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1 Introduction

We recall [7] that a tropical ordinary linear differential equation (abbr. TLDE)
of order k € Z~¢ is an expression of the form

— mi 1@
P: Olgnilgk{az +u'} (1)
where a; € Z. For a set S C Z>q define a valuation
valg(i) := min{s —i| i < s € S},

provided that such min exists, and valg (i) = oo otherwise. We say that S is a
tropical solution of (1) if the minimum in ming<;<x{a; + valg(i)} is attained
at least twice, or it is oo.

If a classical ordinary linear differential equation (abbr. LDE)

d'w
> Ay =0 (2)

0<i<k

with Laurent series coefficients A; = t% Zj>0 Ait?, A # 0 has a power
series w as its solution, then the support S = supp(w) C Zx¢ is a tropical
solution of (1). In the sequel, when talking about tropical solutions of (1), we
omit the adjective “tropical” for brevity.

We call a solution S of (1) minimal when S is minimal among solutions
with respect to inclusion. We say that the equation (1) is holonomic if it has
just a finite number of minimal solutions.

Note that a system of (partial) LDE is called holonomic if its space of
solutions has a finite dimension. In particular, an ordinary LDE is always
holonomic, which is not necessary the case for its tropical counterpart, as we
show in Example 3.

Similarly, a TLDE in n > 1 unknowns is an expression

P= @ a;; © w? = min {a;; + u(vl)}7 where a; ; € Z. (3)
: ’ J 1<j<n - 7 J ’
1<jsn 0<i<k;
0<i<k; ==

A tuple (S1,...,5,) € P(Z>o)™ is a solution of (3) if and only if the
value mini<j<, {a;; + valg, (i)} is attained at least twice. We call a solution
0<i<k;
(S1,-..,5n) of 1(3) minimal when S; is minimal among solutions with respect
to inclusion for all j € [n].

If a classical ordinary linear differential equation

diU}j
2 Aij g =0

1<j<n
0<i<k;
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with coefficients t% Y, oo Aijxt® = A;; € K[t] (where A;jo # 0 and K a
field of characteristic zero) has a power series w = (w1, ..., w,) as its solution,
then the support (supp(wi),...,supp(wy,)) is a solution of (3).

Consider now the ring of formal power series in s > 1 variables K[t1, ..., t].
Let Sol(X) C K[t1,...,ts]™ be the set of classical formal power series solutions
of an homogeneous linear system X of LDE in n > 1 unknowns uq, ..., Uy,
and with coefficients in K[t1,...,ts].

In [2], the authors show that under certain circumstances (X has to be of
differential type zero, and the cardinality of K has to be large enough) then
the tropicalization trop(Sol(X)) C P(Z%,)" of Sol(X) (i.e. its whole family of
supports) is a B-semimodule that has the structure of an (infinite) matroid.

The result from [2] can be presented as the next step in developing the the-
ory of tropical differential algebraic geometry, right after the so-called funda-
mental theorems of tropical differential algebraic geometry (both the ordinary
[3] and the partial version [5]; see also [9] for the case of non-trivial valuation),
which offer a connection between this tropicalization trop(Sol(X)) and the set
of solutions of certain systems of TLDEs of the form (3).

Also in [2], the authors say that from a combinatorial perspective, it makes
sense to study the structure of Sol(X) C P(Z%,)" associated to tropical linear
systems X consisting of TLDEs of the form (3).

In this paper we study this problem for the case s = 1. If X is such a
system, then the whole set of solutions Sol(X) is contained in the upwards
closed set generated by its set of minimal elements p(Sol(X)). We show that if
n > 1, then the set p(Sol(P)) of tropical solutions of a single TLDE contains
in a natural way certain points of a matroid, not infinite, but valuated in this
case (Corollary 2).

1.1 Results

We fix k = (k1,...,k,) € Z2, and we consider P = Pi(u1) @ --- @ Pp(un)
a TLDE as in (3), such that the differential order of P;(u;) is k; € Zs¢ for
j € [nl.

The first tool in our analysis is the following decomposition of the set
1#(Sol(P)) of non-zero minimal (with respect to inclusion) solutions of P in-
troduced in Definition 7

p(Sol(P)) = F(P) U Cz.,(P), (4)

where F'(P) is a finite set, and Cz.,(P) is the set of minimal solutions of P
having order at least k. -

The second tool in our analysis is a family of tropical linear (homogeneous)
polynomials {A, ;, j € [n], 0 < a} introduced in Definition 6:

K
Aa,j = @valt7 (Z) ® Ti 5 € T[l’i’j 1 1<5<n, 051 < kj,a]. (5)
=0



4 Dima Grigoriev, Cristhian Garay Lépez

Our main results for the first part are complete descriptions of u(Sol(P)).
If n > 1, the expression P(u,...,u,) = Pi(u1) @& - ® P,(uy,) tells us that
U; u(Sol(P})) C pu(Sol(P)), so we see that the case of n > 1 depends on the
case n = 1.

Theorem (Theorem 1 in the text). Consider P = P(u) as in (1).
Denote by V(A,) C ZF+1 the tropical hyperplane defined by the tropical
polynomial A, (x;) := ming<;<g o{zi +a —1i}, 0 <a, cf. (5). Then

i) The set Cz.,(P) satisfies

0, if P ¢ V(Ag),
CZzo (P) = _ N .
Z>o©{k} ={{k+i} : i € Z>o}, otherwise.
ii) The set F'(P) is finite, and it consists of polynomials S = ¢ 4 t7, with
0 < p < g satisfying
(a) 0<p<gq<k,or
(b) 0 <p <k <qfor ¢ =q(p) unique (only when P ¢ V(Ag)).

Theorem (Theorem 6 in the text). Consider P = @?:1 P;j(u;) for
n > 1. The set Cz_,(P) satisfies
; Ko+ Arg,a(P)— Ak, 5(P
CooP)= U Zootiu U Beee(ry e ),
PGV(A)CJ.J) Akb,b(P)SAka,a(P)

The set F'(P) is finite. Furthermore, if S € F'(P), then either

L. Sel; F(p)), or
2. S=t+ t? satisfies
(a) (pv Q) < (ki7kj)a
(b) if p < k; and g = q(p) > k;.

In particular, Cz_,(P) is contained in a valuated matroid Cg(P) C T".

We also use the decomposition (4) and the polynomials (5) to give a defini-
tion of regularity for the case n = 1 in Definition 8, and for n > 1 in Definition
12.

Afterwards we consider finite systems X' of n > 1 TLDEs in n unknowns
of the form

P = a; O ul) = min ain+uV 1<l <n. 6
o D e R B L
1<j<n, 0<i<k; :

We say that X' is holonomic if it has a finite number of minimal solutions.
We deduce (Proposition 4) that the system X = {P} is holonomic if and only
if P¢V(Ag).

Our main results for the second part include upper and lower bounds on
the number of minimal solutions for a generic system (6). The upper bound
involves inversions of a family of permutations which generalize inversions of
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a single permutation. We show that the bounds are sharp for n = 1,2. For
n = 1 the maximal number of minimal solutions of a generic regular TLDE
(1) equals k (Theorem 2), and for n = 2, we give the following result.
Corollary (Corollary 4 in the text). The maximal number of minimal
solutions of a generic regular system (6) for n = 2 equals w
For generic regular systems of n > 2 TLDEs of the type (6) we provide
lower and upper bounds on the number of minimal solutions (unlike the case
n = 2 there is a gap between obtained lower and upper bounds, and it would

be interesting to diminish this gap).

1.2 Roadmap

Section 2 is about preliminaries. After that the paper can be divided in two
parts as follows. The first part consists of section 3, and it describes the struc-
ture of the set u(Sol(P)) as well as the definition of regularity for TLDEs.
The second part consists of sections 4-6. In section 4 we start our study of
systems of TLDEs (6) by introducing our definition of generic regular system
(cf. Definition 13); after that, we study carefully the bounds for the case n = 2.
The remaining sections are about providing bounds for generic regular
systems of n > 2 TLDE of the type (6): in section 5 we establish a lower
bound on the number of minimal solutions (Theorem 9), and in section 6 we
prove an upper bound (Theorem 11). The proof relates the upper bound with
a new concept of inversions of a family of permutations (see Definition 14,
Theorem 10) generalizing the customary inversions of a permutation.

1.3 Conventions
If F is a non-empty set, we denote by |E| its cardinality and by P(FE) its power

set. If £ = {1,...,n} is finite, we denote it by [n]. We also use the following
notation

i 0, otherwise.

([n}) _ {{X Cl:IX|=i}, if0<i<n,

If A C B are sets, we denote by B\ A its relative complement. We denote
by Sym(n) the symmetric group, and we view a permutation from Sym(n) as
a bijection of the set [n] with itself.

2 Preliminaries

2.1 B-semimodules and B-algebras

In this section we will introduce the main algebraic objects of this work, which
are (semi)modules and algebras over the Boolean semifield B = ({0 < o0}, ® =
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+,® = min). This language provides an unified approach that mixes both
order-theory and commutative algebra.

Definition 1 A B-semimodule is a triple M = (M, +,0) consisting of a
commutative, idempotent semigroup (M, +) with identity element 0. A B-
subsemimodule of M is a subset N C M which is itself a B-semimodule. A
morphism of B-semimodules is a map f : My — M that satisfies f(0) = 0

and f(a+0b) = f(a) + f(b).

Any B-semimodule M bears a canonical max order : a <p; b if and only
if a + b = b; note that 0 € M is always the unique bottom under this order.
Sometimes we use the opposite order a <, b if and only if a + b = a, and in
this case we will denote the identity element by oo.

Thus we obtain a poset (M, <) (we will drop the M from <,;). In par-
ticular, if f : My — M, is a morphism of B-semimodules, then f preserves
(respectively reverses) these orders if they agree (respectively if they disagree).

Ezample 1 The power set P(Z>¢) of Z>o equipped with union as binary op-
eration is a B-semimodule (the identity is (). Note that for S,T € P(Z>¢), we
have S < T if and only if S C T

For n > 1 fixed, we will denote by P(Zx>()" the B-semimodule which is the
n-fold product of P(Zx>g). The identity is (0, ...,0), and given S, T € P(Z>()"
with S = (S1,...,5,) and T = (T1,...,T,,), then S < T if and only if S; C T;
for i € [n].

Definition 2 Let M be a B-subsemimodule of P(Zx>()". We denote by p(M) =
minc {M \ {(0,...,0)}} the set of non-zero minimal elements of (M, <).

Given ) # X C M, we denote by (X)T = {n € M : 2 < n for some z € X}
the upward closed set generated by X.

A B-algebra is equivalent to an (additively) idempotent semiring. The
canonical order of a B-algebra is the same as its order as a B-semimodule.

Ezample 2 The B-semimodule P(Z>() becomes a B-algebra when we endow
it with the product ST ={i+j : i € S, j € T'} (this denotes the Minkowski
sum of subsets of Z>¢). The multiplicative identity is {0}.

For n > 1 fixed, we will denote by P(Z>o)"™ the B-algebra which is the
n-fold product of the B-algebra P(Z>o).

We denote by T the B-algebra (RU {o0},® = +,® = min) known as
the tropical semifield. Note that T bears the min order: ¢ < b if and only if
a ® b= a. We also denote by T* the tropical torus T \ {co} = (R,0,0 = +).

Recall that an expression a = a1 @- - -®a,, = min{ay,...,a,} in T vanishes
(tropically), if either

i) a = oo, or
ii) a # oo, and a = a; = a; for some i, j € [s] with ¢ # j,
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Condition ii) above is equivalent to say that n > 2, and the minimum in
a =min{ay,...,a,} is achieved at least twice.

If we use set-theoretic notation @ = min{ay,...,a,} instead of a = a; ®
-+ @& an, we assume that the factors may not necessarily be distinct

If f € T[zy,...,2,) is a tropical polynomial, say f = @, aa ® % it
induces an evaluation map evy : T" — T sending p = (p1,...,pn) € T" to
ev(p) = @, aa ©p®*. We denote by V(f) C T™ its bend locus, equivalently,
the set of points (p1,...,pn) € T™ such that evs(p) vanishes in T.

We denote by @ : T* x T™ — T™ the action of the tropical torus T* on
T™ given by A®p = (p1 + A,...,pn + A). Note that if a polynomial f is
homogeneous, then T* acts naturally on V(f): if p € V(f) and A € T*, then
AXOp=(pi+A....pn+A) €V

Definition 3 We say that a = a1 & --- & a, = min{ay,...,a,} vanishes
weakly if a; = a; # oo for some i # j.

Remark 1 Note that if a = a1 @ - - - ® a,, vanishes and a # oo, then it vanishes
weakly, but the converse is not true (tropical vanishing is weak vanishing plus
the condition a = a; = a;). An equivalent way to say that a = a1 ®--- ® a,
does not vanish weakly is if all the factors a; # oo are distinct, so the locus
of all (ai,...,a,) € (T*)" such that a = a1 @ - - - ® a,, weakly vanishes is the
tropical hypersurface V(O <, <, i & ;).

2.2 Differential algebra over B

Fix n > 1. A TLDE in n unknowns {u1, ..., u,} (differential variables) and of
differential order k = (k1,...,k,) € (Z>0)™ is a formal expression P as in (3).

Convention 1 We will take the vector of coefficients of P to lie in H?Zl Zkit1,

This induces a differential evaluation map
deVp : P(Zzo)n — P(ZZO)
(St 8a) = Pl = d'(S))),

where d : P(Z>o) — P(Z>o) is the operator d(S) = {i—1:4 € S,i—1 > 0}.
Note that devp is a homomorphism of B-semimodules.

We denote by ord : P(Z>o) — T the map defined by ord(#) = oo and
ord(S) = min(S) otherwise. Note that ord is an (order-reversing) homomor-
phism of B-semimodules, and its image is contained in Z U {co}. We define
tropp : P(Z>o)™ — T by tropp(S) = ordodevp(S), which is an (order-
reversing) homomorphism of B-semimodules.

If we denote ord(d"(S;)) = valg, (i), then

tropp(S1,.... %) = P ai,j@msj(z'):lgign{ai,ﬁvalsj(i)}. (7)

1<j<n 0<i<k;
0<i<k,
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A tuple S = (51,...,5,) € P(Z>o)™ is a solution of (3) if and only if the
value tropp(S) = tropp(St,...,S,) from (7) vanishes tropically (see Section
2.1). We denote by Sol(P) C P(Z>o)" the set of solutions of P.

Now fix m > 1, and consider a system X = {Py,..., Py} of TLDEs in
n > 1 unknowns. We denote by Sol(X) = (), Sol(P;) the set of solutions of X.

Proposition 1 The set Sol(X) is a B-subsemimodule of P(Zx¢)".

Proof We have that if P is linear, then (@, ..., ?) € Sol(P), since tropp(0, ..., 0)
oo. It S, T € Sol(P), then tropp(SUT) = tropp(S) @ tropp(T) since tropp
is a homomorphism. The result follows from the fact that any intersection of
B-subsemimodules of P(Zx>()" is again a B-subsemimodule of it.

Proposition 2 The B-semimodule Sol(X) satisfies
SAl(D)\{(@,....0} = |J Sol(Z)n(s)".

Seu(Sol(X))

Proof Tt is enough to show the inclusion Sol(X)\{(0,...,0)} C (u(Sol(X)))T =

Useu(sol(s) (S)T-
If {(0,...,0)} # S € Sol(X), then it follows from Lemma 1 that there

exists S’ € u(Sol(X)) such that S’ < S.

Definition 4 We call a system X holonomic if it has a finite number of
minimal solutions.

In the coming sections we will compute p(Sol(X)) for different cases of
systems X of m > 1 polynomials in n > 1 variables, and we will provide
bounds for those which are holonomic.

We will now introduce some functions on the space of parameters of the
TLDEs P as in (3) which will be used in the following. We shall start with
the case n = 1.

Definition 5 For k € Z~( fixed, we consider the following family of tropical
linear polynomials {A4; : j =0,...,k}, defined by

k
Aj = @val{j} (’L) Ox; € T[(E(), Ce ,iEk].
=0

The space of parameters of TLDEs P(u) = @f:o a; ®u? of order k can be
identified with Z**1 sitting inside T**1. If we denote by ¢(P) = (a;)o<i<k €
ZFi 1 the vector of coefficients of P, then we can evaluate the polynomial A;
at the vector ¢(P), and we have

k
Ay(e(P) = @ ol () ©ai = min  fai+ (=)} = tropp({s). 8)
i=0 == ’

We now discuss the case n > 1: we assume that P is as in (3) and has
fixed differential order k = (k1,...,kn) € (Z0)™. We shall use (8) to define
the family {4, ; : j€n], 0 < a <k}
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Convention 2 Representing elements S = (S1,...,Sn) € P(Z>o)™ for n >
1 sometimes becomes cumbersome. We propose using multiplicative notation
S = Si(t1) + -+ + Snltn), where S;(t;) = X cq, t5 for j € [n], whenever
S;#0.If S=(0,...,0), we represent it as the series S = 0.

For j € [n] and a € Zxo we consider S, ; = (S1,...,5,) € P(Zso)"
defined by S; = 0 if [ # j, and S; = {a}. So A, ; must satisfy A, ;(c(P)) :=
tropp(Sa,;j), where ¢(P) € H?zl Zki*+1 is the vector of coefficients of P, which
is a point of the space of parameters of these TLDEs. With our convention we
can write S, ; = 1§ instead.

Definition 6 We consider the family of tropical linear polynomials {A, ; :
j € [n], 0 <a <k;} defined by

k;
Aoz,j = @Valsa)j (Z) Oz € T[Ii,j 1< <n, 01 < k]]
1=0

Convention 3 From now on we will denote A, j(c(P)) = Aq j(P) = tropp(ty) =
tropp(Sa,j). Note that if we write P = Pi(u1) @ Pa(u2) ® - -+ @ Py(un), then
Aq ;(P) = tropp(t}’) = tropp, (tj‘) = A, ;(P)) for all j € [n]

3 Minimal solutions of a single TLDE

In this section we will focus on studying the set (Sol(P)) of minimal non-zero
solutions of a single P, where P is a TLDE of the form (3) in n > 1 unknowns
{u1,...,u,}, and of differential order k = (k1,...,k,) € (Z=o)™.

We now introduce basic concepts and general properties of the elements of

u(Sol(P)).

Remark 2 By Convention 1, our TLDE P has at least two nonzero monomials
ag,; © u;o) and a;; © u§-1), agj,a1,; € Z for j € [n] and n > 1. Also, we have
ag,; # oo for all j € [n], and these two facts imply that tropp(S) # oo if and

only if S # (0,...,0). In what follows we will focus only on nonzero solutions.
Lemma 1 Any minimal solution S of P has at most two monomials.

Proof Note that if S € Sol(P), then there exists i,7 € [n] (not necessarily
different), 0 < b < k;, 0 < ¢ < kj, and tf—i—t? < S with b < p and ¢ < ¢ (again,
P, q not necessarily distinct) such that

00 # tropp(S) = aip +p —b=ajc+q—c < a;;+ vals; (i),
thus ¢} + ¢ is also a solution of (3), and ¢} +t{ = S by minimality.

It follows from Lemma 1 that any S € u(Sol(P)) can be expressed as
S =t} + t7 with 4,5 € [n] (not necessarily distinct) and p,q € Z>o (not
necessarily distinet). From now on we will express the minimal solutions in
this form.
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Proposition 3 Let S € p(Sol(P)).

i) if S =1+t where p < q, then p < kj;

i) If Sy =] +t3" and Sy = t] +t7* are minimal solutions of (3) satisfying
p < ki and kj < q1,q2, then 1 = g2 = q(p), which is then uniquely
determined.

Proof For i) suppose on the contrary that k; < p. Then for all 0 < ¢ < k; it
holds
Qj, 5 + Vals(i) = Q5,5 + P — ) (9)
Hence ¢} is a solution of (3) which contradicts the minimality of S = ¢¥ + 7.
For point i7), suppose that ¢; < g2. Then ¢; must satisfy
tropp(S1) = aig+p—1l=a;; + @ —j
for some 0 <[ < p, and

0<ji <k;<q, ifi#j,
p<n<kij<q, ifi=j.

Likewise, g2 must satisfy
tropp(S2) = air +p—1U' = ajj, + q2 — jo

for some 0 < I/ < p,and 0 < jo < kj < g ifi # j,orp < jo < k; < o
if i = j. We claim that tropp(S1) = tropp(S2), otherwise it wouldn’t be the
global minimum. But due to (9) we have

ar+q —1r>a-+q —1r > M = Ms,

for every 0 < r < k; if i # j, or p < r < k; if i = j, which contradicts that
Sy = t{+t{* is a minimal solution. Here M, My represent the common minimal
value attained at the two distinct monomials of P. Thus Sy = So = S =t th?,
and ¢ must satisfy

tropp(S) = a; +p—1=a;j +q—ji,
so it is uniquely determined by p.

We will now introduce the decomposition u(Sol(P)) = Cz.,(P) U F(P)
from (4) which will be very important in the following.

Definition 7 We denote by Cz. ,(P) the set of minimal solutions of P having
t-adic order at least k; this is S = (S, ...,S,) € u(Sol(P)) such that ord(S;) >
k; for all i € [n]. We denote by F'(P) = u(Sol(P)) \ Cz.,(P).

The set Cz.,(P) will be described in Theorem 1 for the case n = 1, and in
Theorem 6 for the case n > 1.
Remark 3 If P = @, Pj(u;) for n > 1, then |Jj_, u(Sol(P;)) C p(Sol(P)).
Indeed, if S = S;(t;) for some j € [n] (see Convention 2), then tropp(S) =
tropp (5), so S = S;(t;) € Sol(P) if and only if S € Sol(F;). Minimality also
can be inferred from this fact. So in order to understand the case n > 1, it is
necessary to understand first the case n = 1, which we will discuss in the next
section.
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3.1 The case n =1

In this section we will be exploring the case in which P is a TLDE as in
(1) of fixed differential order & € Zs¢. Recall from Definition 5 that A =

D valjxy (i) © 23 = ming<i<p{w: + (k — i)}
Proposition 4 Let P be a TLDE. The following statements are equivalent:

i) P is non-holonomic,
it) S ={s} is a solution for some s > k.

In this case {q} is also its solution for any q > k.

Proof First assume that {s} is a solution of (1) for some s > k. Then the
minimum in ming<;<,{a; +s—1i} is attained at least twice (cf. (9)). Therefore
the minimum in ming<;<x{a; + ¢ — i} is also attained at least twice for any
q > k. Hence the equation (1) is non-holonomic.

Conversely, let (1) be non-holonomic. There are at most finite number of
minimal solution of (1) of the form {p, ¢}, p # ¢ taking into account Proposi-
tion 3. Thus there exists a minimal solution of (1) of the form {s} for suitable
s> k.

Remark 4 One can easily algorithmically test whether (1) is non-holonomic.
Due to Proposition 4 ii) the latter is equivalent to {k} being a solution of (1),
in other words that the minimum in A (P) = ming<;<r{a; + k& — i} is attained
at least twice. Then Sing := V(A;) C ZFF! is the set of all non-holonomic
equations (1).

Let P be a TLDE as in (1) of differential order k. We are now ready to
state the main result of this Section, which is describing the decomposition
p(Sol(P)) = Cz.,(P) U F(P) from Definition 7.

Theorem 1 (Structure of 1 (Sol(P)) for n = 1) Consider P as above.
i) The set Cz.,(P) satisfies

0, if P ¢ V(Ag),
250 (P) {{tk+z 11 €Z>o}, otherwise.

In particular, the system X = {P} is holonomic if and only if P ¢ V(Ayg).
ii) The set F(P) is finite, and it consists of polynomials S = tP + t9, with

0 < p < q satisfying

(a) 0<p<q<k, or

(b) 0 <p <k <gq for qg=q(p) unique (only when P ¢ V(Ay)).

Proof The first part comes from Proposition 4, and the second part from
Proposition 3.
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3.1.1 A notion of generic position for ordinary TLDEs

Theorem 1 implies that a holonomic equation (1) can contain as its minimal
solutions sets of the form either {j,1}, 0 < j <1<k or for each 0 < p < k at
most one set of the form {p, ¢} where ¢ > k. We call a family of minimal sets of
the form {7,1}, 0 < j <1 < k and of minimal sets of the form {p,x}, 0 <p < k
(where x stays for some indeterminate ¢ > k) a configuration. In this case we
use the notation {p,q} € {p,*}. Thus, there is a finite number of possible
configurations.

Each configuration C' (including the empty one) provides a set Ug C ZF+!
of holonomic equations P of the form (1) satisfying u(Sol(P)) = C.

Theorem 2 The collection {Uc}ec where C runs through all the configura-
tions, is a partition of TF+1\ Sing into polyhedral complezes in which every
polyhedron is given by integer linear constraints of the form either x(j)—x(l) =
¢, 0<4,1<k, ceZ oraxz(j) —x(l) > c. The polyhedral complex Uc, corre-
sponding to the configuration Cy := {{i,x} | 0 < i < k} has the full dimension
k+1.

Proof First we note that dim(Sing) < k because of Remark 4. By the same
token if a configuration C' contains a minimal solution of the form {5}, 0 < j <
k then dimUq < k. If C contains a minimal solution of the form {j,1}, 0 <
j # 1 < k then it holds ming<;<;{a; + j — i} = minp<;<;{a; +1— i} (cf. (9)),
and therefore dim Ugs < k as well.

Now consider the configuration Cy. Then the following system of min-plus
linear equations holds:

: R S L <
o?%lj{a’ +j—i} jr<ni1£k{az +q;—i}, 0<j<k (10)

for appropriate ¢; > k (cf. (9)). Taking ao, . .., a satisfying inequalities ag >
a; > --- > ay, we obtain that
in {a; +j—i} = a;, min {a; +q; — i} = —k,0<j<k
ooin {a; +j — it =aj, min {a; +q; — i} = ax +; <J
Hence (10) implies that ¢; =a; —ar +k >k, 0<j <k.
Since for any configuration C such that C' contains a minimal solution of

the form {j,1}, 0 < j <1 < k it holds dim Ux < k (see above), we complete
the proof.

Ezample 3 If k = 1 an equation P = ag®Ou® @a; ou®) = min{a; +uM, o+
u®} as in (1) has

— no (non-zero) solutions when a; — 1 > ag. Below in Section 3.1.2 we will
generalize this result for arbitrary k;

— the minimal solutions {¢ : ¢ > 1} when a; — ag = 1, so the equation (1)
is non-holonomic;

— a single minimal solution {0,a9 — a1 + 1} when ag — ay > 0.
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Thus, in Theorem 2 the polyhedron Ug, C Z? is given by the constraint
ap — a1 > 0, where Cy = {0, *}.

Ezxample 4 While Theorem 2 shows that a generic TLDE of order k£ has k min-
imal solutions, the (holonomic) equation P = @F  0® u) = ming<;<z{u®}
has k(k + 1)/2 minimal solutions {j,{}, 0 < j < < k. Thus, its configuration
contains all possible minimal solutions (cf. Proposition 3).

Definition 8 We say that P is regular if

1. P ¢ ;o V(4;), and
2. Ag(P)® -+ ® Ak—1(P) does not vanish weakly in T (see Definition 3).

We have an alternative characterization of regularity in terms of the struc-
ture of p(Sol(P)).

Proposition 5 We have that P is regular if and only if all of the elements of
1(Sol(P)) are of the form {p,q} with 0 <p <k <gq.

Proof The first condition of Definition 8 is equivalent to the fact that P has
no monomial solutions (which implies that it is holonomic). Indeed, note that
Aj(P) = ming<i<mingjry{a: +J — i}, thus {j} € u(Sol(P)) if and only if
Pe V(A])

The second condition is equivalent to the fact that P has no minimal
binomial solutions {p, ¢} with 0 < p < ¢ < k. Indeed, for 0 < j; # jo <k —1
we have tropp({j1,j2}) = tropp(j1) @ tropp(j2) = Aj, (P) & Aj,(P) since
tropp is a homomorphism, so {j1,j2} is a solution of P if A; (P) = A;,(P),
and it is minimal since P has already no (minimal) monomial solutions.

Remark 5 There exists a tropical hypersurface A(k) € T*+! such that A(k)N
Zk*1 consists of the TLDEs which are not regular. We call this A(k) the trop-
ical discriminant. Indeed, the first condition of Definition 8 provides directly a
tropical prevariety, and the second condition also provides a tropical prevariety
by Remark 1.

If P = P(u), recall that Sol(P) = Uge,,so1(py) SOL(F) N (8)T from Proposi-
tion 2. We will describe explicitly these sets for the case in which P is regular.
First we introduce some notation: if P is regular, then pu(Sol(P)) = F(P),
so any S € u(Sol(P)) is of the form S, = t¥ +t? with 0 < p < k < ¢ and
q := deg(Sp).

Proposition 6 Let P be regular with Sol(P) # {0}. Then the set Sol(P) N
(Sp)7T is equal to

{U 2 Sy : Ap(P) < Ap(P) for all m € UN|0, k—1] and UN[k,00) C Z>qeg(s,) )

for Sp € pu(Sol(P)).
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Proof If 0 # U € Sol(P), then there exists S, € p(Sol(P)) for some 0 < p < k
such that S, C U. There exists a unique index v(U) such that

A'U(U) (P) = @ A](P)
S;€n(Sol(P))
S;CU

We have tropp(U) = Adeg(s, 1)) (P) © Aord(@nik,00)) (£), and since A_(P)
is increasing for j > k, we have ord(U N [k, 00)) > deg(Sv(U))

If m € UN[0, k—1], we have tropp(U) = A, (P)©Am(P), s0 Ay (P) <
Ap(P). If S C U, then again tropp(U) = Adeg(s, 1)) (P) © Adeg(s.,) (P)
implies Ageg(s, ) (P) < Adeg(s,,)(P). Thus deg(Sp) > deg(Syw), and we
have U € (Syn))T N Sol(P).

3.1.2 A criterion of existence of a nonzero solution of a univariate TLDE

In the last section we saw that if P as in (1) is regular, then |u(Sol(P))| < k.
A natural question to ask is whether or not a regular P has a non-empty set
of (minimal) solutions. Here we investigate this question.

For a fixed TLDE P, we use the whole sequence of polynomials {4; : j €
Z>o} to define the following map.

Definition 9 If P = @"_ a; © u) we define a map
A_ (P) : ZZO — 7
j = tropp({j}) = 4;(P)

The map A_(P) is determined by its values on the interval [0, k] C Z>o:

Aj+1(P) . .
=Aj(P)+1=A(P)+j—k k<j.
Theorem 3 i) TLDE (1) has no minimal solutions of the form {j1,j2}, 0 <
J1 # jo if and only if a; —i > ag, 0 <1i < k.
it) TLDE (1) has no solutions (or equivalently, no minimal solutions) if and
only if a; —i>ag, 1 <i<k.

Proof Note that if A;, (P) = A;,(P) for some 0 < j; # jo then {ji,j2} is a
solution of (1), since tropp({J1, jo}) = A;, (P) & A;, (P) by linearity.

We shall prove i). First assume that (1) has no solutions of the form {j1, j2}
with 0 < j; # jo. We claim that A;1(P) = A;(P)+1, j > 0. Suppose the
contrary. Take the minimal integer jo such that A, +1(P) < A, (P), clearly
Jjo < k. For j > jo + 1, it holds that A;(P) < Ay(P) = ag by hypothesis and
the paragraph at the beginning of this proof. Hence Ay (P) < Ay(P). Therefore
{0,k + Ag(P) — Ar(P)} is a solution of (1) contradicting the hypothesis. This
proves the claim.

Thus A;(P) = ap + j, j > 0. This implies that a; —i > ag, 0 < i < k.
Conversely, if the latter inequalities are valid then A;(P) =ao+j, 7 > 0, and
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(1) has no solutions of the form 0 < j; # jo since A;, (P) # A,,(P), which
completes the proof of ii).

Now we shall prove ii). Assume that (1) has no solutions. To justify the
strict inequalities in i) suppose the contrary and let 79 > 1 be the minimal
integer such that a;, — ig = ag. Then {ig} is a minimal solution of (1). This
proves i) in one direction: if (1) has no solutions then a; —i > ag, 1 <i < k.
Conversely, assume the latter inequalities. Then A;(P) = ao + 4, j > 0. No
singleton {j} is a solution of (1) since the minimum in the definition of A;
is attained for a single i = 0, and that is enough to prove that there are no
solutions thanks to i), which proves ii).

3.1.8 Tropicalization of power series solutions of LDE at oo

Remind that one can treat a tropical solution of (1) as the tropicalization of
the starting part of a power series solution w = >, b;t' of a classical LDE
(2). One can view this power series as an expansion in a neighborhood of 0.
Alternatively, one can consider a power series w = Y, ¢;t " solution of (2)
as an expansion in a neighborhood of co. This leads to the following definition.

Definition 10 For a subset {0} # S C Z<( introduce a valuation

iy - {5 oo
max{s—i| —1>s€ 8}, ifl1<i<k.

We say that S is a tropical solution at oo of (1) if the maximum in

‘ (00) (;
(nax {a; + valg™ (i)}

is attained at least for two values of 7.

Lemma 2 A minimal tropical solution S at 0o of (1) can be of one of the two
following types:

i) S = {—r} for an arbitraryr > 1, if and only if the mazimum in maxo<;<p{a;—
i} is attained at least twice;
i) S ={0,—r}, if and only if 1 <r :=maxo<;<p{a; — i} — ao.

Proof Similar to Proposition 3 a minimal solution S C Z<( at oo consists of
at most of two elements. If 0 ¢ S then S = {—r} for an arbitrary » > 1. In
this case the maximum in maxg<;<x{a; — ¢} is attained at least twice. The
converse is also true.

Now let 0 € S. Then S = {0, —r}, r > 1 and ap = maxo<i<p{a; —i} — .
Conversely, if r := maxg<;<g{a; — i} —ao > 1 then {0, —r} is a minimal
solution at oo of (1).

Corollary 1 i) TLDE (1) has either a tropical solution or a tropical solution
at oo.
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it) If (1) has only minimal tropical solutions being singletons then (1) has a
minimal tropical solution at oo of the form {—r} for any r > 1.

Proof 1) Let (1) have no tropical solutions. Then a; — i > ag, 1 < i < k
due to Theorem 3 i). Hence (1) has a (minimal) tropical solution {0, aq —
maxo<;<g{a; —i}} at oo because of Lemma 2 ii).

ii) Due to Theorem 3 it holds a; —i > ag, 0 < i < k, and there exists 1 <i < k
such that a; — i = ag. Therefore (1) has a minimal tropical solution {—r}
at oo for an arbitrary r > 1 because of Lemma 2 i).

3.2 The case n > 1

In this Section we assume that n > 1 and P is as in (3) and has fixed differential
order k = (ki,...,kn) € (Z>0)". As usual, we write P = (P, Pj(u;) with
P;(u;) of differential order k; € Z~q for j € [n].

The main result of this Section is a complete description of the parts
wu(Sol(P)) = Cz.,(P) U F(P) from Definition 7; this is a generalization of
Theorem 1. -

Definition 11 If ]+t = S € u(Sol(P)) (see Lemma 1), we define its support
Supp(S) = {i,j} C [n].

Theorem 4 For P as before, the set F(P) is finite. Furthermore, if S € F(P),
then either

1. Supp(S) = {j} if and only if S € F(P;),

2. Supp(S) = {4,j} if and only if S = 1] +t] satisfies one of the following
two conditions:
(0,) (p7 Q) < (kl7k])7
(b) p < ki and g = q(p) > k; is unique.

Proof Let S € F(P). It is clear that Supp(S) = {j} if and only if S € F(P;),
and J; F(P;) is finite by Theorem 1. If Supp(S) = {i,j} with ¢ = ] + ],
then we have a trichotomy:

1. (p7Q) < (k:i7kj)a
2. p<k;and g > kj,

and we are ruling out the third possibility (by the definition of the set
F(P)). So we just need to show that there is a finite number of possibilities
(2), but this is just Proposition 3 ii).

We will study the set Cz_,(P) for the case n > 1 in the next section.
Contrary to the case n = 1, we will see that it is always non-empty (it is in
fact, infinite).
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3.2.1 Structure of the set Cz..,(P)

Let n > 1 and P = Py(uy1) ® Pa(uz) @ - -+ & Py(uy). The main result of this
Section is a complete characterization of Cz_ (P).

Consider the order map ord : P(Z>()" — T" sending S = (S1,...,5,) to
ord(S) = (ord(S1),...,o0rd(Sy)). This is an (order-reversing) homomorphism
of B-semimodules that induces a bijection of sets

P(Zx0)" D Cz.,(P) = ord(Cz.,(P)) C (Z U {oo})" (11)

Indeed, we know that if Supp(S) = {i}, then S = ¢! is a monomial by
Theorem 1, so ord(S) = (00,...,p,...,00) for some p > k;, and if Supp(S) =
{4,5}, then S = ¢ +t7, and ord(S) = (00,...,p,...,q,...,00) for some p > k;
and q > k;.

For the rest of this section we will use this identification.

Theorem 5 Let P be a TLDE with n > 1. The set Cz.,(P) satisfies

i) (00,...,00) ¢ Cz-,(P),
Z’L) if S e CZ>U(P) and i € Zzo, theni® S € CZ>0(P);
iii) if S, T € Cz.,(P) with Supp(S) # Supp(T), then Supp(S) ¢ Supp(T),
w) if S,T € Cz-,(P) and i,j € [n] with s; = t; # 0o and s; < t;, there exists
U € Cz.,(P) such that u; = 0o, u; = s; and U > min{S, T}.

Proof Point i) is equivalent to (0,...,0) ¢ Cz.,(P). For point ii), if S €
Cz.,(P), then i ® S for i € Z>( represents t' - S, which is once again in
Cz-,(P). Point iii) follows from minimality.

“The proof of iv) is similar to Proposition 3 ii), which uses (9): there exist
S =t} + 1] with p,q < 0o and T =t} + ¢} with r € [g+ 1, 0c], but this is not
possible, since r = oo contradicts the minimality of S, and if r # oo, we have

ajs +q—s=tropp(S)=a;; +p—1l=tropp(T) =a; +r—t

but k; < ¢ <r,and a;+ +¢q—t < ajs+q— s, which contradicts the fact that
S is a solution. Thus, for any given S = ¢} + 7, such T' = t] + t7 does not
exist.

Remark 6 In Theorem 5, if in point ii) we change “i € Z>¢” by “i € R”,
then the resulting object Cr(P) is a collection of valuated circuits, and the
pair ([n],Cr(P)) is then called a valuated matroid (or tropical linear space).
Thus Theorem 5 says then that Cz. ,(P) is contained in the valuated matroid

(In],Cr(P)).

By point ii), the monoid (Z>¢,®,0) acts on Cz.,(P). We will see below
that the set Cz.,(P) can be recovered from the quotient set Cz.,(P)/Z>o.

We denote by C(P) € P([n]) the family of supports of elements of Cz_, (P),
and by L(P):={j € [n] : P; € V(A4)}.
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Convention 4 Even if Ay, ; is a tropical linear polynomial for j € [n] (see
Definitions 6, 9), sometimes we will denote the common value Ay, ;(P) =
Ay, 5 (Pj) = ming<;<p,{a;ij + kj — i} just by Ay, ; to simplify the notation.

Corollary 2 The pair M(P) = ([n],C(P)) is a matroid (of circuits). More-
over, we have C(P) := L(P) U (["]\S(P)), thus L(P) 1is the set of loops of
M(P).

Proof By the previous remark, we have that M (P) = ([n],C(P)) is the under-
lying matroid of the valuated matroid ([n],Cr(P)). It is also easy to see that
L(P)U (["]\5 (P)) satisfies the axioms for circuits (once we prove it).

Let S € Cz.,(P) such that Supp(S) = {j} € C, then there exists r >
k; such that S = ¢} € Sol(P;), but this is equivalent to P; € V(Ay, ;) by
Proposition 4.

We now consider (["]\Q(P)), which is empty if |[n]\L(P)| < 1. If [n]\L(P) =
(), there is nothing left to do.

If [n]\L(P) = {j}, then j can not belong to a pair {4, j}, otherwise we would
have i € L(P), and by this reason there is no minimal solution S = t} 4 t{
with p > k; and ¢ > kij.

So we suppose that |[n] \ L(P)| > 1, and we need to show that if a,b €
[n] \ L(P), then there exists S € Cz.,(P) such that Supp(S) = {a, b}.

W.L.O.G. we can suppose thathkma — Ak, » > 0 (otherwise we choose

Aky b—Ak,.a > 0), then S = t’;“—ktlgﬁAk“’“fAkb’b € Cz.,(P) satisfies Supp(S) =

{a,b}.
We are now ready to prove the main result of this section.

Theorem 6 (Structure of u(Sol(P)) for n > 1) Consider P = EB?:l P; as
before, and L(P) :={j € [n] : P; € V(Ay,)}. Then

i) the set Cz,(P) satisfies

Cr.y(P) = | Zz00{k;}U U L0 (ka; kotAk, o= Ak, ) }-
JEL(P) a,bgL(P): Ay 5< Ak, a
ii) The set F(P) := u(Sol(P))\ Cz.,(P) is finite. Furthermore, if S € F(P)
with X = Supp(S), then either
(a) X ={j} iff X € F(P;),
(b) X ={i,j} iff X = t] +t] satisfies
i (pq) < (ki kj),
ii. p < ki, and ¢ = q(p) > k; is unique.
Proof The part ii) is Theorem 4. For part i) it suffices to show the inclusion
C. Let S € Cz.,(P). If Supp(S) = {i} € L(P), then there exists s € Z>q such
that S =t - tF so {S € Cz-o(P) : Supp(S) = {i}} = Z>o - {ki}.
If Supp(S) = {a,b} € (["]\L(2M(P))), then S = thato 4 t’bc”ﬂ for some
o, 8 € Z>p. This means

tropp(S) = Ap, (k) + a = Ap, (k) + 5,
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W.L.O.G. we can suppose that Ay, . — Ak, » = 8 — a > 0 (otherwise we
choose Ay, p — Ag,.a > 0), so that Ay, , = Ag,p + (8 —a) and S = t~ -
oa—A
(tha + tlgb+Ak“’ o). So {S € Cz,(P) : Supp(S) = {a,b}} = Zxq - (th" +
tkb"!‘Aka,a_Akb,b
b )-
The action of the monoid Zx¢ on Cz_,(P) becomes clear from Theorem 6.

Corollary 3 The quotient set Cg_,(P)/Z>o is determined by a valuation of
circuits, which is the map v : C(P) — Z>¢ given by

V(S)— kj iijL(P),
| Akaa — Arypy i {a,b} € ([”]\S(P)),Akb,b < Ag, a-

And the set Cz.,(P) can be recovered from Cz.,(P)/Z>o.

The next step is to introduce the concept of regularity for polynomials
P = @?:1 P; for n > 1, to explain and simplify Definition 13. To do so, we
will use the family {A,; : j € [n], 0 < o < k;} from Definition 6.

Definition 12 We say that P = @’_, P;(u;) is regular if

1. (local condition) P; is regular for all j € [n] as in Definition 8,
2. (global condition) the expression @?:1 @i’:_ol Aq j(P) does not vanish
weakly in T (see Definition 3).

Similarly to Proposition 5, we have the following characterization of regu-
larity in terms of controlling the elements of F(P).

Proposition 7 We have that P is reqular if and only if the elements of F(P)
from the decomposition (4) are of the form

1. tz—l—t; with 0 <p < kj <gq,

2.t —|—t;1~ with 0 < p < k; and k; < q.

Proof The first condition of Definition 12 controls |J; F'(P;); the second one
prevents the existence of solutions S = ¢] + ¢ with (p,q) < (k;, k;), which,
according to Theorem 4 are the only solutions of F(P) left to be controlled.

If P =@, Pj(uy) is regular, then L(P) = () since each P; is holonomic,
and according to Corollary 3, the set Cz_ (P) becomes controlled by the values
Akj’j(P) — Ai,ki (P) for {Z,j} S ([g])

Remark 7 There exists a tropical prevariety A(k) C []j_, TFi+1 such that
A(k) N H?:l ZFi*1 consists of the TLDEs which are not regular. We call
this A(k) the tropical discriminant. Indeed, both conditions of Definition 12
provide tropical prevarieties, the first one by Remark 5, and the second by
Remark 1.
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4 Systems of tropical ordinary linear differential equations

In this section we define the important concepts of regularity and genericity
for holonomic systems of TLDESs. See Definition 13.

Consider a system X = {Py,..., Py} of m tropical ordinary linear differ-
ential equations in n > 1 unknowns (cf. (3)), each one of differential order
k = (]{31, ey k’n) S (Z>0)n2

= g @ _ . N ()
b= _ @ _ Gjjr O Uy = 1§j§v?}lgl§¢§kj{a”l +u; L 1<i<m. (12)
1<j<n, 0<i<k;

Recall that the set of solutions of the system (12) is the B-subsemimodule
Sol(X) =, Sol(P;) of P(Z>o), and if (S1,...,5,) € Sol(X) we have that

1§j§§}i§§igm{aiﬂ +vals, ()} 13)
is attained at least twice for each 1 <[ < m.

We have that Sol(X) is generated by u(Sol(X)), and that X is holo-
nomic if |u(Sol(X))| < oo. Similar to Proposition 3 one can show that if
S = (S1,...,5:) € p(Sol(X)), then S; NZx}, contains at most one element
for1 <j<n.

Proposition 8 i) When m < n a system (6) is non-holonomic;
it) When m = n a generic system (6) is holonomic.

Proof i) Take Sj := {q;}, 1 < j < n for unknowns ¢; € Z>,. Then one can
rewrite (13) as a system of m tropical homogeneous linear equations in n
unknowns. This system has a solution of the form (¢1 +b,...,¢, + b) for
suitable ¢; € Z, 1 < j < n and for an arbitrary b € Z (see e.g. [4], [1], [6]).

ii) For each 1 < j < n fix a subset S; N {0,...,k; — 1} and S; N Z>y, = {q;}
for an unknown g¢;. One can rewrite (13) as a system of n tropical (non-
homogeneous) linear equations in n unknowns. In general, such a system
has a unique solution due to the Tropical Bezout Theorem [8].

Remark 8 Now we describe an outline of an algorithm which tests whether a
system (6) is holonomic.

First, one fixes S; N {0,...,k; — 1}, 1 < j < n and verifies whether a
system of tropical linear equations with unknowns ¢;, 1 < j < n (as in the
proof of Proposition 8 ii)) has a finite number of solutions in ZZ,. We have
the following two situations. -

The homogeneous case. If this system is homogeneous one has to check
its solvability in Z" (say, based on one of the algorithms from [4], [1], [6]). If
the system is solvable then the system (6) is non-holonomic (see the proof of
Proposition 8 ii)).

The non-homogeneous case. If this system has a non-homogeneous
equation of the form

1I§nj1£n{b] + 45, b}, b 7é o0 (14)
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we can consider two different cases as candidates for minima, namely

i) bj,+qj, = bj,+qj, = mini<;j<,{bj+q;, b}, if we take apair 1 < j; < jo < n.
In this case, it holds k;, < gq;, < b—10b;,, kj, < g, <b—bj,, and we have
a finite number of possibilities for g;, ,g;,, and

ii) bj, + ¢j, = b= mini<;<,{b; + ¢;, b}, if we take a singleton 1 < jo <n. In
this case, it holds g;, = b — bj,.

Then, for each choice of g;,, q;, or g;, respectively, we proceed to the next
non-homogeneous equation of the form (14) (substituting our chosen values of
451, 5, OF gj,, respectively).

After exhausting all the equations of the form (14), we take the truncated
equation for each considered equation of the form (14) by removing from it
all non-assigned unknowns ¢;. The algorithm checks whether the truncated
tropical system is satisfied. If it is not satisfied, then the algorithm proceeds
to another one of its branches by choosing different g;,,¢;, or g;, and their
values.

If after exhausting all the equations of the form (14),

1. some homogeneous (i.e. with b = o0) linear equations still remain, the
algorithm checks the solvability of this homogeneous system (cf. the ho-
mogeneous case above). If this homogeneous system has a solution then
the initial system (6) is non-holonomic (as above). If this homogeneous
system has no solution then the algorithm proceeds to another one of its
branches.

2. no homogeneous equations remain, and at least one non-assigned unknown
g; remains, then one can take the values of all the latter unknowns as
arbitrary large integers. Therefore, in this case the initial system (6) is
non-holonomic. Thus, if no branch of the algorithm yields the output that
the initial system (6) is non-holonomic, the algorithm concludes that (6)
is holonomic.

Unfortunately, the complexity bound of the described algorithm is expo-
nential.

Consider a holonomic system X' = {Py,...,P,} on n > 1 unknowns as in
(6). We introduce two different notions of general position for X, namely regu-
lar system, based on the the concept of regular polynomial in n > 1 unknowns
from Definition 12, and generic system, using also the tropical polynomials
Aq,j for j € [n] and 0 < a < k; from Definition 6.

Definition 13 Consider a system (6).

1. We say that it is regular if P, is regular in the sense of Definition 12 for
all I € [n].
2. We say that it is generic if the expressions

Aka(l),a(l) (Pl) ©-0 Aka(n),a(n) (P’ﬂ) = Z Aka(j),a(j) (PJ) (15)

1<j<n
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are pairwise distinct for all ¢ € Sym(n), and in addition, for Iy # I it
holds

Akj»j(‘Pll)an,jl (Pll) 7£ Akj»j(Pl'z)*Aﬁ,jz(‘Pb)v 0<ac< kjl’ 0< ﬂ < kj'z'
(16)

Note that, for fixed k = (k1,...,ky), the set of systems (6) being not
generic or not regular, lie in a finite union of polyhedra of dimensions less
than the full dimension n(k; + - - + ky,) inside of the space of all systems (6).

Remark 9 Moreover, it follows from Remark 7 that the set of non-regular sys-
tems (6) is a tropical prevariety. The same is true for the set of non-generic sys-
tems (6), indeed, the first condition of genericity (15) is equivalent to the fact
that the tropical determinant of the matrix (A, ;(P1))1<i,j<n does not vanish
weakly (see Definition 3). The second condition of genericity can be refor-
mulated as asking that the tropical determinant tdet (Akj 3(B) Aoy (Pll))
Akj \J (PZQ) Aﬁ,jz (1312)

does not vanish weakly.

Convention 5 Given 1 < 4,1 < n and 0 < o < k;, for the computations
that follow we will write A, j(P,) = Aqaji. Note that if P = @?:1 Pji(uj) for
L € [n], then An j(P)) = Aa,j(Pj1) for every j € [n] and 0 < o < k.

4.1 Upper bound on the number of minimal solutions for m =n =2

In this section we consider a generic regular system (6) for n = m = 2 with
unknowns u, v, this is P, = P, 1(u) + P, 1(v) and P, = P, 2(u) + P, 2(v) each
one of differential order k = (k,, k,). Note that

Aijji = Aj+ i1 —kj, i1 2k, 1< 5,0 <n. (17)
and also

Aoris s Api—11,0, 40205 s Akg—1,2,05 -5 Aoty ooy Akp—1nys (18)

are pairwise distinct.

For a minimal solution (S,,S,) of (6) and I = 1,2 denote by S, C
Sus Sui C S, the subsets such that the minimum in (13) is attained at Sy;USy,;.
Then S, = Sy1 U Syu2, Sy = Sy1 U Sye. If ¢ belongs to S,1 N Sy2 then we say
that ¢ belongs to S, with the multiplicity 2.

Due to minimality of (S,,S,) it holds |S,| + |Sy| < 4. Moreover, one can
assume that [S,; N{0,...,ky — 1} + |SuNA{0,...,k, — 1} < 1, | = 1,2,
since otherwise, the system (6) is not regular (cf. Theorem 2). In addition,
|Su| + |S»| > 3 since otherwise, the system (6) is again not regular. Now
we describe all possible candidates for minimal solutions of a generic regular
system (6) (cf. Proposition 3).
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Lemma 3 Any minimal solution of a generic reqular system (6) is one of the
following 5 types of configurations:

ouv) Sy € {i,x}, Sy € {p,x}, 0 < <ky,0<p<ky;

ouu) S, € {i,ig,*}, Sy € {*}, 0 <1 <ip<ky;

ovv) S, € {x}, Sy € {p,po,*}, 0 <p<po<ky;

ou) S, € {i,x}, S, € {x};

ov) Sy € {x}, Sy € {p,*}.

For each i,ig,p,po (as above) there exist at most one integer q, > k, and
at most one integer q, > k, such that q, € Sy, q € Sy, for all 5 types,
respectively, provided that (S, Sy) s a minimal solution of (6). Moreover, the
subsets Sy1, Su2, Sv1, Sv2 are uniquely determined by i,iq,p, po for all 5 types,
respectively, provided that (Sy,Sy) is a minimal solution of (6).

Proof Denote (cf. Definition 13 ii)) A := Ay — Auz — Ay1 + Ay, Due to
genericity of (6), see (15) it holds A # 0.

ouv). Let Sy, = {i,qu}, Sv ={p,q}, 0 <i<ky,0<p<k, beaminimal
solution of (6). There are 4 cases (taking into account (16)):

Ay = Aquula Apv2 = Aqvv2; (19)
Ajur = Agyo1s Apvz = Ag,u2; (20)
Az = Aguu2y Apo1 = Ago1; (21)
Ajuz = Agv2, Apor = Agput- (22)

We claim that exactly one of (19)-(22) is valid. Suppose the contrary.
W.l.o.g. assume that (19) is valid (other three cases can be studied in a similar
way). Then (17) implies that

Aiul = Aul + Qu — kua Apv2 = A’U2 + qv — kv' (23)

This provides the expressions for q,, ¢,. In addition, we have

Aiul S Aqvvh Apv2 S Aquu2; (24)
Aiul < Apvla Apv2 < Aiu2 (25)

due to (18).

Observe that (25) contradicts to A2 = Aq(1>u2, Apy1 = Aq(l)vl (see (21))
with any qﬁl) > ku,qf,l) > k, and also contradicts to A2 = Aq(2>v2, Apy1 =
Aqf)ul (see (22)) with any qq(f) > ky, ql(,z) > ky.

Note that (23), (24) imply that

Aul - Avl § (QU - kv) - (Qu - ku) S Au2 - Av2~ (26)

Equalities A;,1 = Aq,(3>v1’ Apyo = Aq(3>u2 (see (20)) for some qi(f) >k, qf,g) >
k, entail that A1 < Aq(3>u1, Appa < Aq(3)v2 (cf. (24)), therefore

Avl - Aul S (q'z(f) - ku) - (qgg) - k'u) S Av2 - Au2
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which together with (26) deduces equality A = 0. This contradicts to genericity
of (6) and proves that (19) entails that (20)-(22) do not hold. The Lemma is
justified in case euv).

euu). Let (S, = {4,%0,qu}, Sv = {qv}), 0 < i < iy < k, be a minimal
solution of (6). There are 4 cases (taking into account (16)):

Aiul = Aquuly Ai0u2 = Aqv'uQ;
Ajn = Aquvla AiouZ = A(qu2;
Aigul = Aguut, Az = Agyv2;
Ajgul = Ao, Az = Aguu-
Note that in case ¢ = iy the equations (27) coincide with (29), and the
equations (28) coincide with equations (30).
We claim that exactly one of (27)-(30) is valid (cf. the proof of the case

euwv) above). Suppose the contrary. W.l.o.g. assume that (27) is valid (other
three cases can be studied in a similar way). Then due to (17) it holds

Aiul = Aul + qu — kua AiouZ = Av2 + qy — kv- (31)
This provides the expressions for ¢y, ¢,. In addition, we have

Ajt < Agot, Aiguz < Aguu2; (32)

Ajut < Ajgut, Aiguz < Ajya. (33)

due to (18) (in case i = iy the inequalities (33) are omitted). Observe that
(33) contradicts to equalities A; .1 = Aq(l)ul, Ao = Aq(l)'UQ (see (29)) with

qv(}) > ky, qf,l) > k, and also contradicts to equalities A;,,1 = Aqg}z)v 1 Az =
A @0 (see (30)) with 02 > ky, ¢ > k.
Note that (31), (32) imply that
Aul - Avl S (QU - kv) - (QU - ku) S Au2 - AUQ. (34)

The equalities A;,1 = AqEF)up Ajguz = Aqf)uQ (see (28)) with qq(f’) >k, ql(,?’) >
k, entail that A;,; < Aqﬁf)ul’ Aiguz < Aqf)vz' Whence together with (31) we
obtain that

Avl - Aul S (qq(f) - ku) - (qu) - kv) S A'I}2 - Au2

which leads to the equality A = 0 taking into account (34). This contradicts
to genericity of (6) and proves that (27) entails that (28)-(30) do not hold.
The Lemma is justified in case euuw).

The case evv) is studied similarly to euu).

ou). Let (Sy, = {i,qu}, Sv = {q}), 0 < i <k, be a minimal solution of
(6). There are 4 cases:
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Aiul = Aq,,vla AquuQ - Aqva; ( )
Aiul = Aq“ula AquuQ = AqUUZ; ( )
Aquul = Aqvvla Aiu2 = Aquv2; (37)
Aquul = Aqvvh Aiu2 = Aquu2~ ( )
)

We claim that exactly one of (35)-(38) is valid (cf. the cases euv), euu
above). Suppose the contrary. W.l.o.g. assume that (35) is valid (other three
cases can be studied in a similar way). Then it holds

A1 = Avt + G — kvy Ava + qu — ku = Av2 + v — k. (39)
This provides the expressions for ¢, ¢,. In addition, we have
Ajur < Agouts Aguuz < Ajuz. (40)
Together with (17), (39) this implies that
A>0, Az — Aja > Ava — A (41)

Observe that the equalities A;,1 = Aqﬁl)ul? Aq&l)UQ = Aq,ﬁ”vz (see (36))

with qq(}) > ky, qf,l) > k, entail the inequality A < 0 which contradicts to the
first inequality of (41) because of genericity of (6). Similarly, the equalities
Ay =A@, A =A@ (see (37)) with 02 > ku,q'? > k, entail the
inequality A < 0 as well, which again leads to a contradiction.

Finally, suppose that the equalities Aq<3)u1 = Aq(3>v1, Ao = Aq(3>u2 (see
(38)) hold with q&s) >k, qf,g) > k,. Hence due to (17) we obtain that A2 =
Ayo + Q1(¢3) — ky. Then the inequality A, > Aq<3>u1 and (17) imply that
A1 > Ay + qq(f) — ky = A1 + Ajus — Ayz which contradicts to (41). This
proves that (35) entails that (36)-(38) do not hold and justifies the case eu).

The case ev) is justified in a similar manner.

In the next lemma we use the notations from Lemma 3.

Lemma 4 For 0 <i <k, denote A, := Ao — Aju1 — Ava + Ap1.

1. Let (Sy = {i,qu}, Sv := {qu}) be a minimal solution of type ou) of a
generic reqular system (6). Then the following inequalities hold:

A>0,A] >0 when Sy 1 = {i}, Sv1 = Sv2 ={q}, Su2 = {au};  (42)
A< 0, A; + A >0 when Su,l = {i,qu}a S’u,l = (Z), Su,2 = {Qu}a Sv,2 = {q'u}§

(43)

A<0,A; <0 when Sy1 ={qu},Sv1 = Sv2 ={q}, Su2 = {i};  (44)

A Z OaA; + A S 0 when Su,l = {Qu}7 Sv,l = {QU}; Su,2 = {i7qu}7 Sv,2 = (Z)
(45)
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2. Let (S.,,S!) of the type either euv) or euw) be a minimal solution of (6)

u’ v

such that i € SI,. Then it holds
A>0,A;4+ A >0 when S, ; = {i},|S, ;| =1 (46)
and either |S;, 5| = 1 in case euv) or |5, 5| = 2 in case euu);
A<0,A; >0 when |S, | =2,5,, =10 (47)
and either S, o = ) in case euv) or S, 5| =1 in case euu);
A<0,A;4+ A <0 when S, 5 = {i},|S;, 5] =1 (48)
and either |S,, ;| =1 in case euv) or |S,, 1| =2 in case euu);
A>0,A; <0 when |S, 5| =2,5,, =10 (49)

and either S;, | = 0 in case euv) or |S;, || =1 in case euu).

3. Assume that both (Sy,S,) as in 1. and (S, S)) in 2. are minimal so-
lutions of (6). If i € Sy 1 then S;,l = Su1, 5;71 = Su,1, and if i € Sy 2 then
Sq,hg = Su,27 51672 = SU,Q'

One can swap the roles of u and of v in 1., 2., 3., simultaneously.

Proof 1. The statement (42) coincides with (41) (see (35)) in the proof of
Lemma 3 eu). Other statements (43)-(45) are justified in a similar way (cf.
the proof of Lemma 3 eu)).

2. The statement (47) in case of the type euv) follows from (23), (25), (26) (see
(19) in the proof of Lemma 3 euwv)). The statement (47) in case of the type
euu) follows from (31), (33), (34) (see (27) in the proof of Lemma 3 euu)).
Other statements (46), (48), (49) are justified in a similar way (cf. the proof
of Lemma 3 euv), euu)).

3. The first statement of 3. follows from (42), (43), (46), (47), the second
statement follows from (44), (45), (48), (49).

Now we establish an upper bound on the number of minimal solutions of a
generic regular system (6).

Theorem 7 A generic reqular system (6) has at most
(ku + ko) (ky + Ky +1)/2
minimal solutions.

Proof W.l.o.g. one can assume that A > 0 (the case A < 0 can be studied in
a similar way).

Denote by By, | = 1,2 the set of i € {0,...,k, — 1} such that (6)
has a minimal solution (S,,S,) of the type eu) for which ¢ € S, ;. Then
Sui = {i}, |Svyl =1 when I =1, and [Sy,| =2, Sy; = 0 when [ = 2 since
A > 0 (see Lemma 4 1.). It holds B, 1 N By 2 = 0 due to Lemma 3 eu).
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Similarly, we define the sets B,; C {0,...,k, — 1}, I = 1,2. Denote k,; :=
|Bu,l|a kv,l = ‘Bv,l|7l = 1727 k.= ku,l - kv,l - ku,2 + k:v,2~

Due to Lemmas 3, 4 the following upper bounds hold on the number of
minimal solutions of the respective types:

C’Lb’l)) : ku,lkv,Q + ku,2kv,1 + (ku - ku71 - ku,2)(kv - k'u,l - kv72)+

(kui + kyo)(ky — ko1 — ko2) + (ky — ku1 — ku2) (ko1 + kv 2);
ouw) @ ky 1ky ot (ku—ky1—ky2)(ky—kyi1—kyo+1)/24(ku1+ku2) (ku—FKui1—ku2);
o0v) 1 ky 1Ky ot (ky—ky1—kv 2) (kv—Ko1—kv2H+1) /24 (ky 1+Ko,2) (ko —ko1—ky 2);
OU) : ku,l + ku72;
o)t ky1 + ky o
Summing up all these upper bounds and taking into account the inequality
kuikoo + kuoket + kuikus + ko 1ke o < k?/4, we obtain the required upper

bound
(ky + ky)(ky + ky + 1) N 2k — k?

2 4
(taking into account that (2k — k?)/4 < 1/4).

4.2 Sharpness of the bound on the number of minimal solutions for
m=n=2

The next purpose is to construct a generic regular system (6) which con-
tains all minimal solutions of the types euv), euu), evv) from Lemma 3.
This shows that the bound in Theorem 7 is sharp (even without solutions
of types eu), ev)). First we note some simple growing properties of the maps
A_(P) : Z>o — Z from Definition 9.

Remark 10 If the coefficients of P as in (1) fulfill inequalities a;11 > a;+1, 0 <
i < kthen A;(P) = j+ao, j € Z>o; in particular the map A_(P) is increasing.
On the contrary, if a;11 < a; +1 for 0 <4 <k, then

A]’(P):aj, OS]Sk
Therefore, if a; 1 < a; for 0 < ¢ < k then A_(P) is decreasing on the interval
[0, k].

Theorem 8 Assume that the coefficients of a generic system (6) fulfill the
following inequalities:

Git1u1 2> w1 + 1, 0 <0 < ky; (50)
Git1w1 < A1 — 1, 0 <4 < ky; (51)
it1u2 < Gz — 1, 0 <0 < ky; (52)
Qit10,2 = Q2 +1, 0 <0 < ky; (53)

Aov1 < Aoul; Aou2 < A0u2- (54)

Then the system (6) is reqular and has minimal solutions of the following
configurations:



28 Dima Grigoriev, Cristhian Garay Loépez

— (Su € {i, %}, Sy € {p,*}) of the type euv), 0 <i < ky, 0 <p < ky;
— (Su € {i,i0,%}, Sy € {x}) of the type oun), 0 <1 <ig < ky;
— (Su € {}, Sy € {p, po,*}) of the type ovv), 0 <p <pg < ky.

Proof euv) Let 0 < i < ky, 0 < p < k,. Due to (52) there exists a unique
qu > ky such that A;,» = Ay, .2 taking into account Remark 10. By the
same argument due to (51) there exists a unique ¢, > k, such that A,,; =
Agv1- We claim that (S, := {i,qu}, Su := {p,qv}) is a solution of the system
(6) described in the Theorem. To this end it suffices to verify the following
inequalities:

Apvl S Aiuh Ap'ul S Aquula Aiu2 S ApvQ; Aiu? S Aqvfu2- (55)

Since App1 < Aou1 (see (51)) and Agyr < Aja (see (50)), the first inequality
in (55) follows from (54). Since Ag, 01 > Aou1 (see (50)) we get the second
inequality in (55). Since Aju2 < Agy2 (see (52)) and A,y2 > Agy2 (see (53)),
we get the third inequality in (55) invoking (54). Since Ay, y2 > Aoy (see (53))
we get the fourth inequality of (55).

euu) Let 0 <4 < ip < ky. Due to (54) there exists a unique ¢, > k, such
that A;u1 = Ag,u1 (see (50), (51)). Due to (52) there exists a unique g, > ky
such that A; u2 = Ag,u2. We claim that (S, := {i,%0,qu}, Sv == {qu}) is a
solution of (6).

To this end it suffices to verify the following inequalities:

Ajut < Ajgut, Ajut < Aguuts Aiguz < Ajuzs Aiguz < Ag o2 (56)

The first and the second inequalities in (56) follow from (50). The third in-
equality in (56) follows from (52). The fourth inequality in (56) follows from
(54) taking into account (52), (53).

i)y Let 0 < p < po < ky. Due to (54) there exists a unique ¢, > k, such
that Apye = Ag,u2 (see (52), (53)). Due to (51) there exists a unique g, > k,
such that Apv1 = Ag,u1. We claim that (S, := {qu}, Su = {p,po,¢}) is a
solution of (6).

To this end it suffices to verify the following inequalities:

Apovl S Apvla Apovl S Aquula Apv2 S Ap0v27 Apv2 S Aqvv2~ (57)

The first inequality in (57) follows from (51). The second inequality in (57)
follows from (54) taking into account (50), (51). The third and the fourth
inequalities in (57) follow from (53).

Finally, we have to show that the produced solutions of the types euv), euu),
evv) are minimal and they are all the minimal ones. To this end it suffices to
verify that the described system (6) has no solutions of types eu),ev) (see
Lemma 3).

Suppose the contrary and let (S, = {i,qu}, Sv = {g,}) be a solution of
(6) of the type eu). Taking into account (50)-(53) we have to consider two
cases: either Aiul = Aquvla AquuQ = AquUQ or Aiu2 = Aquu27 Aquul = Aqvv1~
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In the former case it holds that A2 < Ay, 2 due to (54). In the latter case
it holds that A;,1 < Ag,u1 due to (50). Thus, in both cases we arrive to a
contradiction with that (S, S,) is a solution of (6).

In a similar way a supposition that there exists a solution of the form
(Su = {qu}, Su = {p,qv}) of (6) of the type ev) leads to a contradiction as
well.

Corollary 4 The mazimal number of minimal solutions of a generic regular
system (6) equals WM

Proof The upper bound follows from Theorem 7. On the other hand, the
construction from Theorem 8 provides a system with

e k,k, minimal solutions of the type euv) and

o Ly (ky +1)/2 (vespectively, k,(k, + 1)/2) minimal solutions of the type
euu) (respectively, evv)).

5 Bounds on the number of minimal solutions of a generic system
form=n>1

First, we construct a generic regular system (6) for arbitrary m = n with many
minimal solutions, extending Theorem 8.

Theorem 9 For each 1 < 7,1 < n,0 <1 < k; take the coefficients a5 of a
generic reqular system (6) satisfying the following inequalities (cf. Theorem 8):

i1 <ag—1, 054 < ky; (58)

@it 1,141 (mod n),l = Qiji41(mod n),l T 1y 0 <0 < Kip1(mod n) (59)
a0,1,1 < @0,14+1(mod n),1; (60)

Wijl > Qkyy s o iy d+1(mod n),l T Kjy §# 1, j # 1+ 1(mod n). (61)

Then for each family of integers 1 < p; < --- < ps < n such that pj41 >
p; +2(mod n), 1 < j < s, and for any 0 < ij < ijo < kp,, 1 <j<s and
forany 0 <i, <k, 1<r<mn, r#p;, r#p;—1(modn), 1 <j<n the
system (6) has a minimal solution S of (6) whose configuration satisfies the
following:

S“pj € {ijlviﬁa*}a Supj—l(mod € {*}v Su, € {irv*}“ (62)

Remark 11 It holds |Sy,| + -+ 4+ |Su,| = 2n, and the number of minimal
solutions of the form (62) equals

IT Fe, (e, +1)/2- 11 Ky

1<j<s 1<r<n,r#p;,r#p;—1(mod n),1<j<s
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Proof First, let 1 <r < n,r # p;,r # p; — 1(mod n),1 < j < s. Due to (58)
(cf. also Remark 10) there exists (a unique) g, > k, such that

Agoror =Air 1

Then S, = {ir,¢r} = Su, r-
For p;, 1 < j < s due to (58) there exists (a unique) g, > kj,, such that

quj7 Pj, Pj Aij2; Pjs Pj*

Due to (58)-(60) there exists (a unique) ¢, —1(mod n) = Kp,—1(mod n) Such that

qujfl(rnod ny, Pj—1(mod n), pj—1(mod n) = Aijlu Pj, pj—1(mod n)-

Then it holds

Supj = {Zjl, 252, qu}v S’“fpj—l(mod n) — {qu—l(mod n)}a

thus

Sup,, vy = 152:@p; 1 Sy, py—1(mod n) = {451} Suy. 1moa ny. py—1mod n) = {dp, ~1(mod m) }-

Taking into account (58)-(61) one can verify (62) and that (Sy,, ..., Sy, ) is
a solution of (6) similar to the proof of Theorem 8, and once again, similar to
the proof of Theorem 8 one can verify that the produced solution is minimal.

Similar to Lemma 3 one can prove the following lemma.

Lemma 5 Let (Sy,,...,S4,) be a minimal solution of a generic reqular sys-
tem (6). Then for any 1 < j < n there exists a unique q; > k; such that
qj € Su;. It holds |Sy, |4 -+[Su, | < 2n. The subsets Sy, C Su;, 1 <j,1<n
are uniquely defined by the sets Sy, N{0,..., k1 —1},...,5,, N{0,..., k,—1}.

Proof For 1 < | < n assume that the minimum (which is unique due to
regularity of (6)) among {A;; | i € Sy;,0 < i < kj,1 < j < n} is attained
at Ajy jo.1- One can verify (cf. the proof of Lemma 3) that i € Su;, - This
determines the intersections S, ; N {0,...,k; — 1}, 1 < j,1 <n.

Foreach 1 <1 <mn, i € Sy 1, 0 <i <kjy, 1 <4 jo<mn take (a unique)
qj1 > kj such that Ay, ;1 = A; 1, provided that g;; does exist. For each
1 < j < n denote by ¢; the maximum (which is unique due to genericity of
(6), see (16)) among existing ¢;;, 1 <1 < n. One can verify that ¢; € S,; (cf.
the proof of Lemma 3). This determines the sets S,;, 1 < j <n.

We claim that the sets Sy, 1, 1 < j,I < n are determined in a unique way.
Suppose the contrary. Then there exist two different permutations pi,ps €
Sym(n) such that

Ao = Apy )l + apy (1) = kpy () = Apat T ooty — kpoyy 1 <1<

(see (17)). Summing up over 1 <[ < n the second and the third parts of the
latter equalities, we arrive to a contradiction with genericity of (6), see (15).
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Relying on Lemma 5 one can bound from above the number of minimal
solutions of a generic regular system (6) by

S (k1 +C;l11—1>m (kn +din_1>' (63)

di+-+dn<n

Unlike the case n = 2 (see Corollary 4) the gap between the obtained lower
bound on the maximal possible number of minimal solutions (see Theorem 9
and Remark 11) and the upper bound is quite big. It would be interesting to
diminish this gap.

6 Inversions of families of permutations and an upper bound on
the number of minimal solutions of a generic system

In this section we improve the upper bound (63) on the number of minimal
solutions of a generic regular system (6). First we extend the concept of an
inversion to families of permutations and prove an upper bound on the number
of inversions. We view a permutation from Sym(r) as a bijection of the set [r]
with itself.

Definition 14 For w € Sym(r) and an n-tuple 1 <iy,...,4, < r, denote
i, in) = 0 (min{w(i), ..., w(in)}).

We say that {i1, ..., } is an inversion of a family of permutations w1, ..., w, €
Sym(r) if integers Mmuy, (i1,-..,%n),s ..., My, (i1,...,0,) are pairwise distinct.
Clearly, in this case it holds {mw, (41, -y 9n)s - s M, (G15 -+, 0n)} = {i1,. .., in}.

The concept of inversions of a family of permutations generalizes the defi-
nition of an inversion of a permutation w which coincides with inversions of a
pair of permutations e, w where e denotes the identical permutation.

Theorem 10 Considern > 2. The number of inversions of a family wy, ..., w, €
Sym(r) is bounded by
2r"

n-n!

4 O(’I“n_l)
for a fized n and growing .

Remark 12 i) For n = 2 it is well known that the maximal number of inversions
equals r(r — 1)/2.
ii) An obvious bound on the number of inversions is

<r> <2 o,

n n.

Thereby, Theorem 10 improves the obvious bound asymptotically in n/2 times.
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Lemma 6 Consider n > 3. For a family wy,...,w, € Sym(l) there exists
1 < j <n such that the family {wn,...,w,} \ {w;} has at most of

2ln_1 n—2
" +0(1"™?)
INVersions.

Proof of Lemma 6. If 1 < dy,...,i,—1 < [ is an inversion of a family
{wi, ..., wy }\{w;} then among n integers M, (i1, ..., %n—1), .. M, (i1, 9n-1)
there are n — 1 pairwise distinct coinciding with 41, ...,4,_1. Therefore there
exist exactly two integers 1 < j # jo < n such that {i1,...,%,—1} is an inver-
sion of the family {w,...,w,}\ {w;} and of the family {w1,...,w,}\ {w;,}
as well. In other words, my, (i1, ...,in—1) = Moy, (i1, v yin_1)-

This completes the proof of the lemma taking into account that there are

ln—l 5
— + 0"
(n—1)! ( )
(n — 1)-tuples of the form 1 < i1,...,i,—1 <[ and that there are exactly n
subsets of the size n — 1 of the set {wq,...,w,}.

Proof of Theorem 10. We proceed by induction on r. W.l.o.g. one can
assume that n > 3. Denote i; := w;l(l), 1 <j<n Ifi,..., i, are not
pairwise distinct, say 71 = i3, then there are no inversions which contain ;.
Thus, w.l.o.g. one can assume that i, ...,1, are pairwise distinct.

There is a unique bijection
R = Rih“_,in . {1,...,7’ 771} l) {17...,T}\{i1,...,in}
which preserves the order. For any permutation w € Sym(r) denote
W:=R'owoR; ,; €Sym(r—n)

(note that R~1 is defined for any triple {i},...,i,} in place of {i1,...,in}).
Apply Lemma 6 to the family {@r, ..., w,} and suppose for definiteness that

the family {w1, ..., w,_1} has at most of
Q(T — n)nil n—2
0 +O((r—n)"7%) (64)
inversions.
Denote by I(r) the maximal number of inversions in n-families from Sym(r).
The number of inversions {3/, ..., } of the family w1, ..., w, does not exceed

— I(r—1)ifi, & {&,....i};
— (64) if iy € {i, ..., i}, {it,e .o ino1} N {iG ., i) =05
— O ) if iy € {if, .o, {in im0 i) # 0.
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Thus, we get an inductive inequality

2(r —n)n—1

I(r)<I(r—1)+ .

+0(r"?),
which completes the proof of the Theorem.

Theorem 11 A generic reqular system (6) has at most of

2(k1 + -+ k)"
n-n!

+O((kr + -+ k)"
minimal solutions for a fired n and growing ki + --- + ky,.

Proof We define the following permutations ws, ..., w, € Sym(k; + - -+ ky,).
The permutation w;,1 < I < n corresponds to the sequence (18) in the in-
creasing order. In other words, w;(j) equals the place in the increasing order
of j-th element of the sequence (18). Note that the elements of the sequence
(18) are pairwise distinct because of regularity of the system (6).

Observe that for any minimal solution of a configuration (S,,,..., Sy, )
such that

* € Sy Mo NSy, > [Su, | =2n,{ir,... in} = Su, U---U Sy, \ {x} (65)

Jj=1

it holds that {i1,...,,} is an inversion of the family of permutations wy, . .., w,
(cf. (25), (33)).
Thus, the number of minimal solutions of a configuration (65) is bounded
by
2k + -+ ko)™
n-nl

+O((kr+ -+ k)" )

due to Theorem 10 taking into account Lemma 5. The number of minimal
solutions of a configuration (S, ,..., Sy, ) such that

* €Sy, N---NSy,y [Su, |+ 4|, <2n—1
is less than O((ky + - -+ + k)"~ 1). This completes the proof of the theorem.

Remark 13 1) The bound from Theorem 11 improves the upper bound (63)
asymptotically in n/2 times.

ii) In case n = 3 and k := k1 = ko = k3 we obtain a lower bound 5k3/2 —
O(k?) (Theorem 9) on the number of minimal solutions of a generic regular
system (6), and the upper bound 3k3 + O(k?) (Theorem 11).
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