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Touku couneHenusi n 610kn B CBA3HOM rpade Teopus rpachos.

Mnasa 4.
Cesi3HOCTb.

B s1om pasgene G — cBasHbIl rpad.
A. B. Kapnos
Onpegeneruve

1) BepwuHa a € V/(G) Ha3biBaeTCst TOYKOI COYIEHEHNS,
ecnm rpad G — a HecssA3eH.

2) Bbnokom HasbiBaeTcsi Nt0bOR MakCUMabHbI MO
BKJIOYeHMo nogrpad rpada G, He UMEKOLWNIA TOYEK
COYJIEHEHUSI.

e B cuny makcumansHocTu, 6nok rpada G siensietcs
WHAYUMpOoBaHHLIM nogrpadom rpada G Ha cBoem
MHOXKECTBE BEPLUVH.

e Jltoboii nogrpad 6e3 Touek counenenns H rpacda G
BXOAUT XOTsi Obl B oguH 610K (Tak Kak H MOXHO AOMONHUTL
[0 MaKCMMasbHOro nogrpada 6e3 Touek couneHeHus ).

Onpegenexne

Brioku v To4Yku coysieHeHns HecBsazHoro rpada — 3710 60Ky
N TOYKN COYNIEHEHNS €rO KOMMOHEHT.

e [lanee Mbl bynemM paccMaTpuBaTh TONBKO CBSA3HBIE rpadbbl.



Teopus rpacpos.
ﬂeMMa 1 Mnaea 4.

CBsA3HOCTB.
Mycts By u B, — aBa pasHeix bnoka rpacha G, npnyém
V(B1) N V(By) # @. Torga V(B1) N V(By) cocrout u3
TOYKM codsieHenus a rpacha G, npuyem a — eUHCTBEHHAS
TOYKa codneHeHus, otaensouas By ot Bo.

[okasaTensctso. o Mycts |V(B1) N V(B2)| > 2. Torpa anst
ntoboii Bepwntbl x € V(By U By) rpad By U By — x cBsizeH
(cm. puc. a). CnegosaTensHo, By U B, copepxunTcst B bnoke
B rpacha G, a By sBnsietcs cobcteeHHbIM nogrpadom B,
4TO NPOTMBOPEYNUT MaKCUManbHoCTU Bi.

A. B. Kapnos
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e [anee nycte V(B1) N V(By) = {a}. Tak kak a — obwas
BepwuHa 6nokos By n By, otaenuts By ot B B rpade G
MOXET TOJIbKO a.



e Ecau a He otpensiet By ot B, B rpadhe G, ToB G — a ecTb
V(B1)V(Bz)-nyts P (cm. puc.b).

e Nyctb H= By UBy, UP. Ipacb H — x cBasen gns noboi
BepwuHbl X € V/(H). Mostomy H copepxunTcst B ogHOM
6noke B rpadha G, a 6nok B; — cobcTeenHblii nogrpad B,
NpoTUBOpEYNE.

e ITak, a — egMHCTBEHHAs BepLUMHA, KOTOpas oTaensieT B

oT B, B rpache G. CneposaTtensHo, rpach G — a HecBa3eH, TO
€CTb a — To4uka couneHeHus G. Il

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Teopus rpacpos.
Mnasa 4.

e [o Jlemme 1 ntoboli nogrpad 6e3 Touek counereHus H CrEEER:
rpacha G c v(H) > 1 BxopuT poBHO B oanH Bok. B A B. Kapnos
YacTHocTu, noboe pebpo rpada BxoaUT PoBHO B oauH BAOK.

e Eciin y cesisHoro rpacha G xoTs Bbl ABe BEpLWUHLI, TO
KaXk[asl ero BEPLUMHA CMEXHa XOTs bbl C ofHON ApYroii
sepwuHoii. CnegosaTensHo, noboii 6ok rpacda G cogepxunt
XOTHA 6b| ABE€ BEPLUNHLI.

Onpegenexne

e MNoctpoum rpad B(G), BepLUMHbI KOTOPOrO COOTBETCTBYHOT
BCEM TOYKAM COY/IEHEHUs a1, ..., a, rpada G n BceM ero
6nokam By, ..., By (Mbl Byaem obo3HayaTh 3TM BepLUMHBbI
TaK e, Kak 1 bnoku). Bepwunel a; u Bj byayT cmexHsl,
ecnn a; € V(B;). Opyrux pébep B 3ToM rpacbe HerT.

e ['pacp B(G) HaswiBaeTcs gepesom 6710k0B 1 TOHeK
coyneHenus rpaca G.



Teopus rpacpos.
ﬂeMMa 2 Mnasa 4.

Mycts By n B, — aBa pasHeix baoka rpacha G, a P — nyte e
mexgy Humn B rpacpe B(G). Torga Toukmn codneHenms
rpacha G, otgenstowme By oT By — 310 B TO4YHOCTHM Te
TOYKU COYJIEHEHUS], 4TO nexaT Ha nytu P. OctasbHeie
TOYKU COYJIEHEHNSI HE PAa3AENSIOT gaxe obbegnHeHmne
6s10k0B nyTn P.

A. B. Kapnos

[okazaTenscTeo. o lNycTb x — Touka counexerus rpaca G,
He nexawas Ha nytm P, a H — obbeguHerune Bcex baokos
nytn P.

e [lnsa noboro 6aoka B nytn P rpacd B — x cesizen. Ecnn B
— He B; n He By, TO B HEM MOXXHO MpPOWTH MeXAy ABYMsI
TOYKAMM COYJIEHEHUS!, BXOAALWMMU B P (3T TOYKM OTANYHBI
ot x). Moatomy H — x — cBsi3HbIii rpad.



Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

____________________ N T T T T T e e A. B. Kapnos
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e [lycTb a — To4Ka couneHeHus, nexailas Ha P, n oHa
BXOAUT B bnokn B n Bj nytn P (cMm. pucyHok).

e ObozHauyum uepes H; obbeauHeHne Bcex 610KOB,
nexkawmx Ha nytm P oT By po a, a yepes Hy —
obbeamHeHne Bcex 610KoB, nexawmx Ha nytn P ot a go Bs.

e [lo foka3aHHOMY Bbllle, 3 He pa3fensieT HU OAUH U3
rpados Hy n H,.
e C apyroii ctopoHbl, no Jlemme 1 Touka couneHeHus a

oTaensiet 6nok Bj ot 6noka Bj, a 3HauuT, a otgensieT Hy ot
H> v, B yactHocTu, B; ot Bs. Il



Teopus rpacpos.
Mnasa 4.

TeO peM a ]. Cesi3HOCTb.

1) Jepeso b60koB n To4ek couneHerus cesizHoro rpacpa G A B. Kapnos

— 37O AENICTBUTENLHO 4EPEBO, BCE JINCTbsI KOTOPOIro
CcooTBETCTBYIOT bJ10KaM.

2) Touka co4neHenus a pasgensiet g8a bioka By n By B
rpagpe G, ecam n Tonbko ecam a pasgensiet By n By, B B(G).

[Nokazatenbcteo. 1)

B(G) — cBsizHbiii rpad.

e [1ns niobbix agyx Bepwmnn B(G) (He BaxHO, 610KOB UM
TOYEK COYNEHeHNsT) paccMoTpuM nyTb @ B G Mexay HuMU.
e [lyte Q nepectpausaercs B nyts B B(G) Tak:

— y4acTok nyTn Q, npoxogswuii no ogHoMy 60Ky rpada
G, 3ameHsieM Ha cOOTBETCTBYHOLLYtO bnoky Bepnty B B(G);

— nepexog @ Mexay pasandHbiMu 6nokamu no nemme 1
OCYLLIECTBISIETCS Hepes3 X ODLLyto TOYKY COYIEHEHNs —
BepwuHy B(G).



e [pegnonoxum, 4to 8 B(G) ectb npoctoii uukn Z un
paccmoTpuM nogarpacd H — obbeauHeHne Bcex 610KOB 3TOro
LmMKAa.

e Mexgy ntobbiMu aByms Bxogswmmu B Z bnokamu ectb
ABa HesaBucumbix nytn B B(G).

e o Jlemme 2 rpad H He umeeT Touek couneHeHust (OHuM
JOJDKHbI Obl BbiNy NexaTb Ha ABYX nyTsx 6e3 obuimx
BHYTPEHHNX TOYEK).

e CnepoBaTenbHo, cyulecTeyeT bnok B, cogepxawuii H, a
BCe (xoTs bbl ABa) Broka unkna Z — cobcTBeHHbIE
nogarpadsbl B, 4To HEBO3MOXKHO.

e Takum obpasom, B(G) — pepeso.

e Ecim nnct B(G) cooTBeTCTBYET TOUKE COUMIEHEHNS @, TO
no Jlemme 2 rpadp G — a cBsi3eH, npoTMBOpeHMe.

2) B pepese B(G) ectb eguHCcTBEHHbIA NyTb Mexay By n Bs.
Mo nemme 2 B TOYHOCTN TOYKM COUNEHEHUA C STOrO NyTH
otaensitot By ot By B rpade G. OJ
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A. B. Kapnos



Kpaiinne 6aokn

Onpepenenne

1) Hazosem 610k B kpaiiHum, ecnn oH COOTBETCTBYET
BUCAYeli BEPLUMHE AepeBa BJIOKOB N TOYEK COUSIEHEHMSI.

2) BuytperHocts Int(B) baoka B — 3T0 MHOXECTBO BCEX €ro
BEPLUVH, HE SABASIIOLMXCS TOYKaMU codneHeHus B rpade G.

e HeTpynHo noHsiTb, yTo Bnok HegsyceszHoro rpada G
ABNSIETCA KpaliHAM TOrga n TONbKO TOrga, Koraa oH
COAEPXKUT POBHO OfHY TOYKY COYJIEHEHUSI.

e BHyTpeHHOCTL HekpaiiHero 6510ka MOXET BbITh NyCTON.
BHyTpeHHOCTb KpaiiHero baoka Bcerga HenycTa.

e Eciin y cesizHoro rpacha G eCTb TOYKM COYNEHEHUS, TO OH
nMeeT XOTsi bbl ABa KpaitHux BaokKa.

e Ecin B — bnok rpacpa G, a x € Int(B), o rpacp G — x
CBSI3EH.

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Jlemma 3

lycte B — kpaiinnii 6aok cesizHoro rpacgha G, a

G' = G — Int(B). Torga rpa¢p G’ cssizen, a bnoku G' — 370
sce boku G, kpome B.

HokazaTenbcTBO.

e [lyctb a € V(B) — To4ka couneHennsi, oTpesatoLas
KpaiiHuii 6iok B oT octansHoro rpada. Toraa Int(B) — ato
OAHa 13 KOMMOHEHT CBsA3HOCTM rpacpa G — a, oTKyAa
OYEBUAHO CleayeT CBs3HOCTb rpada G'.

e Bce otnnynblie ot B 6noku rpada G asnstoTcs
nogrpacdhamu G’, He UMEIOT TOYEK COYNIEHEHNS 1 ABAAIOTCS
MakcuMasbHbiMK nogrpacamu G’ ¢ Taknm ceoiicTBoM (OHN
Obinn MakcumansHbiMu gaxe B G). CnegoBaTenbHO, BCE OHM
— bnokn rpada G'.

e MNyctb B’ — 6ok rpacdha G'. OuesugHo, v(G') > 2,
nostomy B’ copepxuT xoTa bbl ogHo pebpo e, KoTopoe B
rpace G nexut B HekoTopoM brioke B* # B. Tenepb

oyeBugHo, 4to B* = B’. ]

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Paspe3s rpacha G no Touke couneHeHus a. LB (ER e

Mnasa 4.
Cesi3HOCTb.

o [lyctb Us,..., Ux — BCe KOMMOHEHTBLI CBSABHOCTM rpada A B. Kapnos

G —a, a G; = G(U; U {a}). Paspexem rpac G Ha rpacei
Gi,..., G.

Jlemma 4

1) Mycte b € U;. Torpa b pasgenser sepwumnbl x,y € U; B
G;, ecnm n Tonbko ecam b pasgenser ux 8 G.

2) Bce To4ku co4neHerusi rpagos Gi, ..., Gy — 3710 B
TOYHOCTU BCE TOYKU coyneHeHns rpagpa G, kpome a.

[Nokazatenscteo. 1) <. Ecnn 8 G — b HeT xy-nyTu, T0 ero,
o4eBuaHo, HeT n B G; — b.

=-. HaobopoT, nycTb x n y nexat B pa3HbIX KOMMNOHEHTaxX
cBasHoctn rpacpa G; — b. He ymanssa obwHoctn MoxHO
CYMTaTb, 4YTO KOMMOHeHTa cBsA3HOCTU W S x He comepXuT a.
Torpa W — komnoHeHTa cBasHoctn rpacha G — b, To ecTb,
U B 5TOM rpacpe HeT xy-nyTu.



Teopus rpacpos.

HokazaTtenbcTBo nyHkTa 2 nemmbl 4 @ Tak kak G; — a — Fnasa 4.
o CBsA3HOCTB.
KOMMoHeHTa rpada G — a, BEpLUMHA @ He ABASETCSA TOUKO
A. B. Kapnos
COYIEHEHUS HM B ofHOM u3 rpados Gi,..., Gy.

e Jltobast gpyras Touka couneHenusi rpacpa G NeXXUT poBHO
B 0gHOM un3 rpacpoe Gi,..., Gy 1 SBNSIETCA B HEM TOYKOIA
COYJIEHEHUS MO MyHKTY 1.

e Takxe n3 nyHkta 1 cnegyet, 4TO Apyrux ToYek
couneHeHus B rpacpax Gi,..., Gi HeT. O

Anropntm pasbuenust ceasHoro rpadpa Ha 6aoku
e BribepeM TouKy couneHeHus a n paspexem no Heli G —
3aMeHum rpac G Ha noay4deHHble Npu 3ToM rpadebl

Gi,..., Gk

e KaxabiM cnegytowmm warom mbl bygem 6path ognH uns
umMeroLxcst rpadoB, BbIONPaTb B HEM TOYKY COUSIEHEHUS 1
pa3pe3aTb €ro no Hei.

e Il Tak panee, noka xoTst Bbl OANH N3 NONYYeEHHbIX rpachoB
UMEET TOYKY COYNEHEHUS.



Teopema 2

B pesynbTaTe onucaHHOro Bblie anropuTMa pa3pesaHus rpagha
M0 TOYKaM COYJIEHEHUS BHE 3aBUCUMOCTY OT NopsaKa AeicTBui
nosyyatcs bioku rpagpa G.

[lokazaTenbCTBO.

e [lo Jlemme 4 Mbl BHe 3aBUCUMOCTIW OT MOpPsifiKa AeliCTBMIA
NpoBeaeM paspesbl N0 BCEM TOYKaM coqsieHeHus rpacda G u
TONILKO NO HUM.

e [ycte B — bnok rpacpa G. Torga B rpace G mHoxectso V/(B)
He BbINO pa3fesieHo HU OfHONM N3 TOYEK COYsIeHeHNsl. 3HA4YUT, no
nyHkTy 1 Jlemmbl 4 mHoxecTBo V/(B) He bbino paspesaHo npw
Hallem anropuTme.

e Tak Kak B pesy/bTaTe aJiropuTMa nojy4mincb UHAYLUPOBaHHbIE
noarpacbl rpacda G, oguH s HUX — ckaxem, H — aensiercs
Haarpacom B.

e Ecan H # B, To paccmotpum sepunny ¢ € V(H)\ V(B). B
rpade G cywecTByeT TOYKa COYIEHEHUS 3, OTAENAOWAA C OT
V(B). Torpa B cuny Jlemmbl 4 npun paspese no a BepLuinHa ¢ bbina
oTaeneHa ot bnoka B, npoTusopeyne. O

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Onpegenexne
lpacp G siBnsieTcst aBycBsA3HbIM |, ecnn v(G) > 3 u rpad He
NMEET TOYEK COUNIEHEHUSI.

e B0k cBasHOro rpadpa, umerownii bonee AByXx BepLINH —
[BYCBSI3HbI rpad.

Teopema 3

Mycts G — aBycBssHbiil rpagh, ni,n2 € N, v(G) = ny + ny.
Torga G = G1 U Gy, rge v(G1) = n1, v(Ga) = ny u oba
rpacpa Gy n Gy cBA3HbIE.

[okazatenscteo. ® NHaykums no ny.

e basza n; = 1 oueBngHa: nyctb Gi COCTOUT U3 OFHON
BepwmHbl vi, Torga rpad Gy := G — vq CBsA3eH, Tak Kak G
HE MMEET TOYEK COYJIEHEHUS.

e [lepexop n; — n1; + 1. B atom cayyae ny == v(Gy) > 2.
e lNycte B — kpaiitnii 6nok Gy, a @ — eAnHCTBEHHAs!

BXxogsiwas B B Touka couneHenus. (ecnu Gy He MMeeT Touek
couneHenus, To B = Gy, a — nwobas sepwuna B).

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos

e B B — a ectb BepwuHa x, cmexHas ¢ V(Gy) (nHave a
otnensietr Gy ot B — a B rpadbe G, To eCTb, ABASIETCS TOUKO
COYNIEHEHUSI, KOTOPbIX HET).

e Toraa x — He Touka cousieHeHusi rpacdpa Gp. 3Haunr,

Gy := Gp — x csized n v(G)) = np — 1.

e Tak kak x cmexHa ¢ Gy, rpad Gj, nonydeHHsiii us Gy
nobaeneHvem x n Bcex pebep rpada G ot x k G, CBsA3EH.

o v(G])=n +1. O



Pa3,u,eﬂmou.|,v|e MHOXXeCTBa

Onpegenenne. Mycts X, Y C V(G), R C V(G)UE(G).

1) Hazoeem mHoxecTBo R pasgenstowum, ecnm rpadp G — R
HECBSI3€EH.

2) Nycte X ¢ R, Y ¢ R. Byaem rosoputs, 4to R
pasgensier muoxectsa X u Y (unm, 4TO TO e camoe,
otaensier mHoxectsa X n Y Apyr oT pyra), eCiu HuKakume
ABe BepWuHbl Vv, € X 1 v, € Y He nexkaT B OfiHOI
KOMMOHEHTe cBA3HOCTU rpacha G — R.

e J1ioboii HEMOHLIA rpad UMEET BepLUMHHOE pa3gensioLlee
MHOXECTBO (COCTOSILLEE TOILKO U3 BEPLUMH).

e Jlioboli rpach bonee 4em U3 ogHON BepLUNHBI UMeeT
pebepHoe pa3pensitolee MHOXKECTBO (COCTOsILLEE TOJIBKO U3
pebep).

Onpepeneruve. pad G sasnsietcs k-cBA3HbIM, ecnn

v(G) > k + 1 n MuHMManbHOE BEPLUMHHOE pasfensitoLlee
MHOXeCTBO B rpade G comepxuTt xoTst bbl k BEpLINH.

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



BepLLWIHHaSI CBA3HOCTb Teopus rpachos.

Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos

Onpegenexne

1) Nyctb x,y € V(G) — HecmexHbie BeplumnHbl. Obo3Ha4Ynm
yepe3 Kg(x,y) pasmMep MUHUMabHOrO MHOXXECTBA

R C V(G) Takoro, 4yto R pasgensier x n y. Ecoam xn y
CMEXHbI, TO MONoXNUM K¢ (x,y) = +00. Hazosem kg (x,y)
CBSI3HOCTBIO BEPLUNH X U Y.

2) Mycts X, Y C V(G). ObosHaunm yepes kg(X, Y)
pasmep MuHMManbHOro muoxkectea R C V/(G) Takoro, 4to
R pasgensiet X n Y. Ecam Takoro MHo)xxecTBa HeT, TO
nonoxum kg (X, Y) = +o0.

e B k-ceazHom rpache G ansi niobbix ABYX MHOXECTB
Bepwut X, Y C V(G) sbinonnero kg(X,Y) > k.



Teopema MeHrepa Teopus rpachos.

Mnasa 4.
Cesi3HOCTb.

e D70, 6e3yCNOBHO, CaMOe N3BECTHOE YTBEPXKAEHNE O
cesAzHocTn rpados. Mel fokakem Teopemy Menrepa u
HEKOTOpbIE POACTBEHHbIE i pakTbl. BosaMoxHo, 310 He
COBCEM CMpaBeJINBO, HO Ha BCE 3TU YTBEPXKAEHUS, KakK
NpaBu/o, CCbINAOTCA OLNHAKOBO — KaK Ha Teopemy
MeHrepa.

A. B. Kapnos

e Mbi pokaxem Teopemy Menrepa B 4yTek bonee obuueli
copmynuposke épurra (2000 r.).

Teopema 4

(K. Menger, 1927.) lycts X, Y C V(G), kg(X,Y) > k,
|X| > k, |Y| > k. Torga B rpaghe G cywectsytoT k
Henepecekarowmxcst XY -nyTe.

HokazaTtenscteo. e lHAyKUmMs NO KOMMYECTBY BEPLUNH B
rpadpe. [okasbiBasi yTeepxaeHue ans rpacda G u napbl
mHoxecTB X, Y, Mbl Byaem cunTaTb YyTBEPXKAEHNE YXKE

[0OKa3aHHbIM AN BCEX MeHbLuMX rpados.

e PaccMoTpum gBa ciydast.



] . Teopus rpacpos.
Cnyuain 1: cywectByeT MHOXecTBO R n3 k BepLuuH, T
pasgensiowee X n Y

Cesi3HOCTb.

A. B. Kapnos
e Hukakoii XR-nyTb He cogepxuT Bepwutbl n3 Y \ R (nHaqe

cyuwiectsoBan bel XY-nyTb, He cogepXXaLlunii HU ofHO
BEpLINHBI MHOXeCTBa R, cMm. puca).

e CneposaTenbHo, Ntoboe MHOXecTBO S, oTaensowee X oT
R B rpacbe Gx = G — (Y \ R), otgensier X ot R u B rpace
G. Ho Torpa S otpensier X ot Y B rpade G,
cneposatensHo, |S| > k.




Teopus rpacpos.
Mnasa 4.
\ Cesi3HOCTb.

2"
X 14 NI \ A. B. Kapros

e [To MHAYKLUMOHHOMY MPeAnONOXEHMNIO CYLLECTBYET K
Henepecekatowmxcss XR-nyteii B rpace Gy, a
cneposatenbHo, U B rpade G.

e AHanornyHo, cyuiecteyet k Henepecekatowmxca RY-nyTeii
B rpacpe G.

e Hukakoii XR-nyTb He nepecekaeT Hukakoli RY-nyTb
(nHave cywectsoBan bbl XY-nyTb, He cogepxalyunii H1
OAHOI BepLMHbI MHOXeCTBa R, cM. puc. b).

e Tak kak |R| = k, To Mbl MOXeM cocTbikoBaTb XR-nyTn un
RY-nyTun no BepwunHam MHoxecTBa R, nony4ms k
Henepecekatowmxcst XY-nyteid (cm. puc. ).



Cnyuaii 2: Het mHoxecTBa 13 k BepluuH, pasaensioulero
XnyY

e Cnyuaii, korga B rpade G HeT pébep, oueBMaeH.

e [lanee E(G) # @. Nyctb xy € E(G). Ecnu ycnoeue Teopemsl
BbIMNOJIHSETCS B MeHblueM rpade G — xy, TO N0 MHAYKLUNOHHOMY
NPEANONIOKEHUNIO BbINOJHSAETCS YTBEPXKAEHNE TEOPEMbI AIS

rpacdpa G — xy, a cnegoBaTensHo, u gns rpacgpa G.

e Ocraercs paccMoTpeTb cryyali, Korga CyLecTBYeT MHOXECTBO
T C V(G), |T| < k—1, pasgensitowiee X n Y B rpache G — xy.
o MHoxectea X' = X\ T n Y' = Y\ T nenyctol. Kak mbl
3naem, T* = T U{xy} pasgensier X u Y B rpacpe G, a

Ty = T U{x} — He pasgenser (Tak Kkak | T,| < k). Otcropa
cnepyeT, 4to ogHo u3 muoxects X' n Y’ nexunt 8 T,.

e HYO X' C T. Torga X’ = {x}. Ananornuto, Y’ = {y}.

e Takum obpasom, T D X\ {x} u T D Y\ {y}.

e Vuntbigas |T| < k—1, |X| > k u |Y] > k, mbl nonyqaem

X\ {x} =Y\ Iyh = Tn|TI = k-1,

e B 5ToMm cnyuae nerko yBugetb nckombie nyTu — 370 pebpo xy u
k—1BepwuHaus T =XNY. O

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



T .
e D70 1 ecTb ucxoaHas dopMynmpoeka Teopembl Menrepa, bl

C n
onybsnkosaHHas um B 1927 roay. BA3HOCTL
A. B. Kapros

Cnepncteue 1
Myctb Bepwmtel x,y € V(G) HecmexHbl, kg(x,y) > k.
Torpa cywecTsyet k He3aBUCUMBbIX MyTel N3 X B Y.

[lokasaTenbcTBO.

e Mlyctb X = Ng(x) n Y = Ng(y).

e Tak Kak X N y HeCMexHbl, MHOXXeCTBO X oTaensieT
BEPLUNHY X OT BeplwuHbl y. 3HauuT, | X| > k n (aHanoruyHo)
Y| > k.

e Jltoboii xy-nyTb naét us x 8 X, ganee B Y 1 3aTem B y.
MosaTomy, MHOXecTBO BeplwinH R, otaensitowee X ot Y,
oTHeNsieT BepLNHY X OT BepwuHbl y. CneaoBaTesbHo,

|R| > k.

e [lo Teopeme 4 cyliecTByeT k HeNepeceKatoLLNXCs
XY-nyteid. 3HaunT, ecTb U k HE3aBUCUMBIX XYy-MyTEiA. O




Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

Cnepctaue 2 A s
Mycts x € V(G), Y C V(G), x ¢ Y,

k =min(|Y|,kc(x, Y)). Torga cywectsytor k nyTteii ot x go

Pa3NYHBIX BEPLUNH MHOXeCTBA Y, He umeroymnx obLymx

BHYTPEHHUX BEPLUVH.

[lokazaTenbCcTBO.
e [yctb X = Ng(x). OueBugro, [Ng(x)| > k.
e Tak Kak x € Y, noboe MHOXeCTBO BepwnH R,

oTgensitowee X oT Y, oTAeNAET BEPLUMHY X OT MHOXECTBA
Y. CnepoBatensHo, |R| > k.

e Tak kak u |Y| > k, no Teopeme 4 cywectsyeT k
Henepecekatowuxca XY-nyteii B rpace G, a cnefoBaTensHo,
U k HenepecekarloLMXcs NyTeid OT X LO PasNMYHbIX BEPLUNH
MHOXecTBa Y. Ol



Teopema 5

(H. Whitney, 1932.) llycts G — k-cBs3Hbiii rpagh. Torga
Aasi mobbix aByx sepwuH x,y € V(G) cywectsyer k
HE3aBUCUMBIX Xy -y Tell.

Hokasatenscteo.  MlHaykums no k, 6asa gns k =1
ouyeBmaHa. Jokaxkem yTeepxaeHue ans k-cesisHoro rpada,
cunTasl, YTO OHO A0Ka3aHO AN rpadhoB MeHblieli CBASHOCTY.

e Ecin BeplwnHbI X 1 y HECMEXHBI, TO YTBEPXKAEHNE CnefyeT
n3 Cneacteus 1. [lanee BeplwinHbl X N y CMEXHbI.

e Ecin G — xy — (k — 1)-cBaA3HbIiA rpad, To no
WHAYKLUOHHOMY MPefnoaoXeHunto cyllecTByeT k — 1
He3aBMCUMBbIX Xy-nyTeid B rpace G — xy, a eLie OAUH NyTb —
3T0 pebpo Xy .

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



e [lyctb B G — Xy CylLecTByeT pasfensioliee MHOXKeCTBO T,
|T| < k—2. Tak kak T He sABNSIETCS pasAensioLnm
MHOXECTBOM B G, JIErkO MOHSITh, 4TO B rpade

G — (T U{xy}) poBHo aBe KOoMMNOHeHTbI cBszHOCTU: Uy > X
n U, > y (Bo3BpaiueHne pebpa xy AaeT CBA3HbIA rpad
G-T).

e Nyctb T, = T U{x}. Ecnm Uy # {x}, To Ty otpensier
Ux \ {x} ot U, B G, 4To HeBO3MOXHO (TaK Kak

[T« < k—1).

e Torpga U, = {x}. Ananornuro, U, = {y}. Takum
obpasom, B rpache G He Gonee k BepLUMH: 3TO BEpLUMHBbI
MHoxecTBa T, x 1 y. [lpoTnBopeyne c onpeneneHnem

k-ceasHoro rpada. O

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Teopema 6

(G. A.Dirac.) llyctb k > 2. B k-cBsizHom rpacpe gns
J1tobbix k BepLunH CyLecTByeT nNPoCToil LMK, COAepXaLynii
BCE 3TW BEPLUUHEI.

HokazaTenbctBo. o [lokaxkem TeopemMy MHAYKLUMeER no k.
Baza pns k = 2 cnepyet u3s teopembl Yuthu (Teopemsi 5).

Mepexop k —1 — k. @ [yctb k > 2. PaccmoTpum k-cBA3HbIii
rpach G u ero BeplvHbl Vi, ..., Vk_1, Vk. Tak Kak G
sgnsietcs (k — 1)-cBsA3HBIM rpacpoM, MO UHAYKLMOHHOMY
MPEANONOXKEHNIO CYLLECTBYET NPOCTON UnMkn Z, cofepkaLnii
BEPLIVHbI Vi,. .., Vi_1.

e PaccmoTpum gBa ciydas.

Cnywaii 1. v(Z2) < k.

Torpa V(Z) = {wv1,...,vk_1} n no Cnegcreuio 2
CYLECTBYIOT HeMnepecekaroLlmecs nyTn oT Vi A0 BCEX BEPLUUH
uvkna Z. B aTom cny4yae serko BCTaBuTb Vg B Lnka Z
MeXJy ero COCEAHUMU BEPLUNHAMU U MOJYHYUTb NCKOMBINA
LK.

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos

Cnyuaii 2. v(Z) > k.

e o Cnepcteunto 2 cywiecTByeT k HenepeceKarowmnxcs nyTel

OT V) A0 umkna Z.

o NycTb x1,...,xx € V(Z) — koHUbI 3TUX NyTei B NOPsiAKe

nx cnefoBaHus no unkiay (Hymepaumsi — unknndeckasi). OHn
JENsT UMK Ha k Ayr n BHYTPEHHOCTb OAHO U3 3TuX Ayr.

e OpHa ux aTnx ayr (ckaxem, gyra L ¢ koHUaMM X; U X;t1)
HEe COLEPXXUT HU OAHOWM U3 BEPLUNH Vi, ..., Vk_1. Toraa
3ameHuM ayry L Ha nyTb OT X; JO Vkx W NyTb OT Vi A0 Xji1, B
pesynbTaTe NOoNYYUTCA UCKOMBIN LK. O



Jlemma 5

Mycte G — k-cBasneii rpach, S C V(G) — pasgensiroiyee
mHoxecTBo, |S| = k, a U — komnoHeHTa cessHocTu rpacgpa
G — S. Torga ans moboii BeplunHbl a € S cyujecTeyet
sepiunHa x € U, cmexHas c a.

[okazaTenscTeo. e [NpeanonoXxum npoTuBHOE, NYCThb TaKOi
BepwuHebl B U HeT.

e [yctb W — otanynas ot U KoMnoHeHTa cBA3HOCTM rpada
G-S

e Torga Hukakoii nyts B rpace G us U 8 W He npoxogut
yepes a.

e MNyctb S' = S\ {a}. Torpa B rpache G — S’ Het nyTn ns U
B W, To ecTb, 3TOT rpad HecBsi3eH.

e Tak kak |S'| = k — 1, nonyyaem npoTtusopeyue c
k-cesizHocTblO G. O

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Teopema 7 Teopus rpacos.

Mnasa 4.
Cesi3HOCTb.

ycts G — gBycBasHbIi rpag, v(G) > 4, a € V(G). Torga
cywjectsyet Takoe pebpo ab € E(G), 4to rpag G - ab
[ABYCBSI3€H.

A. B. Kapnos

ﬂ,OKa3aTeﬂbCTBO. o HPEAHOHO)KMM, HYTO 3TO HEBEPHO.

VTBEpXKAEHUE

Lns noboro pebpa ax € E(G) mHoxectso {a,x} —
pasgensiowee B rpagpe G.

[okasatenbctBo. @ Torga rpad G - ax nMeeT TouKy
COUJIEHEHUS1 — CKaXKeM, W.

eEcmw=a-x,torpap G —{a,x} =G-ax—a-x
HECBSI3eH, 4TO HaM U HY>XHO.

e [lyctb w # a- x. Toraa nyctb A — KOMMOHEHTA CBSISHOCTM
G — w, cofepxallas BepwnHy a- x, a B — gpyras
KomnoHeHTa G — w.

o Mycts A= (A\ a-x)U{a,x}). Toraa B rpace G — w Het
nytu 3 A’ 8 B, 4To npoTusopeunT asycsszHocTu G. U



e Paccmotpum Bee rpadbl Buga G — {a, x}, rae ax € E(G) n Bce
NX KOMMOHEHTbI CBS3HOCTM.

e Bhibepem u3 Hux MuHumanbHyto komnoHenTy H. lMyctb

ab € E(G), a H — komnonenTa rpacdha G — {a, b}.

e [lo Jlemme 5, cywecTsyer BepwuHa ¢ € H, cmexHas ¢ a. Torga
no Yreepxaeruto rpacd G — {a, ¢} HecesizeH.

o [lycte Wi, ..., Wi — Bce oTau4dHble oT H KOMMNOHEHTbI

G —{a,c}.

e Tak kak no Jlemme 5 B kaxxpoii komnoHeHTe W; ecTb BeplumHa,
k

cmexHas ¢ b, mroxecteo (U W;) U {b} cessaHo B rpacbe
i=1

G —{a, c}, To ecTb, neXUT B OAHOI KOMMOHeHTe cBsizHOCTU W/
aToro rpada.

e CnepoBatensHo, nobast gpyrasi komnoHeHta H' rpada
G — {a, c} — nogmHoxecteo H \ {c}, npoTneopeune c

MUHUMasNbHOCTbIO H. O

"

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



3aBucumbie n He3aBUCUMbIE pa3gensaouime MHOXXeCTBa

Onpegenerue

Mycte G — k-cBsa3ubiii rpadp. Yepes Ry (G) obozHauum
MHOXECTBO BCeX k-BEPLUMHHBIX Pa3fensiomx MHoXecTs G.
Hazosem pasnudnble mHoxecTea S, T € Ry (G) HesaBucumbimy,
ecnn S He pasgensier T u T He pasgensier S. B npotusHom
cny4ae Mbl 6yp,eM Ha3blBaTb 3TN MHOXXECTBA 3aBUCUMbIMU.

e K coxaneHuto, pasfensiioline MHOXKECTBA, cocToswme nus k > 2
BEPLUWH, MOTYT 6bITb 3aBUCUMbIMN. VIMeHHO C 3TUM CBsi3aHbI
OCHOBHbIE TPYAHOCTMN B U3y4eHUU K-CBS3HbIX rpacpoB npu k > 2.
e Hepes Comp(H) 0603Ha4MM MHOXECTBO BCEX KOMMOHEHT
cBsizHOCTM rpacpa H.

Jlemma 6
Mycte S, T € Ri(G) u komnonenta A € Comp(G — S) Takossi,
yto TNA=. Torga T He pazgenser AUS.

Hokazatensctso. e ['pacdp G(A) cBsAzeH.

e [lo Jlemme 5 ntobas BepwmHa x € S\ T cmexHa xoTs bbl €
OfHOIA 13 BepwuH A.

e CnegosatensHo, rpad G(AU (S \ T)) ceaseH, oTkyga cnegyer,
yto T He pasgensier AU S. B

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Jlemma 7

Mycts S, T € Ri(G) Takosbl, 4To MHOXeCTBO S He
pasgensetr muoxectBo T. Torga muoxecTtso T He pasgenser
MHOXeCTBO S (TO €CTb, 3T MHOXKeCTBa He3aBUCUMBI).

[okazaTensctBo. @ Tak Kak S He pa3gensieT T, MHOXECTBO

T MoXeT nepecekaTb BHYTPEHHOCTb He bosiee, YeM OfHOI 13
komnoneHT Comp(G — S).

e Torga cyuwectsyeT Takasi komnoHenta A € Comp(G — S),

yto AN T = O.

e [lo Jlemme 6 T He pazgensiet S. Il

e Mbl ycTaHOBMAM, HTO BO3MOXEH OAWNH N3 [BYX C/Iy4aes:
nnbo mHoxectBa S u T pasgensitot gpyr gpyra (Toraa oHm
3aBUCUMBI), 11bO MHOXecTBa S v T He pasgensioT Apyr
apyra (Torga oHU HE3aBUCUMBbI).

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Jlemma 8

Myctb mHoxecta S, T € R, (G) HesaBucumel, a
komnonenTa A € Comp(G — S) takosa, 4to T C AU S
(Takasi, oueBugHO, €CTb).

1) Toraa cywecTByeT Takasi KOMIOHEHTA

B € Comp(G — T), 4to B cogepxut S\ T u Bce otmdHble
ot A kommnoneHTsl 3 Comp(G — S).

e 2) Bce omamynbie ot B komnonenTs n3 Comp(G — T) —
noAMHOXecCTBa A.

[NokazaTenbctBo. e 1) MHoxecTBo T He nepecekaer
otanyHbix ot A komnoneHT n3 Comp(G — S).

e [lo Jlemme 7 Torga MHOXXecTBO T He pasfensieT HWKaKoi
otaunyHoii ot A komnonenTbl 13 Comp(G — S).

e [Mockonbky S\ T # &, cywecTByeT Takasi KOMMNOHEHTA
B € Comp(G — T), 4to B copepxunt S\ T n BCE OTAMYHBIE
oT A komnoHeHTsl 13 Comp(G — S).

2) MNpsimoe cnepctene nywkTa 1. O

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Teopema 8

(W.T. Tutte.) lycts G — TpéxcasizHblii rpagh, otanynsiii ot Ky.

Torga cywectsyeT Takoe pebpo e € E(G), 4to rpagh G - e
TPEXCBSA3EH.
HokasaTtenscteo. o lNpeanonoxum, 4To 370 HEBEPHO.

VTBepxaeHune

Lns moboro pebpa ab € E(G) cywjecTByer Takoe MHOXECTBO
T € 9{3(G), y10 T,Hp D a, b.

Nokazatenscrso. e MNyctb ab € E(G). Torpa rpac G - ab
HETPEXCBA3€EH, a 3HAYUT, MEET 4BYXBEPLUNHHOE pa3gensioLiee
MHOXeCTBO S.

o MNyctb w = a- b. MNpeanonoxum, 4to w ¢ S.

e Tak kak ab € E(G), BepwuHbl a, b nexxkaT B OAHON KOMMOHEHTE
Comp(G — S).

o Mycts U € Comp(G - ab — S) — apyras komnoxenTa. Torga B
G - ab vet nytn u3 U B w.

e 3HauuT, B G — S Het nytn u3 U 8 {a, b} — npoTusopeyne ¢
TpéxcaasHocTbio G.

e Ocraercs cnyyaii, korga w € S. Mycts S = {w, x}.

e Torpa T, = {a, b, x} Ham nogxogut: rpad

G —{a,b,x} = G- ab — w HecBsizeH. 0l

Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos



Teopus rpacpos.
Mnasa 4.
Cesi3HOCTb.

A. B. Kapnos
e PaccMOTpUM MUHUMAsIBbHYHO KOMMOHEHTY CBA3HOCTM H,

oTaensiemMyto B rpadpe G MHOXECTBOM, COAEPXKALLUM [BE
BEPLUMHBI OAHOrO pebpa.

e [yctb ab € E(G), T, ={a,b,c}, He€ Comp(G — T,p).

e Cyulectsyet BepwuHa d € H, cmexHas ¢ ¢. Paccmotpum
MHoxecTBo T4 € R3(G).

e Tak kak T, \ Teg C {a, b}, a 3Tn ABe BepLINHBI CMEXHBI,
T.q He pasgensieT Tp.

e Torpa T, n T,y He3aBUCMMBI NO Jlemme 7.

e [lo JlemMme 8 cyulecTByeT Takast KOMMNOHEHTA
H" € Comp(G — T¢4), 4to H' C H.

e [IpoTrBOpeymne ¢ MuHUManbHocTbo H. U



