xoc")+b' (yoc')+a'th’ —b'ta’ = ¢'.



Anrebpa. [nasa
2. Uensbie yncna.

A. B. Kapnos

o lycTb (x, y) — pewenue (x). Toraa

ax+by =c =3d(xd)+b(nc) = ' (x—xc') = b (yoc'—y).
e Torpa a'(x — xpc’) * b'. Tak kak (2, b') = 1, oTkyga

x —xpc’ b Nycts x — xoc’ = tb'.

e Ananorudno, yoc' —y : @ Myctb yoc' —y = sa’.

e Torpa a'th’ = b'sa’, otkyma s = t. O



Vl,u,eanu B 7 Anrebpa. [nasa

2. Uensbie yncna.

e [yctb m € N, Torga HeTpyAHO NPOBEPUTH, YTO {25 5 R

mZ = {mx : x € Z} — vpean B Z.
Teopema 11
llyctb | — upean 8 Z. Torga | = mZ, rge m € Np.

[Nokasatenscteo. ® Ecnn | = {0}, To noaxogut m = 0.
DNanee | # {0}.

ellyctrbael, a#0. Torpan —a € l. OgHo U3 yncen a u
—a — HaTypanbHoe. Takum obpasom, I’ = I NN # &,

e Toraga CyulecTByeT MUHUMANbHBIA 3neMeHT B [/,
obosHauum ero m. dokaxem, yto | = mZ.

e [peanonoxum npotueHoe, nycte b € I, b/ m. Torga
b=mqg+r, rae 0 < r < m (Teopema o genexun ¢
OCTaTKOM).

e Takkak bme |, umeem r=b—mqg e |. Torgare I'.
[MpoTuBOpeYne ¢ MMHUMANIBHOCTBLIO M. O



HO/L, yepe3 ngean Anre6pa. Fnasa

2. Uensbie yncna.

0. B. Kapros
Teopema 12
[ycte a1,...,a, € Z \ {0}. Torga cywjectsyet nuHesiHoe
npegcranenve (ai,...,an), a OD(a1,...,a,) cocront n3
Bcex genmteneri (ai, ..., an).
[okasaTenbctso. o Mycts | = ({a1,...,as}). ITOT naean
COCTOMT U3 JIMHERHBIX KOMOUHALMiE Yncen ai, . .., an.

e OuesugHo, | # {0}. Torpa no Teopeme 11 cywiectayeTt
Takoe d € N, uto | = dZ — cocTonT U3 KpaTHbIX d.

e Tak Kak a1,...,a, € |, Bce oM gensaTtcs Ha d, 3HauwuT,
de OD(al, ey a,,).

e C pgpyroii ctopoHbl, d € [, a 3HaunT,
d=xia1+ -+ Xpan, TAE X1, ..., Xn € Z.

e 3Hauut, gst moboro f € OD(ay, ..., an) Mbl umeem d - f.

e Tak kak d > 0, d — HambonbWNA SneMeHT B
OD(a1,...,apn), To ectb, d = (a1,...,an). O



CpaBHeHus

Onpegenexne

MNycte m € N; a, b € Z. bynem roeopuTb, 4TO a CPaBHUMO C
b no mogynto m, ecnu a — b - m. ObosHaveHusi: a =, b unu

a=b (mod m).

Jlemma 1

Mycte m € N; a, b € 7. Cnegyrowyue yTBepX[eHUs
PaBHOCUJIbHBI.

1° a= b (mod m).

2°a—b:-m.

3° a u b umetoT 0AMHAKOBLIE OCTATKM OT [EEHUS HA M.
4° 2= b (mod mZ).

HokazsaTenbctBo. 1° <= 2° no onpeaeneHnto CpaBHeHNs.

2° <= 3° oyeBugHo.

2° <= 4° no onpegeneHnto rnaBHoro uaeana mz.

Anrebpa. Mnasa
2. Uensbie yncna.

A. B. Kapnos



CBOMCTBO ]. Anrebpa. nasa

2. Uensbie yncna.
Ecwma=,a nb=,b,ax,y€Z, toax+ by =, a'x+ by.
A. B. Kapnos

JokazaTtenbcTBo.

ax+ by — ('x+ by)=x(a—3a)+y(b-b) m. O
CeoiicTeo 2

Ecmma=,a nb=,b, toab=,3ab.

Nokazatensctso. ab— a'b’ = (ab— a'b) 4+ (a'b—a'b') =
(a—a)b+a(b—b):m. O

Csoiicteo 3
Ecma=,buneN, toa" =, b".

Hokasatenscteo. @ VlHaykuus no n. baza n = 1 ouesungHa.

o Mepexog n — n+ 1. Tak kak a" =, b" (N0 MHAYKLMOHHOMY
NPEANONOXKEHNIO) U 8 =, b, NO CBOACTBY 2 MMeeM
amtl=a".a=,,b" b= b"t1. a
CeoiicTeo 4

Ecnm (a,m)=1wmab=, ac, Tob=, c.

[HokazaTensctBo. ab=p ac = a(b—c):m=b—c:m
= b =, ¢ (no CeolicTBy 3 B3aMMHO MPOCTbLIX 4MCEN MOXHO
COKpaTUTb Ha a). O



BbiueTni
® =,, — OTHOLUEHNE SKBUBANEHTHOCTU, TaK KaK 3TO 4aCTHbIiA
cnyyali CpaBHeHMst MO MOAYMO naeana (Bnpo4em, MOXHO
HECJIOXKHO MPOBEPUTL HAMPSIMYLO).
Onpegenexne

Bbiyet no MOAYNHO M — 3TO K/ACC 3KBUBANEHTHOCTN MO =p,.

e [lepeuncnum Tpusuanbhble cnegcteust Jlemmor 1.

e Kaxgblii BbIYET MO MOAY/IO M UMEET Bug a + mZ pns
HeKoToporo a € Z.

o B Ka>XAOM BbI4E€TE BCE YNCNa UMEIOT O[J,I/IH&KOBI:IVI OCTaTOK
OT AE€NE€HNA Ha m, a HNCNa N3 Pa3HbIX BblHETOB NMEKOT
pa3Hbl€ OCTaTKW.

e CyllecTByeT poBHO M BbIHETOB MO MOAY/IO M.

Onpegenexne

Yucna a1, ..., am € Z — obpasyroT NonHyo cuctemy
Bbl4eTOB no mogynto m (cokpawenHo: NMCB  (mod m)), ecan
Ka)kAbll/i BbIYET NO MOLYIO M COLEPXKUT POBHO OLHO U3 HUX.

Anrebpa. [nasa
2. Uensbie yncna.

A. B. Kapnos



Jlemma 2
ai,...,am € Z —ICB (mod m), ecau n Tonbko ecan
HUKaKue BBa N3 HUX HE CPABHUMbI MO MOAY/IO M.

Jloka3aTenbCTBO. = OYEBMAHO CNeAyeT U3 ONpefeNeHns.
<. Ecan ectb m 4mncen, n HUKakne ABa U3 HUX HE CPAaBHUMBbI
Mo MOZY/IK0O M, TO B KaXXAOM BblHETE MO MOAYJIO M POBHO
OAHO N3 HUX. ]

Teopema 13

Mycte a1,...,am — [1CB (mod m), k, b € Z, npudem
(k,m)=1. Torga ka1 + b, ..., kam + b — [ICB (mod m).
[okazaTenscTeo. @ [JocTaToO4HO NPOBEPUTL KpUTEpUii 13
Jlemmebi 2.

o Myctb kaj + b =p kaj + b < k(aj — aj) - m.

e Tak kak (k, m) = 1, ato o3HauaeT, 4TO

aj—aj:m <= aj =p, aj, 4TO He Tak. O

Anrebpa. [nasa
2. Uensbie yncna.

A. B. Kapnos



HC)ﬂ| Bbl4HeTa n Mmoayns. an/IBeJJ,EHHaﬂ cncrtema Bbl4HeToB

e Echm a=,, b, To a— b: m n no ceolictey 2 HO] Mbl numeem
(a,m) = (b, m).

e Takum obpasom, ANs KaXKAOro BblYeTa @ = a + MZ KOPPEKTHO
onpegened HOJ (3, m) := (a, m).

Onpegenexne

1) BblueT 3 no mMogynto m Ha3bIBaETCS B3aWMHO MPOCTLIM C
mogynem m, ecnu (3, m) = 1.

2) Ons m € N dynkuns ditnepa ¢(m) — konudectso yucen ot 1
[0 m, B3aUMHO MPOCTBLIX C m.

ol p(1)=1.

o CylecTByeT poBHO (M) BbIHETOB MO MOAY/KO M, B3aUMHO
NpOCTbIX C M.

Onpegenexne

Hucna ay, ..., ay(m) OOPasytoT NpuBeseHHytO CUCTEMY BbIHETOB MO
mogynto m, (cokpaterHo: NMpCB  (mod m)), ecnn kakabli BbiveT
no MOAY/IO M, B3aUMHO MPOCTON C M, COAEPXKUT POBHO OAHO 13
HUX.

Anrebpa. Mnasa
2. Uensbie yncna.

A. B. Kapnos



Anrebpa. [nasa
2. Uensbie yncna.

Jlemma 3
ai, -+, 3ay(m) € Z — [pCB (mod m), ecam u Tonbko ecnu sce 4. B. Kaprios
STU YNCAA B3aUMHO NPOCTbI C M U HUKAKUE [BA U3 HUX HE

CPaBHUMbI 110 MOZYJIIO M.

[oka3aTenbCcTBO. = O4EBUAHO ClefyeT N3 ONpPenesieHus.

<. ECTb <p(m) 4quncen, N HUKakKne aea N3 HNX He CpaBHUMbI MO
MOZYJ/Il0 M, a Takxe ecTb poBHO ¢(m) Boivetos B MNpCB (B3aumHo
NpocTbix ¢ m). 3HauuT, B Kaxxgom Boidete us MNpCB posHo ogHo
N3 3TUX Yucen. O

Teopema 14

IMycts a1, ..., a,(m) — MPCB (mod m), k € Z, npuyem

(k,m) = 1. Torga kay, ..., kay(my — MpCB (mod m).
HokazatenscTeo. e JocTaTouyHo NpoBepuTh KpuTepuli ns

Jlemmbl 3.

e Tak kak (k,m) =1 wn (a;,m) =1, 7o (ka;, m) = 1 (gns Bcex

Fe 1o,

o Ecnu ka; =, kaj, To aj =p a;j no CsoiicTBy 4 cpaBHeHWIi, 4TO He
Tak. d



Teopema diinepa Anrebpa. Mnasa

2. Uensbie yncna.

A. B. Kapnos

Teopema 15
Mycte meN, a € 7Z, (a,m) = 1. Torga a#(™ =1 (mod m).
Hokasatenscteo. o MlycTb r1, ..., fy(m) — MpCB  (mod m).
e o Teopeme 14 Torpa u ary, ..., ar,m — MpCB
(mod m).
e Beepem obosHavenus iq, ..., iso(m) TaK, 4TO | =g, ary,

) Ilp(m) =m ar, n {1 ..,cp(m)} = {I'l,...,l'@(m)}.
e lycte R=r1 - rym). Torpa (R,m) = 1.

e [lepeMHOXas 3annCaHHbIE BbILIE CPABHEHMS!, MOJTY4aEM
= e e 0 == DR = Lp m .
R=n Fo(m) = an arym) = a (m.R " (mod m).

Cokpauas Ha R, nonyyaem 1 = a?(™ (mod m). O



dDyHkyna dinepa

Jlemma 4
Dyukyuns Jiinepa MyabTUNANKATUBHA, TO €CTb, ecim a, b € N
B3aumHo npoctsi, To w(ab) = p(a)e(b).

HokazsaTenbcto. @ 3anuwem qucna ot 1 go ab B Tabauuy a X b
Tak, 4YTO B MEPBOi CTpoke — 4ucia ot 1 go a, BO BTOPOi — OT
a+1p02a nTta, 8bctpoke — uvucna ot (b—1)a+ 1 go ba.

e Bce yucna B i ctonbue npuHagiexart ogHOMY BblYETY
i =i+ aZ no mopynto a. ITN YMCNa B3aUMHO NPOCTbI C a, €C/IN 1
Tonbko ecnm (i, a) = 1.

e BhiuepkHeM Bce cTonbLbI C HOMEpaMU i, He B3aUMHO MPOCTbIMU
¢ a. OcTaHyTcst poBHO (a) cTonbuos.

e Bce uucna, B3aumHo npocTbie € ab, fomKHbI BbITh B3aUMHO
MPOCTLIMK 1 C a, OHUM NIeXaT B oCTaBLuxcs ¢(a) cronbuax.

e PaccmoTpum ntoboii octaBlimniics ctonbew, NycTb YMC/Ia B HEM
umetoT Bug j, a+J4, ..., (b—1)a+j. OTn yncna obpasytor NMCB
(mod b) B cuny Teopembr 13 (Tak kak nosyuens us MCB
0,1,...,b— 1 ymHOXeHMEM Ha a, B3aWIMHO MpoCToe C b 1

npubasnervem j: 0—j, 1 —a+j,....,b—1—(b—1)a+j).

Anrebpa. [nasa
2. Uensbie yncna.

A. B. Kapnos



Anrebpa. [nasa
2. Uensbie yncna.

e 3HauuT, cpean uncen j, a+ 4, ..., (b—1)a+j posHo o(b) A 8- Kapnos

B3auMHO npocTbix ¢ b. OcTanbHble YMCNa TOYHO HE B3aUMHO
NpocTbl C ab, BbIYEPKHEM UX.

e Ocraswuecs ¢(a)p(b) 4ucen B3anmHo npocTbl v ¢ a, n ¢ b, a
3HAUNT, B3aUMHO NpocTbl ¢ ab. 3HauuT, octanock posHo ¢(ab)
qucen (Bce yncna ot 1 go ab, B3anmHo npoctbie ¢ ab). O

Jlemma b

EcmpeP, neN, 1o o(p") = p" — p"~ L.

Jokazatenbcteo. e [locuntaem konnyectso 4ucen ot 1 go p”, He
B3aWMHO MPOCThIX C p”.
o Myctb (a,p") = d > 1. Tak kak p" : d, gonxHo ObITh d - p.

e CnenosaTenibHo, Yncna ot 1 4o p”, He B3aUMHO npocTble € p" —
5TO B TOYHOCTM 4ucna ot 1 o p”, kpaTHele p. VIx konuuecTso

n
paBHo 2 = p" L. O



Teopema 16 Asre6pa. Fnasa

2. Uensbie yncna.

Ecnn n € N umeer kaHoHn4eckoe pa3noxxeHne n = pf‘ oo pkm 10

w0=o(-5) - (-5.)

[lokazaTenscteo. @ [lokakeM MHAYKLMER MO KOANYECTBY MPOCTbIX
. kq ks — TTS ki

nenuteneii s, 4to w(p* ... pe) = [[;_; ¢(p;")-

e baza gns s = 1 oveBmngHa.

A. B. Kapnos

s+1

o [lepexog s — s + 1. Tak kak (pf1 coopls, ps+1) =1, no Jlemme
4 ¥ NHAYKLMOHHOMY NPEANOOKEHMIO NMEEM
k. s k s
p(pf ... pl - pt) = (P} ... pl) - o(plt) =
s+1

(H@(n‘"’)) ey Hso Pr)
i=1

o CnepoBaTtentHo,

p(n) = f[so(p,-k") = f[(p,-k"—P,-k"l) = lﬂpfk" (1—;) = ”'ﬁ(l—;)-



Cymma cyHkumuy Diinepa no genurtensm 4Ymcna

Teopema 17
Ans moboro n € N > p(d)=n.

Jokazatenbcteo. ® Paccmotpum Bce N yucna ot 1 go n — unx kak
pa3 n wryk. Kaxgoe ns Hux nmeetr HO ¢ n — n stor HOZl —
aennTens n.

e [Ins ntoboro d | n NopcHMTaeM KONMHECTBO BCEX YMCEN U3
{1,...,n}, weit HOJ c n pasen d.

e Takue yncna genstcs Ha d, 3Ha4YUT, UX HY>KHO NCKaTb Cpeau
d,2d,...,n=3d. Tak kak

d=(kd,n) = (kd,5d) =d-(k,5) < (k,5) =1,
konuyectso yncen us {1,..., n}, veii HOJ c n pasen d — 3710 B

TOYHOCTM KonmuyecTso Takux k € {1,..., 5}, 410 (k, §) =1, a

3TO KoNM4ecTBO paBHo ().

e Ecnu d npoberaet sce HaTypanbHble genutenn n, 7o d’ = 5

Takxe npoberaer Bce HaTypasbHble geautenn n. [oatomy,

n= > ¢(g= > ) =

deN,d|n d’eN,d’" | n

Anrebpa. Mnasa
2. Uensbie yncna.

A. B. Kapnos



Kon bLO Bbl4HeTOB Anrebpa. hasa

2. Uensbie yncna.

e BbiyeTbl No Mogynto m € Z — OHM e BbIHETbI MO MOAYO

A. B. Kapnos
ngeana mzZ — obpasyloT Ko/bLO BbIYETOB Ly = 7/ mZ.

Jlemma 6
Obpatumeie anemenTs! L, — 3T0 B TO4HOCTH BbideTsl n3 [MpCB
(mod m).

HokazaTtenscteo.  Ecnu 3 € Z,, obpatum, To cyliecTByeT Takoii
b€ Zy, 4toab=1 <= ab=,, 1. Torga (ab,m) = 1, a 3HauuT
n(a,m)=1.

e Haobopor, nycts (a, m) = 1. Mo Teopeme 13 Torga
0,a,2a,...,(m—1)a—TMNCB (mod m). 3nauur,

3b: ab=,1=3b=1. O
e Ecnu BbiveT 3 obpaTm, To 0bpaTHbIl BbiveT (7)1
efMHCTBEHEH (3TO AOKa3aHO B ODLUEM Cilydvae fJ/isl KOJbLA paHee,
a B JaHHOM Cily4ae CrieAyeT n3 gokasatenbctsa Jlemmbl 6).

Teopema 18
Ecan p € P, 10 Z, — none.

[okazaTenbcTBo. Tak Kak BCE HEKPATHbIE p YWNC/Ia B3aUMHO
npoctel ¢ p, MpCB  (mod p) — 3To BCe HeHyneBble BbIYETLI.
Torpa no Jlemme 6, Bce HeHyneBble aneMeHTbEZ, obpaTumbl.- L]



Anroputm novcka obpaTHOro BblyeTa AuIcee, [GEEE

2. Uensbie yncna.

A. B. Kapnos

e Nyctb a € Z, m € N, npuyem (a, m) = 1. Kak Hailitn
obpaTHbIii BbiyeT a~ L ?

e [lycTb r — ocTaTok OT genieHust a Ha m. Torga 0 < r < m.

e Ecam r =0, To (a, m) > 1 n obpaTHOro BbiYeTa He
CYLLeCTBYeT.

e Eciin r > 0, To c nomowsto anroputma EBknnga unwem
d=(r,m)=(a,m).

e Eciin d > 1, To obpaTHOro BbIYETa He CyLLECTBYET.

e Ecnv d = 1, To npn nomowym (BbINOAHEHHOTO paHee)
anroputma Eeknnga nwem nuneiinoe npegcrasnedue HOZ:
1 =ax+ my.

e Torpa ax =1 (mod m), a 3HaunT, (3) ' =X & Zp,.



JlnHeiiHoe cpaBHeHMe C O4HUM HEU3BECTHbIM CATCE, [AEED

2. Uensbie yncna.

A. B. Kapnos

e [lyctb a,b € Z, m € N. HyxHo peunTb (OTHOCUTENBHO X)
CpaBHeHue

ax=>b (mod m). (%)
e [lyctb d = (a,m). Ecan b/ d, To oueBugHo, (*) pewenuii
HEe nMeeT.

e Ecnm b d, Tonyctb a=a'd, b= b'd, m=m'd. Torga

(x) < ax—b'm < ax—b 'm < ax=b (mod m).
(+)

e Tak kak (a',m') = 1, cyujecTsyeT obpaTHbIii BbideT (a') 1

B Zm’-

e Myctb s € (a')7L. Torma x = b's (mod m’) — pewenne

cpaBHeHus (%), @ 3HAYNT, U UCXOAHOTO CpaBHeHUs ().



OdenumocTb Ha nonapHO B3aMMHO NpOCTbie 4Yucna Qancizm, [HEEE

2. Uensbie yncna.

A. B. Kapnos

Nlemma 7

[yctb my, ..., My — NONapHO B3aUMHO MPOCTbIE
HaTypanbHble yucna, m = my ... my. [lycts b € Z Takoso,
yrob:my, ..., b:-my. Torga b m.

HokazaTtenscteo. ycte ng = my ... my. Jokaxem
nHAyKUMeR no £, yto b - ny.

e baza / = 1 oveBugHa.

Mepexon £ — £+ 1. e 1o MHAYKLMOHHOMY NPenONOMKEHMNIO
b=cny, roe c € 7.

e Tak kak cny = b - myy1 v (ng, mgy1) = 1, no Ceoiictay 3
B3aMMHO MPOCTbIX YUCEN UMEEM C - Myq.

e Torga c =dmyi1 v b= dmyying = dngyq. Il



KuTaiickas Teopema 06 ocTaTkax

Teopema 19

lyctb my, ..., Mg — NONapPHO B3aNMHO MPOCTbIE HATYPasibHbIE
yucna, m=my...Mmy, ai,...,ax € Z. Torga cywecrByet
eanHcTeenHoe Takoe a € {0,1,... m—1}, ytoa=p, a, ...,
a=m, k-

Hokazatenbcteo. 3. e [lycte np = my ... my. Jokaxkem
VHAYKLMER no ¢ cyliecTBoBaHWe Takoro by € Z, 4To by =p,, a1,
ey bemz ay .

Basa ¢ = 1 oyeBugHa.

Mepexop ¢ — ¢+ 1. e Tak kak (my41,ny) = 1 no Teopeme 13
aucna by, b+ ng, by +2ng, ..., by + (mey1 — 1)ng — NCB
(mod my41) (onu nonysensl 3 NMCB 0,1, ..., mypyq — 1
YMHOXeHMEM Ha ny n npubaenennem by).

® 3HayuT, cpefu 3TUX YMCen ecTb YUCno kng + by =p,., ac41.
Monoxum bpyq := kng + by.

e Torpa byy1 — agn : Myya.

e Mo noctpoennto byy1 — by : ng. Tak Kak No MHAYKLUOHHOMY
npegnonoxeruno by — a; - m; ans Beex i € {1,...,£}, Mbl uMeem
bet1 — ai = (bey1 — be) + (be — ai) - m;.

Anrebpa. Mnasa
2. Uensbie yncna.

A. B. Kapnos



e ITak, Mbl noay4nan 4nucno by, yooBNETBOPSIOLLEE BCEM
TpeboBaHUAM TeopeMbl, KPOME OfHOrO: YNCIO AO/KHO BbITb
ot 0 gom—1.

e [115 nonyyeHns Takoro 4ymcna a nogenum by c ocTaTKOM
Ha m: nyctb by =mg+a, 0<a<m-—1.

e Takkak a— by - m:-m; m by —a; - m;, Ton a— a; - m;
ans Beex i € {1,...,k}.

| o Mpeanonoxum, 4to a n @ — ABa pasNYHbLIX YNCAA,

YAOBNETBOPAIOLWMX yCNoBMo. Toraa a — a’ - m; pna scex
ied{l,... k}.

e Tak Kak my, ..., My NONAPHO B3aUMHO MPOCTbI, MO
Nemme 7 a—a :m=my...mg. Hola—3a'| < m,
npoTuBopeYune. O

e /13 pokazaTenbCcTBa €4UHCTBEHHOCTM B Teopeme 19 BugHo,
4TO BCE LeNible YUCAA a, 415t KOTOPbIX @ — a; - M; Npu BCEX
i€{l,..., k} obpasyioT B TOHHOCTM OAUH BbIYET MO MOZYIIIO
m=mq... M.

Anrebpa. [nasa
2. Uensbie yncna.

A. B. Kapnos



Anroputmbl noucka pewenusa gna KTO (QAICELEY [RELD

2. Uensbie yncna.

[ ] . -

Mycte my, ..., M — NONapHO B3aMMHO MPOCTbIE HATypasibHbIE AT a—
yucna, m=my... My, a,...,ax € 2.

e Mbl nwem Takoe a, 4T0 @ =p, a1, ..., @ =m, 3 ().

e byger ncnonb3oBaTbCs aNropuTm Nomcka obpaTHOro BbiYeTa,
OMUCaHHbIN BbILLE.

Anroputm 1.

e Mycte m; = =% Torpa (mj, m;) = 1.

by € {0,1,...,m; — 1} — Takoe 4ucno, uto b; - m; =1 (mod m;)
(MbI Haligem b; ¢ MOMOLLLIO anropUTMa nomcka obpaTHoro
BblyeTa).

VTBepxaeHue

a=abymj + axbomly + - - - + axbym), — peenne (x).
Hokazatenbcteo. Tak Kak mj’- - m; npu BCex j # i, ans noboro
ie{l,... k}

a=ajbjm. = a; (mod m;). O
e Kak cka3aHo Bbllle, BCe peleHnst cucTemsl (x) — 3To B
TOYHOCTW YWCa, CPABHUMbIE C @ MO MOZYO m.

e [Nopenns a Ha M c 0CTaTKOM, Mbl HaliieM peLleHne CUCTEMBbI
coeav uncen 0.1..... m—1.



AJ'IrOpVITM 2 Anrebpa. Mnasa

2. Uensbie yncna.

o /lHoyKumeid no s Halifem Xs, YAOBNETBOPSIIOLLEE MEPBbLIM S
CPaBHEHUSIM:

A. B. Kapnos

Xs Smy 31, -+ Xs =m, 3s-

e baza s = 1 o4yeBugHa: nomogeTt x; = az.

Mepexon s — s+ 1. e MNycts ng = my ... m;.

Bynem nckaTb peweHne B BUAE Xs11 = Xs + Cshls.

e Torga xs41 — Xs - m; ansi Beex j € {1,...,s}, noaTomy, Xs41
YOOBNETBOPSET NEPBbIM § CPABHEHUAM.

o [Mogbepem cs Tak, 4TODObI X541 = as41 (mod msi1):

Xs + CsNs = as41 (Mod msi1) <= Cshs = as11 — Xs

(mod mg,1) <= ¢ = (asi1 — xs) - (ns)™1 (mod mg1).

o Tak kak (ns, msy1) = 1, 0bpaTHbIii BbiveT (ns) ™! cywecTeyeT u
MOXeT ObITb HaliieH C NOMOLLbIO OMMCAHHOMO BbiLUE aiIrOPUTMa.
e Bropoii anroputm pewenns KTO Ha nepeblii B3rasig cioxHee,
YeM nepeblii, HO TpebyeT npuMeHeHust k — 1 anropuTMOB Noncka
obpaTtHoro BbideTa (a He k): Mbl He MweM obpaTHbLIA BbIYET MO
MOAY/O My .

e [MoaTomy, uenecoobpasHo HyMepoBaTb MOAY/IN TaK, Y4TODbI My
0Ka3aNcs caMbiM 6ObLWINM.



®PyHkuua Mébuyca Anrebpa. Tnasa

2. Uensbie yncna.

Onpegenexne A.B.Kaprios
DyhHkuns Mébuyca u(n) ==

1, ecamn=1,

(—1)k, ecnn n= p;...px — NpousBeAeHMe Pa3NNUHBIX NPOCTHLIX YUCEN,

0, eCN N AeNNTCA Ha KBaApaT NPOCTOro 4nucha.
Jlemma 8
Mycte myd €N, m:d. Torga . p(2)= 1, m=d,

d e mod. ey 0, m>d.

(cymmuposarnune BegeTcs no Bcem n, KpatHeiM d u geaswmum m).

. m __ t
Hokaszatenscteo. e ycTb k := 5 = pi* ..

pa3noxenue. Torga

S oum)= Y us)= gocf(—l)f:(l—l)'

dln|m s|pi...pr

t

. P/ — KaHOHW4€eCKoe

(TaK KaK HEHyneBo€ 3Ha4eHne (1 AOCTUraeTCA TOJNbKO Ha
NPOnN3BeAEHNAX PA3JINYHbIX ﬂpOCTbIX).

e Hawa cymma pasna 0 Bo Bcex cnyvasix, kpome r = 0 (a ato B
TouHocTn k =1 <= m = d). B nocnegHem cnydae cymma
paBHa 1. L]



®dopmyna obpaweHus Médbuyca. AgAMTUBHBLIA BapuaHT (QAICELEY [RELD

2. Uensbie yncna.

A. B. Kapnos

Teopema 20
Mycte f,g : N —, npuyem f(m) = > g(d). Torga
d|m

g(m) = |Z u(7)f(n)-

[okazaTenbcTeo.

Zu( Zu Zg

nlm

no Jlemme 8. U



DyHkuus diinepa vepe3 cdopmyny obpaweHuns Mébuyca
Teopema 21

k
Mycts n = pi* ... pk — kaHoHunyeckoe pasnoxenue yucna n.

Torga p(n) = n(1— ). (1= ).

[NokazaTenscreo. @ Mo Teopeme 17, > o(d) = m.
deN,d|m

e [lo ®opmyne obpaweHus Mébuyca,
p(n)= > wd)- 3

deN, d|n
e Hanomuum, uto npu d = pj, ... p;, Mbl umeem p(d) = (—1)*
(3pech iy, ..., Iy — pazandHble uHgekcsl), u(l) =1, a8
octanbHbix cayvasx pu(d) = 0. Moatomy,

_n—Z— Z no_ Z "y

1<i<s P 1<ii<ip<s PP 1§i1<iz<i3<s PiPiPis

(1—2 S o X o)

1<i<s pi 1<i;<ir<s Piy Piz 1<iy<ir<iz<s Pix Piz Piy

(D00

Anrebpa. Mnasa
2. Uensbie yncna.

A. B. Kapnos



é Y/ Anrebpa. Mnasa
¢0pMyﬂa 06paLL"eHMﬂ ME6Myca. MyanmnnMKaTMBHbIM 2. Uensie 4ncna.
BapuaHT

. B. Kapnos

Teopema 22
Myers K —none, f.g :N = K\ {0, npuwew f(m) = 11 &(d).
d|m
Torga g(m) = [] f(n)"(3).
n|lm

[oka3zaTenscTBo.

L =TT (I1s) @

n|lm dln

no Jlemme 8.



Cymma MynbTuUnNAnKaTueHO! yHKLMY MO Aenutenam (QAICELEY [RELD

2. Uensbie yncna.
qucna A. B. Kapnos

Teopema 23

Mycts f: N — — MynbTunankaTnsHas yHKUus,

g(n) = > f(d). Torga g — MynbTURAMKaTUBHAS YHKLNS.
d|n

[okazaTenbctso. o Myctb a,b € N, (a,b) = 1.

°ea= pfl co.pks b= qfl . qf‘ — KaHOHUWYeCKne

Pa3/IOXKEHNSI.

e Tak kak (a,b) = 1, Bce 3Tn NpocTble pa3NUyHbI U

ab = p{“ . p;qfl e qft — KaHOHUNYECKOE Pa3JIOXKEHME.

e [To Teopeme 8, d|ab < d = pf{...pf;quL ...qf/t, roe

0<ki<kipmsseexic{l, .. ,s}n OSE} < {; pns BCex
Jjed{l,... t}

e CnepoBatensHo, d = d,dp, rae da|a v dp | b, npuyem
(da,dp) = 1 n Takoe npefcTaBieHne eQNHCTBEHHO:

k/ k/ el f’
da=p;t...pssndy =gy ... g



Anrebpa. Mnasa
2. Uensbie yncna.

A. B. Kapnos

e Takum obpasom,

glab)= > f(d)=>_> f(dds) =>_ > f(ds)f(d

d|ab dilady|b do|ads|b

<Zf( )(Zfdb>g )g(b). 0

dala dblb



Anrebpa. Mnasa
OﬂpEﬂ.GﬂEHVIe 2. Uensbie yncna.
OnsneN  o(n) — cymma HaTypanbHbIX genuteneii n. 11.B. Kapnos
Teopema 24
k1+1 ks+1
_ K k _ P -1 pe -1
Ecnvn=pi*...p%, 70 0(n) = e R
Hokazatenscrso. o Mycts n, = pi* ... pkr.
k1+1 kr+1
- _ pt 1 p -1
o [lokaxxeM nHaykumeii no r, 4to o(n,) = e e
Baza gna r = 1: penutenn pf‘ —o3101, p1, ... pf‘ n no
copMysie CyMMbI reOMETPUHECKOl NPOrpeccun ux Cymma pasHa
p11<1+1_1
pi—1 °

r+1

Mepexon r — r + 1. Tak kak (n,,prﬂ) =1, a no Teopeme 23

dyHkyus o(n) = Y. d MyasTUNANKATUBHA,
d|n

o(nrs1) = o(nepyt) = o(n)o(pyi) =

(pi“*l -1 pft? 1) pritt -1 .
p1—1 pr—1 pr+1 — 1




MepBoobpa3sHbie kopHu s 1 8 C Anrebpa. Tnasa

2. Uensbie yncna.
Ol'lpe,u,eﬂeH ne A. B. Kapnos
Myctb n € N. Yucno € € C Takoe, uto €” = 1, Ho X %1 npm

HaTypasibHbiX k < n Ha3blBaeTCs NepBoObPasHbIM KOpHeM n3 1
CTeneHm n.

o [lycTb €9, ...,E4—1 — BCE KOPHU CTeneHu n n3 1,
ex = (cos( 27r") sm(2”k))
Teopema 25

1) Cywectyet B TOo4HOCTU W(N) NEPBOOOPA3HBIX KOPHEN CTEMEHN
n n3 1, 3T0 B TOYHOCTU TaKne KOPHU €j, HTO (,n)=1.

L = )
2) Ecnu €j — nepBoobpasHbiii kopeHb cTenexu n u3 1, 1o ¢j, &7,

., EJ‘-"’ — Bce KopHu cTeneHn n u3 1.

[Hokasatensctso. e Mo dopmyne Myaspa, arg(ej’-‘) = %

Pasbepem gBa ciyyas.
Cnyyain 1: (j,n) =d > 1.
oTorp.angeN,m<nmy:§eZ.

m\ __ 27rmdy _ m __
e Cneposatensho, arg(e]") = <% =21y u e’ = 1. 3710

03HaY4aeT, YTO &£ He ABISETCS NepBoobpasHbIM KopHeM u3 1
cTeneHu n.



Anrebpa. [nasa
2. Uensbie yncna.

[. B. Kaproe
Cnywaii 2: (j,n) = 1.

e Torga apryMeHTbl 51-,512, e ,5}’7_1,5;-’ — 370 2% 2”7’”

e o Teopeme 13, uncna j, 2j, ..., nj — MNCB (mod n).

3HaunT, Cpeaun Ux OCTaTKOB OT AENEHUs HA N KaXKAbIl

BCTPEYAETCS POBHO OfMH pas.

orj 272 27-nj
o Torpa <24, 2L “E0 — 370 B TOYHOCTM TaKue
apryMeHTbl, Kak 27“ 47“, 2% (HanoMHMM, 4TO aprymeHT

He MeHsieTcsl npu npubasnenun 27).

11171 n

e JTO O3HayaeT, 4To sj,ejg <., €j T, €] — 3TO B TOYHOCTH
€0, --., En—1 — BCE KOPHM cTeneHn n un3 1.

e [loHsATHO, 4TO ej’-’ = 1, 3Ha4MT, B MEHbLUMX CTENEHAX €; He
paBeH 1, TO ecTb, 3TO NepBOODPa3HLIA KOPEHb CTENeHN N
n3 1. O



