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Teopus rpacpos.
Fnaea 3.

OI‘Ipe,El,eJ'IeH ne MapocoyeTaHus.

1) Muoxectso Bepwunt U C V/(G) Ha3biBaeTcs SelE 05D

HE3aBUCHMbIM, €CIA HNKAKNE ABE €rO BEPLUMHBI HE CMEXHBI.
Obo3Haunm yepes o G) KONMHECTBO BEPLIMH B
MaKCMMabHOM He3aBUCUMOM MHoxecTBe rpada G.

2) MHoxecTeo pébep M C E(G) Ha3biBaeTcs
napocoYeTaHneM, ecnv HUKaKne 4Ba ero pebpa He umetoT
obuweli BepwmnHbl. ObosHaunm Hepes o' (G) konmyecTeo
pébep B MakcMMasnbHOM napocodeTaHun rpadga G.

3) Byaem rosoputb, 4To MHOXecTBO BepwuHn W C V(G)
nokpeiBaet pebpo e € E(G), ecnn cywectsyeT BeplinHa

w € W, nHumngentHas e. byaem rosopuTb, 4TO MHOXECTBO
pébep F C E(G) nokpbiBaer Bepwmny v € V(G), ecnn
cyuwecTByeT pebpo f € F, nuHungeHTHoe v.

4) Mapocouetatne M rpacdha G Ha3bIBAETCS COBEPLUEHHBIM,
€C/IN OHO MOKPbLIBAET BCE BepLUMHbI rpada.



Onpegenerue

5) Muoxecteo Bepwun W C V/(G) HasbiBaeTcs BepLumnHHbIM
MOKPLITYEM, ECAIN OHO MOKPbIBAaeT BCe pébpa rpada.
Ob6o3Haunm yepes (G) KOANYECTBO BEPLINH B
MUHNMaNbHOM BEPLUMHHOM MOKpbITUN rpacha G.

6) MuoxecTeo pébep F C E(G) Ha3biBaeTcs pébepHbim
MOKPbLITMEM, €CIN OHO MOKPLIBAET BCE BEPLUMHBLI rpada.
Obo3zHauum vepes 5'(G) konuyectso pébep B MUHUMANBEHOM
pébepHom nokpbiTun rpacga G.

CooTHoweHunsa mexay o, 3, o/ n 3

Jlemma 1

1) U C V(G) — He3aBucumMoe MHOXECTBO, €Cn U TOJIbKO
ecim V(G) \ U — BepumtHoe nokpbiTue.

2) a(G) + B(G) = v(G).

HokasaTenbcTBO.

2) U C V(G) — makcmmanbHOe HE3aBNCMMOE MHOXECTBO,
ecnm u Tonbko ecam V(G) \ U — MuHnmanbHoe BeplinHHoe
noKpbITHE. 2l

Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos



CooTtHoweHus mexay «a, 3, o’ n 3 R DR

Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos

Teopema 1

(T. Gallai, 1959). lycts G — rpacp ¢ 6(G) > 0. Torga
o' (G) + 5(G) = v(G).

JokasaTtenbcreo. <.

e [lyctb M — makcnmanbHoe napocoyetanue, U —
MHOXECTBO He MokpbITbix M BepwmH rpada, Toraa

U] = v(G) — 2d/(G).

e Tak kak J(G) > 0, MoxxHO BbIDpaTh MHOXecTBO F 13 |U|
pébep, nokpsigatollee U.

e Torma M U F — nokpbiTue, cinegoBaTesibHo,
B'(G) < IMUF|=d(G)+ v(G) —2d/(G), oTkysa
o'(G) + B'(G) < v(G).



OokazatenbctBo Teopembl Mannan. >. ecetalipac e

Mnasa 3.
MapocoyeTaHus.

[. B. Kaprios
e [yctb L — MuHuManbHoe pébepHoe NoKpbIThE
(It = B'(G)), a H = (V(G), L).
e Tak Kak B rpacpe H Het BepwmH cTenenu 0, B KaXkgoli
KommnoHeHTe rpacdpa H MoxHO BbibpaTh no pebpy, B
pe3ynbTaTe nony4mtcs napocoderavne N B rpace H (a
3HauuT, 1 B G).

e CnepoBatensto, &/(G) > |N| = c(H) n

oTkyga cnegyet o (G) + f'(G) > v(G). O



Hepeaytowmecsa n gonosHsowme nytum EERED CPEGHED:

Mnasa 3.
MapocoyeTaHus.

[. B. Kaprios
Onpegenexne

Mycts M — napocoyetanue B rpacpe G.

1) HazoBém nytb M-4yepegyrowyumcsi, ecnu B HEM

yepeaytotcst pébpa nsz M n pébpa, He Bxogswme B8 M.

2) HazoBém M-uepepytowmiics nyTe M-gononnsiowmum,

€C/IN €ro Ha4vaso U KOHeL, He MOKPbITLI napocodetaHuem M.

e B M-pononHsiowemM nyTu HewéTHoe Yncio pébep, npuyem
pé€bep n3 napocoyetaHuss M Ha ofHO MeHblue, YeM pébep, He
Bxogawux 8 M.

Teopema 2

(C. Berge, 1957.) [lapocouyetanue M B rpacpe G siBnsietcs
MaKCUMaJslbHbIM TOTAa U TOJIbKO TOrAa, KOrAa HeT
M-gononHsitowmx nyTe.



JokazatenbctBo Teopembl Bepxka ecetalipac e

Mnasa 3.

MapocoueTaHus.
=. o llyctb B rpacbe G cyuwiecteyer M-pononHstouwmii nyTs 4. B. Kapnos
S = diaz...ax.

e Torpa sameHum exogsime B M pébpa aas,. .., axk—_oaok—1

Ha He Bxogsawme B M pébpa aiap, azas,. .., ark_1d2k, U TEM

cambIM nosiydum bonbliee napocoyetaHue. [poTneopeyne.

<. o [lyctb M — He MakcMManbHOe Napoco4veTaHne, Toraa
PaccMOTpUM MakcuMasbHoe napocodetanne M', |M'| > |M|.

e Nlycte N=MAM', H= G(N). Onsa noboii BepimnHbl
v € V(H) mbl umeem dy(v) € {1,2}, cneposatensho, H —
obbeanHeHe HECKONBKUX NyTel 1 LUKOB.

e B kaxxgom n3 aTux nyTeii n uuknoB pébpa napocoyeTaHuii
M wn M’ uepepyrotcst. Tak kak pébep s M’ 8 E(H) bonbLue,
x0Tsi Bbl ofgHa KomnoHeHTa P rpacda H — nyTb HEYETHOIA

ANNHBI, B KOTOpoM bonblue pébep us M’. Jlerko noHATb, 4ToO
P — 310 M-pgononusitowmii nyTs. [NpoTusopeyne O



MapocoyeTtaHus B aBYAOALHOM rpache

e Nycts G = (V4, Vi, E) — pBygonbhbiii rpad ¢ gonsmu Vi
n Vs,

Teopema 3

(P. Hall, 1935.) B gsygonbHom rpacpe G ectb
napocoyeTaHue, nokpbiBatoLee Bce BepLunHbl goau Vy, ecau
n TOsIbKO ecam ans aoboro mHoxectea U C Vi
soinonusiercs |U| < [Ng(U)].

e VYCOBME O pasMepe OKPECTHOCTU 13 TeopeMbl XoJaa Mbl
byaem HasbiBaTh ycrosuem Xosna pns ponu V.
HokazaTensctBo. =. O4eBMAHO, TaK Kak KOHUbI pEbep
NapocoYeTaHusi, MOKpbIBatoWmUx BepwmnHbl n3 U — pasHble
Bepwmntbl u3 Ng(U).

<. WMnpykums no konudectsy BepwnH B rpade. basa ans
|[Vi| = 1 oueBnpHa. Mpeanonoxmm, 4To Ast MEHbLUENO YeM
G rpadra yTBEpXAeHMe yxe aokasaHo. Pa3bepém asa
cny4asi.

Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos



JokasatenbctBo Teopembl Xonna. Cnyyain 1: cyuiecTtByeTr  Teopun rpacos.

Mnasa 3.

Takoe HenycTtoe mHoxecTBo A C Vi, uto |A| = |[Ng(A)|. e
A. B. Kapnos

e Beegém obosHauerns B = Ng(A), A = Vi \ A,
B'=V,\ B. Nycts G = G(AUB), Go = G(AUB).

e QuesungHo, ans asyponsHoro rpada Gy u ero gonm A
BbINOJIHsieTCs ycioBue Xosna. [1o nHaykumoHHomy
npegnosioxerunto B rpade Gi CywecTByeT napocoyeTaHme
My, nokpbiBatoliee A.

e [1posepum ycnoeue Xonna ansa asygonsHoro rpacda Go u
ero gomm A’. Pacecmotpum U C A'. Toraa

U+ [A[=[UUA| < [Ng(UUA)| = [Ng,(U) U B| =
ING,(U)| + |B| = [Ng,(U)| + |A|, okypa cnenyer

|U| < [N, (U))]-

e 3HauuT, B rpacbe G, cyuwiecTeyeT napocodetanue Mo,
nokpbigatollee Bce sepnHbl ns A'. Torga My U M, —
napocodetanune B G, nokpeiBatouiee Vi.



Joka3zatensctBo Teopembl Xonna. Cnyvain 2: gnsa Teopun rpacos.

ntoboro Henyctoro mHoxectsa A C V; BbinonHsieTcs Mapocoyeranms.
|NG(A)‘ > ‘A‘ A. B. Kapnos

e PaccMoTprM NpounsBo/bHYKO BEPLUNHY 3@ € V1 1 CMEXHYH0
C Hell BepwuHy b € V5.

e MNycte G’ = G — a — b. MNposepum ycnosue Xonna ans
asygonbHoro rpada G’ n ero gonn Vi \ {a}. Ans noboro
mHoxectBa A C V \ {a} Bbinonusiercs

Al < INg(A)] = 1 < [Ng(A) \ {b}| = [Ng/(A)]-

e Mostomy B rpacdbe G’ cyuwiecTeyeT napocoyetaHue,
nokpbiBatowee Vi \ {a}. Bmecte ¢ pebpom ab nonyuvaem
NCKOMOE MapocoYveTaHue. Il



Cnepcteusa us teopembl Xonna. ecetalipac e

Mnasa 3.
MapocoyeTaHus.

[. B. Kaprios
Cnepcteue 1

B agsynonbHom rpagpe G = (Vi, Vi, E) Bce Bepumtbl nz Vi

UMEIOT CTeneHn He MeHblue k, a Bce BeplunHbl Vo umerot

crenenu He bosblue k. Torga ecTb napocoyeTaHue,

nokpeiBaroLee V.

HokasaTenbcTBO.

e [loctaTo4HO npoBepuTb ycnosue Xonna ans gonm Vi.
Mycte A C Vi(G), Torga ns BepwmnH A BbIXOAUT HE MeHee
dem k - |A| pébep k BepwmHam u3 Ng(A), a B Kaxayto
BepwuHy b € Ng(A) BxoanTt He bonee, yem k pébep n3
BEPLIUH MHOXeCTBa A.

e Takum obpasom, k|A| < eg(A, Ng(A)) < k|Ng(A)|,
orkyna |A| < [Ng(A)]. =



Cnepcteusa us teopembl Xonna. ecetalipac e

Mnasa 3.
MapocoyeTaHus.

0.B.K
Cnepcteue 2 2pnee

(D. Konig, 1916.) [lycts G = (V4, Vi, E) — perynsipHbiii
AByAobHbli rpach creneHn k. Torga G ectb obvegunenne k
CBOUX COBEPLLUEHHBIX NapoOCcCoOYeTaHmn.

JlokazaTenbcTBO.

e Mo Cneacteuto 1 B G cywecTByeT napocoderavune M,
nokpbiBatoLiee V1.

e Tak Kak CTeneHn BCeX BEpLUMH paBHbl MO k, a Kaxxgoe
pebpo coegutsieT Vi n Vo, Mol umeem k| Vi| = e(G) = k| V4.
e CneposatensHo, | V1| = | V|. MNMostomy, napocoyetanne M
nokpbigaeT u gonto Vo, To ectb, M — coBepLueHHOE.

e G — M — perynsipHblii AByRONbHbIV rpad cTenenn k — 1.
Mpogonxas BbIAENATH COBEPLUEHHbLIE MAPOCOYETAHUS, Mbl
pa3obbém rpad G Ha k napocodeTaHuii. O



Teopema O rapeme Teopus rpados.

Mnasa 3.

MapocoueTaHus.
Teopema 4 A. B. Kapnos
B ogHoii panekoii cTpaHe npoxusaroT toHowm {Ax, ..., An}.

Lns kaxgoro i € {1,...,n}, toHowa A; xo4eT 3aBecTu

rapem u3 k; 3Hakombix emy feByluek (ectectsenHo, ki € N).
Llokaxkute, 4TO OHU MOryT 3TO O4HOBPEMEHHO CAEATb TOrAa
1 TONIbKO TOrA[Aa, KOrZa AJisi l060ro MHOXECTBA HOHOLLEN
KOJINYECTBO 3HAKOMbIX XOTS bbl OLHOMY U3 HUX [EBYLUEK HE
MeHbLLEe, YeM CYMMAa XKeNaeMbIX UMU Pa3MePOB rapemMos.

[okasatensctBo. e [locTpoum ABYAONbLHLIA rpad

G =(Vi, Vo, E).
e BepwuHbl fonn V7 COOTBETCTBYIOT IOHOLIAM — KaXXKAOMY
Aj COOTBETCTBYET k; BEPLUMH @; 1, - .., 3jk (Ha30BeM unx

konusimu A;).

e Bepwunbl gonu V5 cooteeTcTBytoT gesylwkam. Kaxaas
BepLWMHa a;j € V1 coefiuHeHa B TOYHOCTU C TeMU
ZeBywikamu n3 Vo, ¢ KOTOpbIMK 3HaKOM toHowa A;.



Teopus rpacpos.

I &
e [1poBepnm, 4TO ans gonn V4 BbinosHeHo ycnosue Xonna. Napocoueranms.
o [lycte M C V4, a Aj,,...,Aj, — BCe IOHOWIN, YbN KONUN €CTb 4. B. Kapnos
B M.
e Torpga [Ng(M)| > ki, +--- + ki, (8 Ng(M) BxogsT BCe
OEBYLUKU, 3HaKoMble C A; ..., A; ).

e B 10 xe Bpemsi, M| < k;, +---+ k;, (8 M He MOXeT BXOZMTb
bonblie konuii A ., Ai,,, HeM UX cyLiecTByeT).

e Takum obpasom, B G ecTb napocoyeTaHue, nokpbisatoee V.

PRI im1

e [1nsi kaxkgoro A; AeByLLKMN, BXOASILLME B Napbl C €0 KONUSMU,

0bpasyloT rapem >enaemoro pasmepa. O
Teopema 5

(D. Kénig, 1931.) lMycte G — gsygonbHblii rpag. Toraa

a'(G) = B(G).

Hokasatenscteo. <. @ Tak Kak pébpa mapocoyeTaHusi He UMEIOT
obLMX KOHLOB, B JIOOOM BEPLUMHHOM MOKPLITUN HE MeHbLUe
BEPLIMH, YeM B tobom napocodeTaHum pébep. CnefosaTensHo,

o' (G) < B(G).



T .
> o [ycte M — makcumanbHoe napocoyeTanue B rpace G, il

Ui — MHOXeCTBO BCEX HEMOKPLITLIX 3TUM MapPOCOYETaHUEM flapocoucranna.
BepwuH Vi, U, — mHOoXecTBO HenokpbiTbix M BepwiunH V.
e Pa3obbém Bce nokpbiThlie napocodetannem M sepwunHel Vi
Ha 4Ba MHOXECTBA: Y7 — Te BEpLUMHbI, 4O KOTOPbIX MOXHO
foiitu ot Uy no M-yepegytowmmes nytsam, a /3 —
BEPLUVHbI, 4O KOTOPbIX AOWTM TakMM 0Dpa3oM Hesb3si.

e Pa3obbém Bce nokpbIThlie napocoyeTaHnem M BeplnHbl
V,(G) Ha pBa MHOXecTBa: Y, — Te BepLUMHbBI, 4O KOTOPbIX
MOXXHO goiTun ot U; no M-4depeayrowmmcs nytam, a Zo —
BEPLUMHBI, 4O KOTOPbIX AOATU TakKUM obpasoM Henb3s.

A. B. Kapnos




Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos

e BuisicHuM, Kak gosixkHbl npoxoanTts pébpa
napocodetanuss M n octanbHele pébpa rpacda G mMexay
onpeAeneHHbIMI Bbile MHOXKECTBaMM BeplunH. Ha pucyhke
CNNIOWHBIMMN JINHUAMM MOKa3aHbl pébpa napocodeTtanus M,
MNYHKTUPHBLIMU JIMHUSIMU — HEBO3MOXHbIe pébpa. [danee mMbl
0bBbACHUM, noveMy rpad YCTPOEH UMEHHO TaKk.

e Jlioboii M-uepeaytowuiics nyTe NPUXOANT B BEPLUNHBI
MHOXecCTBa Y7 no pebpam us M, nostomy npefbigylias
BepwHa nepes Y7 Ha TakoM NyTu JOJIXKHA JiexaTb B Y.
e Pébpa napocovetaHus M He moryT coegunaTe Y5 ¢ Zp
(nHaye 6bin Bb1 M-yepegytowmiics nyTs ot Uy go Z3).
CnepoBaTenbHo, napocodeTaHne M coeguHsieT apyr ¢
apyroMm Y1 n Y7 a Takke Z1 n Zs.



Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos

Hokaxem, uto B = Z; U Yo — BEPLUNHHOE MOKPbLITHE.

e Eq(U1 U Y1, Z) = . (Pébpa He n3 M He moryt
coeanHsTh BepwuHbl n3 Ui U Y; ¢ BepwimHamu us Zp: nHave
6bin 661 M-yepegytowmiica nyTts ot Uy po Z.)

e Eq(Uy U Y1, Uy) = @. (Ecnn 661 Takoe pebpo
CYLWEeCTBOBAJIO, TO CyLeCcTBOBa bbl M-gononHstowmii nyTs,
4TO no Teopeme bepxa A1t MaKCMManbHOroO NapoOCOYETaAHUS
M HeBo3MOXHO.)

Tak kak B — BeplumnHHoe nokpbitue n [M| = |B|, umeem
«/(G) > (G). 0



Cnepcteue us teopem Kenura n MNannau WCETIED PR CE:

Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos

Cnencteune

Mycte G — gBygonsHeii rpag ¢ 5(G) > 0. Torga
o(G) = F(G).

JokazaTenbcTBO.

e [lo Teopeme 5 gns ABYAOABLHOrO rpagha BbIMOAHAETCS
cootHowenue o/ (G) = B(G).

o [lo Jlemme 1 n Teopeme 1 mbi umeem
a(G) + B(G) = v(G) = d/(G) + B'(G), otkysa HemegneHHo
cresyeT AOKa3bIBAEMOE YTBEPKAEHME. O



MapocoyeTaHus ¢ npegno4vTeHusaMu LB (EEE e

Mnasa 3.
MapocoyeTaHus.

e VlHoraa BepwivHam He BCE paBHO, C KaKUMU BEpLUMHAMM
“BcTynaTb B napocoveTaHue’. Npeanonoxum, 4to Kaxkgas
BEPLUMHA UMEET CNUCOK MPeanoyTeHuli, TO ecTb,
ynopsaao4mBaeT UHUMAeHTHbIe eli pébpa. Hawa 3agava —
nocTpouTb Takoe napocoyetanne M (He obsizaTenbHo
MaKCUManbHOE), YTO B HEM He byget pebpa e = ab, koTopoe
obe BeplwnHbl a U b xoTenn Bbl NOMEHSATb Ha CBODOAHbIE
pé€bpa. daaum cTporve onpegeneHus.

A. B. Kapnos

Onpegenexne

1) MycTb ans kaxgoii BepwuHbl v € V/(G) 3agaHo nnHeiiHoe
oTHoLeHne (HeCcTpororo) nopsigka <, Ha MHOXeCTBE BCeX
MHYnaeHTHbIX v p&bep 3 E(G). Torpa < = {<,},ev(g) —
MHOXECTBO MPEeANOYTEHNI.

2) Mapocouetanne M HasbiBaeTCst CTabMILHBIM LS
MHOXECTBa npeanoyTeHnii <, ecan Anst noboro pebpa

f & M cywecTtByeT Takoe pebpo e € M, 4to e u f umetot
obwmini koHey, v n f <, e.



Stable marriage theorem Teopus rpacos.

Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos

Teopema 5

(D. Gale, L. Shapley, 1962.) llycte G — zByzOLHbII
rpacp. Toraa ans n0boro MHOXeCTBA NpeAnoyYTeHni < B
rpache G cyujecTByet cTabuibHoe napocodeTaHue.

HokazatenbcTBo. @ Byaem cuutaTh BepLuMHbI OAHOW J0oAM
MY>XXHYMHaMW, a BEPLUWHbI APYroi JOAN — >KEeHLWUHaMK, a
Halle napoco4veTaHue byneT CoCTOsATbL U3 CeMERHbIX nap.
M3HavanbHO Hawe napocoyeTaHue nycTo, oHo bygeT
n3mMeHaTbCA nowaroso. Onuwem Wwar anropuTMa N3MeHeHms
napocoYeTaHus.



LLlar anroputma noctpoeHusi ctabunbHoro WCETIED PR CE:

Mnasa 3.

napoco4ertaHus MNapocoueranus.
A. B. Kapnos

e CHavana AeliCTBYIOT MY>XXUUHbI:

KaXAblli HexeHaTbIi (TO eCTb, He MOKPbITbIA
NapOCOYETAHNEM) MY>XXHMHA BbIOMPAET XKEHLLMHY, KOTOopasi
emMy 6OJ'|bIJJe BCEX HPABUTCA (TO €CTb, HAUBbLICLLYIO B CBOEM
NPeANoOYTEHNN) U3 TeX, KOTOPbIM OH €elle He Aenas
npeaioxeHns (€C/M Takne ecTb), MOCAE HEro AeNaeT eii
npesnioxeHue.

e 3aTeM AEACTBYIOT XKEHLLMHbI:

KaXX[asi U3 HUX PacCMaTPUBAET BCEX MYXXHUH, KTO Chenan ei
NPeAJIOKEHNE N HPABNTCS el CTPOro bosblue, YeM ee Myx
(ecnn oH ecTb). Ecnu 310 MHOXeCTBO HenycTo, OHa
BbIOMPaAeT U3 HUX TOro, KTO HpaBWUTCs ell bonblue BCero
(ecnm Takux HECKOJIBbKO, TO NtOBOro U3 HIUX) 1 BBIXOAUT 3a
Hero 3amy>x (BMECTO ee MpexHero My»a, ecin oH bbin).



Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

e KOHEYHOCTb anropuTMa OYEBMAHA: HUKAKOW MY>XX4YMHA He
LenaeT NpensioxKeHne Of4HOI XeHwuHe geaxcasl. [ycTb B
pe3y/ibTaTe Noay4niocsk napocodetHanue M.

e [lokaxkem, yto M ctabunbHo. PaccmoTpum ntoboe pebpo
uw € E(G)\ M (rae u — my>xunHa).

e Ecin u penan npeanoxenne w, Ho nMbo w emy oTKazasa,
Anbo cHavana npuHsia NpeanoXxeHue, HO NoTom bpocuna, To
W Hawia Myxa u’, KOTOpbIA eli HPAaBUTCA HE MEHbLUE, YeM U
(To ecTb, cywecTByeT pebpo u'w € M, gns koToporo

uw <, U'w).

e Ecin xe u He penan npeanoxeHuss w, To B npoLecce
aNropuTMa Hawen xeHy w’/, KOTopasi HpaBUTCA eMy He
MeHbLue, YeM w (To ecTb, CywiecTByeT pebpo uw’ € M, ans
koToporo uw <, uw').

e Takum 0bpa3omM, NOCTPOEHHHOE MapocoyeTaHme
cTabusibHo. O

A. B. Kapnos



MapocoyeTtaHue B npon3BonbHOM rpacpe LB (EEE e

Mnasa 3.
MapocoyeTaHus.

Onpegenexne A. B. Kapnos

[ns npoussosnbHoro rpaca G yepes o( G) obosHaumm
KOJINYECTBO HEHETHBIX KOMMOHEHT CBsizHOCTM rpacpa G (To
€CTb, KOMMOHEHT CBA3SHOCTU, COAEPXKALLUMX HEYETHOE YMCIIO
BEPLUVH).

Teopema 7

(W.T. Tutte, 1947.) B rpache G cywjectByeT coBepLieHHOe
napoco4eTaHme TorAa u TOJbKO TOra, Koraa Ans aoboro
S C V(G) Bbinonusietcs ycnosune o(G — S) < |S].

HokazaTensctBo. =. HeobxoanmMocTs ycnosusi noytu
oyesugHa. MNycte S C V(G), a M — cosepluerHoe
napocoyeTtaHune. Torga ogHa u3 BepLUNH KaXKAOA HEYETHO
KOMMOHEHTLI CBsizHoCTU rpadha G — S AosmkHa bbiTb
COeAVHeHa C BeplUMHOl U3 S pebpom napocoyetanus M, u
BCE 3TN BepLUNHbI — pa3Hble!



HokazatenbcTBo Teopembl TatTa. <. WCETIED PR CE:

Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos

<. o [lpegnonoxmm, 4To rpad yAOBJETBOPSIET YCIOBULO, HO
HE NMeeT COBEPLUEHHOrO MapocoYeTaHus. Toraa, B
vactHoctu, o(G) < |@| =0, To ecTb, v(G) 4€THo.

e [lyctb G* — makcumanbHblii Hagrpadp G Ha ToM xe
MHOXECTBE BEPLUMH, He UMEIOLLNI COBEPLUEHHOMO
napocoyetanusi. Mbl NOCTPONM COBEPLUEHHOE MAPOCOYETaHME
B G* n npugem K NpoTUBOPEHMIO.

e [1nst ntoboro S C V(G) o4eBUAHO, BLINOIHSETCS
HepaseHcTBo 0o(G* — S) < o(G — S) < |S].

e Mycts U = {u e V(G) : dg+(u) = v(G) — 1}. OueBungHo,
G* — He nonHbiii rpad, nostomy U # V(G).



Teopus rpacpos.
Fnaea 3.

yTBep)K'D'eH mne MapocoueTaHus.

B.K
Mpap G* — U — obbeguHenne HECKOIbKUX HECBA3aHHBIX APYr C SelE 05D

APYroMm noJiHbIX rpaghos.

Hokazatenscteo. e [peanonoxum, 4To 37O He Tak. Toraa
CYLLECTBYIOT Takue BepLuHbl X, y,z € V(G) \ U, 4to
xy,yz € E(G*), Ho xz ¢ E(G*).

e Tak kak y ¢ U, cywectByeT Takas BepwunHa w ¢ U, uto

yw & E(G”).

e Beuay makcumansHocTu rpaca G* cywiecTByeT coBeplleHHOe
napocodetatne M; B rpade G* + xz n coseplueHHOe
napocoyetatne M, B rpade G* + yw. Tak kak B rpace G* Her
COBEpLLEHHOrO NapocoyeTaHns, xz € My n yw € Ms.

e Mycts H = (V(G), My A My). Oueengro, rpadp H — HecesizHoe
obbeAnrHeHe YETHBIX LINKIIOB, B KaXKAOM U3 KOTOPbIX YepeaytoTcs
pébpa napocoyetaHuii My u M.

e Pébpa xz 1 yw npuHaanexat poBHO OLHOMY N3 NapPOCOHETaHN
M; u M, v notomy nexar 8 E(H).



Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

- A. B. Kapnos
e Ha BeplumHax noboii KOMNoHeHThI cBsi3HOCTU rpacha H

CYLLECTBYET COBEPLUEHHOE MapocoyeTaHue ¢ pébpamu ns M
1 COBEpLUEHHOE MapocoyeTaHmne ¢ pébpamun ns M.

e PaccMmoTpum gBa ciydast.

Cnyyaii 1. Pébpa xz u yw nexat B pasHbix koMnoHeHTax Cy
n G, rpacha H

e Torpga Ha BepwuHax C; Mbl Bbibepem pébpa
napoco4yetanus M, Ha sepwmnHax Co Mbl BbibepeM pébpa
napocoyetanus My, a B ocTasbHbIX KOMMNOHeHTax rpacpa H
— ntoboe U3 3TUX NapoCcoYeTaHuiA.

e B ntore nonyunTtcs coeeplueHHoe napoco4veTtaHue rpada
G*, npoTuBopeune.



Cnyuain 2. Pébpa xz n yw nexat B 04HO KOMMNoHeHTe C  Teopna rpacdos.

Mnasa 3.

rpa(ba H. MapocoyeTaHus.
A. B. Kapnos

e B cnny cuMmeTpriHOCTU X 1z MOXHO CHUTaTb, Y4TO
BEPLUMHbI PacnosioxXeHbl B 4éTHoM uukne C B nopsinke ywzx
(cMm. pucyHok).

e PaccmoTpum npoctoii nyte P = xCyzCw, cocToswmii us
aByx ayr yukna C un pebpa yz. Torga V(P) = V(C) n
E(P) C E(G*). CnepoBaTesibHO, CyLECTBYET COBEpPLUEHHOE
napocoyetanne Mc C E(G™) Ha BepLUNHAX KOMMOHEHTbI
casHocTn W.

e B ocTanbHbIx KOMnoHeHTax rpada H ebibepem pébpa
moboro n3 napocoyetannii My u Mo. B utore nonyuntcs
coBeplUeHHoe napocodeTaHue rpacda G*, npotusopeune. [



KoHey, gokasaTtenbctBa TeopemMmbl TaTTa B (e,

Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos
e [padh G* — U ecTb 0bbeMHEHNE HECKONBKNX HECBSI3aHHbIX

nosHbIX rpacpos. B cuny ycnosusi, cpeam Hux He 6onee dem
|U| nmeeT HeveTHOE YNCIIO BEPLUVH.

e B kaxpgoii 4étHoli komnoneHTe rpacha G* — U mubi
NMOCTPOUM MOJIHOE MapOCOYETAHUE, B KaXKAOW HEYETHOIA
KOMMOHEHTE — MapOCOYeTaHNe, NMOKPLIBAtOLLEE BCE
BEPLUMHbI, KPOME OAHOIA, a OCTABLUYHOCS BEPLUNHY COEAUHUM
c BepwuHoint n3 U (Npn 3TOM Mbl UCMONb3YEM pa3/inyHble
BepLnHbl MHOXecTBa U: nx xsatut BBugy o(G* — U) < |U|).

e HakoHel, Mbl pa306ém Ha napbl ocTaBLIMECS
HEMOKPbLITLIMMN BEPLUNHbI MHOXecTBa U: 3TO MOXHO caenaTs,
Tak KaK KaXk[as U3 3TUX BEPLUMH CMeXHa B rpade G* co
BCEMUN OCTaJibHbIMU. TakuM 0bpazom, Mbl NoayYUAN
coBepLueHHOe napocodetarme B rpade G*, npotueopeune. [



CoBeplueHHOe napocoyetaHue B Kybuuyeckom rpacpe LB (EEE e

Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos

e [padp, BCe BEPLUMHBI KOTOPOrO MMEIOT CTemneHb 3,
Ha3bIBaeTCs KybUYECKUM.

e MocT rpacdpa — pebpo, He Bxoasiiee HN B OAUH LUK,

e B 1891 rogy lMNetepceH gokasan, 4To B Kybruyeckom rpacpe
6e3 MOCTOB €CTb COBEpPLUEHHOE NapoCOYeTaHME.
[loka3aTenbcTBo 6bINO BECbMA HENPOCTLIM, HO MMest CTOJIb

CepbE3HOE CPEACTBO, Kak TeopeMa TaTTa, Mbl JOKaXKEM Aaxke
bonee cuibHOE YTBEPXKAEHNE HAMHOIO MPOLLE.

Teopema 8

(J. Petersen, 1891.) llycte G — cBsi3HbIT Kybudeckusi
rpagh, B kotopom He bosee gByx MocToB. Torga B rpache G
€CTb COBEPLUEHHOE NapoCOYeTaHue.



ﬂ,OKaBaTeﬂbCTBO Teopembl 8 Teopus rpachos.

Mnasa 3.
MapocoyeTaHus.

e [IpeanonoXunm, 41O COBepLIEHHOro napocodetaHusi B G (R 3 Kepnes
HeT. Toraa no TeopeMe 7 CylLeCTBYET Takoe MHOXECTBO

S c V(G), uto o(G = S) > |S|.

e Tak Kak B Kybuyeckom rpade 4ETHOE YMC/IO BEPLLUH,
S#2uno(G-5)=|S| (mod 2).

o [lyctb Uy, ..., U, — BCE HEYETHBIE KOMMOHEHTBI CBA3HOCTHU
rpacba G — S. Torpa n > |S| + 2.

e [ycte m; = eg(U;, S). Torpa

mi = (X vey, d6(v)) —2e(G(U;)) = 3|Uj| — 2e(G(U))) —
OYEBUAHO, HEYETHO.

e Tak Kak He bonee 4yem aBa pebpa rpacpa G — MoOCTbI, TO
He Bonee, 4Yem ABa 4Unucna U3 mq,..., M, paeHbl 1, a BCe
OCTaJibHble — He MeHee, YyeM 3.

e Torpa 3|S| =" csda(v) > > mi >3n—4>

3(|S| 4+ 2) — 4 > 3|S|, npoTnsopetne. O



Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos

PesynbTaT Teopembl 8 B HEKOTOPOM CMbIC/E HAUYHLLINIA
BO3MOXHbIi: JIErKO NpUAyMaTh CBA3HbIA Kybudecknii rpad c
TPeMsi MOCTaMU, Y KOTOPOro HET COBEPLUEHHOrO
napocoyeTaHus.



®dakTopbl perynspHoro rpaca Teopuz rpachos.

Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos
Onpegenexne

k-cbakTopom rpacpa G Ha3bLIBAETCS €ro OCTOBHbIN
perynsipHblii nogrpad crenexn k.

e CoBepLueHHOe mapocoyeTaHne — 310 1-chakTop.
Crepytoutas Teopema, O4eHb NoxoXasi Mo hoOpMYNMPOBKE,
roBOpUT O Hann4yum 2-cpakTopa.

Teopema 9

(J. Petersen, 1891.) V perynsipHoro rpacha crenenmn 2k
ectb 2-¢hakTop.

Hokasatensctso. e [padd G umeet siinepoe uukn. Oboligem
€ro B HEKOTOPOM HaMNpaB/eHUN U OPUEHTUPYEM KaXKI0e
pebpo B HanpaeneHun obxoaa. Toraa B kaxayto Beplunty G
BXOAMT N BbIXOAMT POBHO NO k CTPesoK.



Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

e [Noctpoum rpach G* cnepyrowum obpazom. Pasgenum
kaxayto Bepwuny v € V(G) Ha aBe BepwuHbl vy 1 vo. Ecnn
pebpo xy € E(G) opuenTtnposaHo B obxoge I, oT x K y, To
npeegem B rpadpe G* pebpo xiys.

e Takum obpasom, cywecrtsyet buekunsi ¢ : E(G) — E(G*),
3agaHHas npaswioM @(xy) = x1ya.

e G* — perynspHblii ABYfONbHLIN rpad cTeneHn k ¢ gonsmu
{vitvevie) n {v2}vev(o)-

e [lo cneacteuto 2 B rpacbe G* ecTb cosepLueHHOe
napocoyeTtaHue M*.

o Mycte M = ¢~ 1(M*) (M coctonT u3 pébep rpaca G —
npoobpasos pébep M* npu buekunu ).

e [Ins noboii Bepwmtbl x € V(G) kaxgasi u3 BepLunH

x1,x2 € V(G*) nHumgeHTHa poBHO ogHoMmy pebpy ns M*.
MoaTomy X MHUMAEHTHA poBHO ABYM pébpam us M, To ecTs,
M — 370 2-chakTop rpacha G. O

A. B. Kapnos



Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

Cnepcrsue [. B. Kaprios
1) Perynsipubiii rpach ctenenn 2k ectb obveguHenne k csomnx

2-chakTopOB.

2) Ans moboro r < k perynsipHbiii rpag cteneqn 2k nmeer

2r-hakTop.

e Bce ocTanbHble yTBEpXKAEHUS BUga 'y peryasipHoro rpada

cTeneHn k ectb dakTop cTteneHn r’ 6e3 JONOAHUTENbHbIX

ycnioBuii Ha rpady, yBbl, HEBEPHBI.



Teopema 0 noutu perynspHom dpaktTope noyTn
perynsapHoro rpada

Teopema 10

(C. Thomassen, 1981.) [lyctb G — rpach, crenenu Bcex
BepLUNH KOTOPOro pasHbl k wam k + 1, a r < k. Torga
cyLjecTByeT ocToBHbIN nogrpac H rpacha G, crenenn scex
BEPLUMH KOTOPOro pasHbl smnbo r, imbo r + 1.

Hokazatenscteo. e Cnyck no r. basa gnsi r = k oveBngHa,
B 3TOM cay4dae nogoliget H = G.

lMepexoa r — r — 1.

e [Nyctb rpadh G nmeeT ocToBHLIA nogrpad F, ctenexu
BEPLUMH KOTOPOro pasHbl r uau r + 1.

e HauuHas ¢ rpacha F, noka 310 BO3MOXHO, bygem
NPON3BOAMTL CMEAYIOLLYIO ONepauuio: yaansTe pebpo,
CoeAuHsilolee aBe BepwuHbl cteneHu r + 1. B pesynbrarte
nonyuntcs nogrpad F’ rpada F, cTeneHn BepLuMH KOTOPOro
paBHbl r unn r + 1, B KOTOPOM HUKaKUE ABE BEPLUNHbI
cteneHn r + 1 He CMeXHbl.

Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos



Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos
e [lycte V,11 — MHOXeCTBO BCex BepLUuH cTeneHn r + 1 B

rpacbe F'. MoxHo cuutaTh, 4o V,11 # &, uHave rpac F’
HaM MOAXOAWT.

e [lycts V, = V(G) \ V,+1, a B — pBygonbHbliii rpad ¢
ponsimu Vi1 n V,, pebpa kotoporo — 310 Eg/(V,ig1, V,).

o [1ns kaxpoii BepwuHbl X € V41 Mbl nmeem dg(x) = r+1,
a Ans Kaxxgoli BepwmnHbl y € V, mbl umeem dg(y) < r.

e Mo Cneacteuto 1 n3 teopembl Xonna, B rpace B
CyllecTByeT napocodyeTanne M, nokpbiBatolee BCE BEPLUNHbI
n3 Vr+]_.

e Ctenenn Bcex BepwuH rpacba H = F' — M pasHbl r nan
r—1. U



Muoxectso TartTta. Jedumuyut rpada Teopus rpachos.

Mnasa 3.

e A 4yTo AenaTb B C/lyyae, Korga B rpade HET COBEPLUEHHOrO MEFaEeELIE:
napocoyetaHms? 0. B. Kapnos
Onpegenexne

Mycte S C V(G) TakoBo, 4to o(G — S) > |S|. Mbl byaem
HasblBaTb S MHoxecTBoMm TatTa rpada G.

e [lo Teopeme TatTa, ecnn B rpacpe G HeT COBEPLUEHHOrO
MapocoYeTaHunsi, To B HEM eCTb XOTsl Dbl 04HO MHOXeCTBO TaTTa.

Onpegenexne

Lecpuymtom rpacpa G mbl byaem HasbiBaTb BEAUYHUHY

def(G) := v(G) — 24/(G).

e [ledbnumnt rpacpa G — 3TO KOAUYECTBO BEPLUMH, HE MOKPbLITHIX
MaKCUMalbHbIM napocodetaHuem rpada G.

e OuesungHo, def(G) = 0 Torga u Tonbko Toraa, koraa B rpacge G
€CTb COBEpLUEHHOE MapoCoYeTaHme.

e OnpegeneHve fepmunta MOXHO NepenucaTthb B Buge opMyb
0051 BbIYUCAEHNSA pa3Mepa MaKCUMasbHOrO NapocoYeTaHus:
v(G) — def(G)

d'(G) = —



®opmyna Bepxa Teopust rpachos.

Mnasa 3.
MapocoyeTaHus.

Teopema 11 A.B. Kapnos

(C. Berge, 1958.) [ns aoboro rpagpa G BbinonHsercs
paBeHCTBO

def(G) = S?\?(XG)(O(G -S)—|S]).

JokasaTtenbcteo. >. e [lyctb M — makcumanbHoe
napocoyeTaHue rpacpa G, S C V(G), n=o(G - S),

a Ui,..., U, — BCe HEYETHbBIE KOMMOHEHTbLI CBSI3HOCTU
rpacha G — S.

e B kaxpgoii HeuéTHoli KomnoHeHTe U; cyuiectsyeT xoTs bbl
OAHa BEpLIMHA Uj, KOTOpas He NokpbiTa pebpom M nan
nokpbiTa pebpom e; = u;x; € M, roe x; € S.

e CnepoBaTtensHo, He MeHee, Yem n — |S| 3 BeplinH

U1, ..., Up He NMOKPbITbI NapocodeTannem M, oTkyaa cnepyet
HepageHcTBo def(G) > o(G — S) — |S].



S. ° |_|yCTb Teopus rpacpos.

Fnaea 3.
k = max (O(G _ 5) _ ‘5‘) MapocoueTaHus.
scv(e) . B. Kaprios
e Ecan k = 0, no Teopeme TatTa B rpache G ecTb
coBepLueHHoe napocoyetavue u def(G) = 0, atoT cayyaii
TpUBMANeEH.

o [lycts k > 0, W — mHOXecTBO 13 k HOBbIX BEpLUMH

(W N V(G) =2), arpad H nonyyen npucoegmteqnem k G
BepwinH MHoxecTBa W, npuyém kaxkgasi us sepLunH
MHoxecTBa W BygeT cMexHa co Bcemu oCTasibHbIMU
BepwmHamu rpacpa H.

e [Mokaxem, 4To gns rpacdha H BhinonHsieTcs ycnosue TaTTa.
MowsTHO, uTo k = v(G) (mod 2), nosatomy

v(H) = v(G) + k 4étHo. Takum obpasom, AOCTaTOHHO
NPOBEPUTL YCAOBUE ANsi HenycTbix MHoxecTB T C V/(H).
eEcim T 5 W, 1orpadb H— T cesizeH u
oH-T)<1<|T|.

eEcm T=WUS, rge S C V(G), To
olH=T)=o0o(G—-S)< k+ S| =|T]|.



Teopus rpacpos.
Mnasa 3.
MapocoyeTaHus.

A. B. Kapnos

e B oboux cnyyasix ycnoeue TaTTa BbINOAHAETCA W MO
Teopeme TaTTa B rpacdhe H ecTb coseplueHHoe
napocodyeravue N.

e Torpa B rpadhe G cyuwiecTByeT Takoe napocodeTaHue M,
uto |M| > |N| — k, cnegoBaTensHo,

H
/(6) = M| = |k = U - ATy MO =X

OTKyZla HEMELJIEHHO CleayeT AoKa3blBaeMOe HepaBeHCTBO. [



