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Let a system {%: AJﬁp[dxﬁ"‘” dxjm]==o}mqé of exterior differen-
tial equationsbe given, where 5, 8xe polynomials in # varighles
X4v..,xn of degrees less than d and skew-symmetric relatively to

multiindices J= Q1:-~,jvn% the square brackets denote the exterior
product of the differentials 4 Xjpr.. o dKjy » EeCartan introduced the
characters and the genre h  of the system. Cguchy-Kovalevski theorem
guareantes the exlstence of an integral menifold (and even of the gene-
ral form) with the dimension less or equal to h ~satisfying the gi-
ven system. An algorithm for computing the characters anq the genre
is designed with the running time polynomiel in ¥, dm" , herein

b denotes the bit-size of the gystem. The algorithm involves the
subexponential-time procedures for finding the irreducible components
of an algebralc variety and for linear projecting a variety due to
the author Jointly with A.Chistove

Introduction

Utilized below notions and stetements about the systems of ex-
terior differential equations and about integral manifolds satisfying
the systems ongcan find in [1]. In [1] the genre of a gystem is defi-
ned (see also sectlon 1 below). This definition entails that in prin-
ciple one can reduce computing the genre to quantifier elimination in
a certein formula of the first-order theory of algebraically closed
fields (gee e.ge [3])e Somewhat modified algorithm computing the gen-
pe is designed below in section 2, 1% hags the complexity (see the
theorem at the end of section 2) conglderably less than the proocedure
from [1]. The algorithm is based on the lemme from section 1 giving
an additional information on the structure of ordinaxy and regulaxr
points (see [1]), which has appsrently an independent interest.
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as in [2, .3, 4] we fix a ground field F of the following
kind. Let F = @(5'4,...,39,)['2] where the elements 51,...,53 are al-
gebraically independent ovexr the field @ of retional numbers and
ig an algebraic element over the field Q (&“---,Se), denote by
¢(Zye Q[ 811L) o minimel polynomial of 1§ .« An arbit-
rary polynomisl {€ FL Xy, Xyl cen be written uniquely (up to a

factor +1) in the form as follows: =2 (@ . i i TR
48, (i B0 R

where 0€4< Mﬂz (4, the polynomials Gq‘,“,”,i,m.{, ,B €
.Z[&,---, Se] , herein the degree dbg&w’ge(%) ig the least
posgible and the (integer) coefficients of the polynomial $ are re-
ciprocately prime in community. Denote the degree dzgdv ge(ﬁf)=
FELRRE
= man _{d»gduh.__’évc(a%_“,4%,,;), d"’ﬂc&,...,ﬁg(g)} , At last define the size

4'43“-1“:%’4'
of coefficients {({) ag the maximal bit-gize among all (integer)

coefficients of the polynomials &j .. iy, & .+ It completes the
description of the field F  and the auxiliary perameters. By F we
denote an algebralc closure of the field Fo.

So, let a system of exterioxr differentisl equations be given

(ofa[1]1)

199 Xy, Kg) =05 444 €K 1)

m_ C1=0: .

#{, EWEJ;AJ‘,,b [d’xﬂ'J""’d'xjm] 0; 'Hm'{k, 4~<.‘{J<\Km,- (2)
Here {‘;”, Ass eFLXy o R4l ere polynomials; the square brackets

in (2) denote the exterior product of the differentials of the vari-
ables d(X“,...,d,ij ; @ multiindex T=(J1s--jm) whexe ALqrre admé ey
moreover the coefficients AJ,L are skew-symmetric relatively . to the
multiindices J . One can sssume Wel.Oe&. the system (1), (2) %o be
differentislly closed, i.e. tha exterior differential of the lef?t
part of any equation (1), (2) is the left part of & ceriain aquation
(2) (provided that this exterior difrferentinl does not venish identi-

cally). One can also suppose wel.0sge that R €W _ginoce for m>i
an equation (2) venighes trivially (011). Denocte Kﬁ; Ky«
o$mAh

Remind ( [1] ) that a smooth manifold is called an integral ma-
nifold setisfying the system (1), (2) if firstly, any its point sa-
tisfies the system (1) and secondly, the coordinates of a tangent To
the manifold veotor of the genergl form in a point, being plugged in-
stead of differentials d/X}p-' -,dxﬂ, , satisfy the system (2).
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We assume the followlng bounds on the parameters of the system
(1), (2) to be valid for w0 (cf. [2, 3, 4]):

diﬁx”._"xm(ﬁmkd; gy g <y dgs 5 7D b b, )

In sequel we need the subexponential-time algorithms Loxr decom-
posing variety (here and below a variety means an algebralc variety
over an algebraically closed field [5, 6]) into lrreducible compo-
nents (see proposition 1 below) and for linear projecting e variety
(see proposition 2 below). Thus, let g{,...,gKeF[X“...,XW]
be some polynomisls satisfying the bounds similar to (3). Consider
the variety W={(y..,%0)€F": (@, Typ)=..= G gy )= 0} of all
common roots of the polynomials. The variety =3I Vs is unique-
ly decomposable into a union of its irreducible (over the field [ )
components W; 1[5, 61 . The algorithm from [2] yields each compo-
nent W.;, in two following manners: by & general point of Wob (in
other words, by a special representation of the field F(WJ,) of ra-
tional functions on W,b ) and by a certain system of equations
with the variety of common roots coinciding with W,,;, (we Bay in
the latter case that the system of equations delermines the variety

W, ).

For a cloged (here and below the Zariski topology [5, 6] is

meent) defined and irreducible over [  variety “cF"

with the dimension di/m('ﬂp)= h—m its general point is a fields
isomorphism as follows:
F(Tyee Ty L0122 F(WPY=F(X,,... . X0 (4)

where the elements Tq,-..,Tw_.ﬂ, are algebraically independent over the
field F , the element 0 is algebraioc over the f£ield F(Ty...,Th-m)s
let Y(DeF[T,,...,TymilZ] be ite minimsl polynomial; X,,...,X,

are congldered here as coordinate functions on W’ o Under the aoti-

on of isomorphism (4) 0-"'»‘1421 0, X4 for guitable integers
L2729,

O$C,b~<.d&g«z(¢’) and Tj ::Xﬁ for 4444%-&% and appropri-
ate indices [ 4,<... <Ay, §W . The slgorithm represents iso-
morphism (4) by the polynomial ¢ , indices 4, ..., Yy-u, inte-
gers 0, and the expressions X;=X; (T ..., Ty-m, 8)€F (T TypmlE(Zor
simplicity of notations we identify )(,;, with its image in the field

F(Ty. s Ty ) [61  under isomorphiem (4), this does not lead to
misunderstanding).
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PROPOSITION 1 ([2], see also [3, 4]). One can design an algo~
rithm which for a given system gy=--. == 0 yields all the ir-
reducible components W « For each component W.(, the algorithm
yields its general point (keep for it the same notations as in (4))
end besides, some polynomials ({}& s € FLXpy.ooy Xyl, 1¢5¢ N such
that W‘*ﬂ{xe F7. (l’&'s ()=10, < N} « Furthermore, the follo-—
wing bounds are true for all :Lndices 1,5 H

2 f A, 2
dogz (¢ deg (W <d™  Nm®d™, degy o (9, ¢d™™
C 8T (D d“%é;,...,o“e,n,_..,?n_m(xd): d"%d;,...,é'e(‘t’a,s)\‘?

$dg td %)Om i 40y, bk, b, ¢ Mredy) c&”’df)om-
H H+e
Finally, the algorithm works within time polynomial in M K, (d d/d .
Now we proceed to linear projecting algorithm of a variety. Let
a polynomial §,€F[X,. ..,X,,,] sat:i.sfy the bounds similar to (3). Con-
sider a proaection fi: F"—TF™ gefined by a formula o (Kpyos Xp) =
(XJ, ,,,,) + Denote a quasiprojective variety [6] W’ {mEW 30(33)7‘0}
PROPOSITION 2 ([3], see also [4]). One can design an algorithm
which for a given family Gos Gy ,gK yields a linear projection
a(WYycF™ E namely sui’ca.ble polynomials §) o F[Xh A
such that W)- where V;\ {m e FM %)\ g (X} = 0
for all 6’>0 and gwtx)-ﬁ 0} = & , end apart from that the
closure V)\ {m ceF™; &, g@=0 for all ¢> 0} is irreducible. Moreo-
ver, the following bounds are valild;

Ou-1m)h) EIR)
d”?x,,,..,,xu%,a)sd ,d.cgd;,_‘_,ge(gh,,)sdz(d, &) s

B(g)\ o) $(M+ed2)(d(n—m)nd{)0(ﬂ; A6 < LI,

Finally, the algorithm runs within time polynomial in M,k
d(l‘t*lﬂ»)wd d )n+e
L)

1 Polar system, Ordinary and regular points

Let us ca.rx-y out some auxiliary construction (eof. E1]). Denote
WO={zeF" 4(0)(90)“‘ 1€ 4 €K} the variety deteminad by the sys-
tem (1) For {4m«<R conslder the variety W (") CF- ) in the
space with the coordinates Xj,...,X,, Kf",...,xw "“’.“ Xm’ determi-
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ned by the equations (1) and in addition by the equations
(8:‘)

(81) X
551 Ay Kiy Ay =0 (5)
for all ¢t ¢m , 1¢is K;  and all possible 'féﬂﬁ..-'(ftsm (which
are fixed for a given equation); herein multiindex J=(f;,...,{y) (see
(2)). (my | FHwH) _ T hin
For 1¢m €R consider a projection £ ~:F — along
m -
the coordinates X;m), Ceey X(”, ., Then &™ (W™)=y¥h , since the
inclusion .‘IL("”)(W('")) c W™D iy obvious and iI;wa{L point (%p..., Tpy- ey
xf"""?,,,,xﬁ”'”)e W b then the point (Ty,.., Ly s %y 20,0 e W™

Let W9 = 9 WA(,O) be the decomposition of W(O’ into & union
of its irreducible (here and helow the components defined and irre-
ducible over the field ' are meant) components, then the variet

W’f’ c Wio) consisting of all nonsingular points ([6]) of W‘Lo)
is open and dense in Wim « The points from Wim are called here
ordinary of the component Wim (cts [11).

Assume that by induotion on m are defined already for some
1$m <R  for every irreducible component W}fm-“,v of the variety
WY e open (may be empty) subvariety W}(W“ C W‘;mq) of
the ordinary points of WWM) and beslides, for each irreducible

W("M) £ the} iet W(m-z) open sub iet
SRR e gy e B -9
Wa cwx c sz of the regular points of Wx A
The conjunction of all the equations of the form (5) in which &p=m
(for all 1<t 4m ) can be considered as a linear system of the
form 4& =0 (it i® celled the polar system, sse [1] ), where &
ig the vector with the coordinates being the variables X:MZ---,X(,,LM)
and & =4™ 15 a matrix over the ring F[x4,...,xn,...,x§"‘“3...,xg;"*“].
Observe that for any point 4 € W an intersection W™n
({%}X‘Fw3={(ﬁ:$)-€ F e, ﬁ?(ijlx=0} where the matrix nﬁi(g) is
obteined from o by plugging the coordinates of the point Y ing=
tead of the variables X;...,X,,..., X,[(W*,)...,X(:fwn , respectively.

Fix an irreducible component Y of the variety WD por
any irreducible component ij’) of the variety W(M) its projecti-
on %™ (Wlm) is also irreducible ([5]), therefore 5™ (W_:,m)) C

W};m‘” for an appropriate (not necessary unique) irreducible com-
ponant Wﬁ(m'_“ of the variety W m- « Purther we oconsider the
components W*(m of the variety W™ for whioh %(m)(WiM))CV‘

For almost all the points QGV the rank 44 (J?(g))=‘t« aqu~
als to a certain integer %4 ([5]), hence foxr every point 4, € Y
an inequality 44 (#(4))¢% holds, teking into acoount that the set
of all the points satisfying the latter condition is closed and on



539

the other hend V is irreducible, Consider some 4xt submatrix of the
metriz Jb  without venishing its determinant A identically on V .
Then an open dense in V subset Vy=Vn{y:Aq)+ 0} is irreducible
([5]1 ). An isomorphism of quasiprojective varieties w™n (VAX?F')Q-*
o Vyx F "% is velid, since for each point 4e&V, a solution of the
linear system (J’o(y))%‘ = () is obtained by arbitrary assigning ve-
lues of (W —4) coordinates not belonging to *x% gubmatrix under
congideration wlth the determinant A , after thait 1 ocoordinates
corresponding to this submatrix are expresged uniquely ((6]). The
variety VA x F"" 1ig irreducible as the product of irreducible ve-
rieties ([5, 6]). Therefore there exists such enirreducible component
U= Wi:m of the variety W that Wj:ﬂ SW™ (Vs F ™).
For any 4% submatrix of the matrix & without vanighing its
dfterminant O; identically on V holds an inclusion UDW‘""’n(VAix_F"')
teking into account that (J is olosed and contains an open dense
suvset W™ a1 (Vg xF=Wn(Vax F) 0{eym): Ay # 0] of the
irreducible set W(Wﬂ(VMX F”) (cf. above). Observe that ﬂi(mJ(U)CV,

indeed ﬁi(m)(U) c W(m.” for a sulitable irreducible component
W o b (m~1) W o

I of the veriety W (see above), then W, contains
th(%, _open dense subset VA of the irreducible component Y y hence

Congider a closed ses U'=Un ({4433‘ (Aa(y)-‘“O)}* ",
where AK ranges over determinants of all #4x% submatrices of the
matrix 4 , evidently U'== U , therefore U =W
tB.,J(VA xF*) (see sbove) is an open dense subset of the set U .
Rémaxk that lg VAK =f{yeV: 1 -(&(3)) =4} . If for an irreducible

component W,,f,m# U of the variety W™ auch that A (Wi_"”) CV__n
holds Wf’m’ Qf{y_% (AJ(%)z O)}x F® +then a set Wimﬂ(lg{'lg!Al(y)*O}xF )

)
= WAEM) nU (VAJXF"') < vU _ is an open d.ens”% subset of the
variety ‘f"’) , this implies an )inclusion U= W,,f (cf. above),
” : —
whence get a contradiction, so WJ’( | C{g : X (AE("j)= 0)) x F* .

Thus, there is exacily one irreducib)le component U of t_he varlety
W(m') among such con_n_pr?nants W‘ém that ﬂi{m”(Wi”“ yc i ’ f?”ni', which
U DW(MJ N (VAKK F™), morsover for any such component W& # U

holds Wim n Vv, xFYy= ¢
¥ oo | AT e (1)
Thersupon consider an irreducible closed set Va{o} c W .
Since U contains an open dense in V x{0} subset U (Vy, #10D )
one infers en inclusion UND Vo {0} , therefore " M (Uy= V .

An ordinary point geVCV ies called s regular point of V it
g (.jt(y)) =4 , in other words the varieiy of all regular points of
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the irreducible component V equals to j =__‘\17 n{y VAK) + Further-
more, the points from the set U=U n(VxF7 { are ¢alled ordi-
nary of the irreducible compﬁonent U . Provided that V 1is an open
dense set in V , the set V is also an open dense subsei of V

and U is an open dense subset of U . Congidering all the irreducib-
le components of the variety W(“::” completes the inductive step in
defining the sets W.p(mq“ and WJEM) .

As s result the following lemmsa is proved supplying us with more
information about the gtructure of the varieties of ordinary and re-
gular points than in [1], basing on which an algorithm computing the
genre of the system (1), (2) will be designed in section 2.

LEMMA. For each irreducible component Wio) of the variety

W(a)c F* (determined by tha) system (1)) there is a unique chain
of varieties Wf), Wdf”, N WA(,R (after an appropriate renumersting

lower indices), herein Wim’ ig an lrreducible component of the

= himt (, M), .y (m=4)
variety W™ cF M and beaides i )(Wi )“Woé tox 1¢m4R.
For any point ?GW_LM_” the inverse image (ﬁ“”’)"(y) NW"™ g g
linear space with the dimension greatexr or equal to n—(so,¢+...+sm_4,,h)
for suitable nomegetive integers S5, ,5, ,,..., moreover for glmost
{m-{ ' " - (m)

all the points yeW," ? nolds (5™ Ty n W™= @™y A W)

and Mm((%(m))-i (14) N Wﬂ:m)=W"(So,&+...+5m.4’&) . The sets, regpectively,

~x ~ (i~ P
of all :::'egu].afnrr;L %nd ordinary points iwnc Wi “c: Wim L of the
component W& are both open dense in Wj’m'“ » apart from that

for every point €Wim' K the dimension of an inverse image
(ﬁm))?{)ﬂ W™ = (03("”))"4(‘;}) N W,,fm') aquals to M —(So.+...+#Sy ), fur-
thermore W™ = (g ! (Vﬁvdfm"”) N wa) . Lastly, for each lrreducible
comp?ﬁgﬁt WJ(;"')#= Woz'"" of the variety W™  such that ﬁ(m’(W;m,)
CW& the following is true: for any polnt #Ye %(m)(WEM)) the
dimension dim ((HL(W)'4(§) N W‘""):-n,—(s,,,& ot Sy a )

Note that dim (WM™ )= dim (W™D y=n— (50 +o ot Sme,n) ([5])-

Only the statement of lemme about namegetivity of integers S,
Sga 00 is not yet proved. One can deduce it f£rom the observatbtion
thet the matrix &=&"" oconsidered earlier, contains all the rows
of the matrix H™ P considered at the previous step of induction
(and besides, may be some other rows, see (5)), because of that 5,,+

_ ) )
o F Sped g —%w;av/}zm_” g (& ty))*;zm_z)%g(cfv ()= 54 4, +10 0¥ Spyeg, 4 ¢

Remind (see [1]) that the largest such integer h  , for which

Sop To et Sp g0 N l‘lf—]flr,,{, ig called the genxe of the system (1), (2)
relatively to the irreducible component W.L) « A numbexr Sy . is

called  WM-~th character of the system relatively to Wim (ef. [1]).
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The (global) genre of the system (1), (2) can be defined as W=
m/aa;{k&} . Recall also (seel[1] ) that through any regular point of
the irreducible component Wm pasges at least one & ~dimensi-
onsl integral manifold satisfying the system (1), (2) for arbitrary
g hu, (in fact, see 1]y Cauchy-Kovalevski theorem allows %o

prove o stronger result on the existence of integral manifolds ).

2., Algorithm computing the characters and the genre and its
complexity analysig.

Now we proceed to desoribing an algorithm computing the charge-
ters and the genre of the system (1), (2). Firstly, find irreducible
components W(m) of the olosed variety W(M) with the eid of pro-
position 1 for m<R « Thereupon the algorithm for each component

W(m) yields its projection az""’(wﬁ ) basing on proposition 2., Af~
ter that for ever}y component Wf} the algorithm finds successively

1 -4
W owe® W )50 that g (WY = W for a11 imeR
{in force of lemma, Wd. is determined uniquely by Wim b )e Fi-

nally, one computes successively 5o, .,.5; and then h, (see the
note just after lemma).

The algorithm has to test a colneldence ot )(W(m)) W(m' !
of the varieties. For this purpose one could again use direotly pro=-
position 1, but this would lead to a worse oomplexi‘cy bound than in

the procedure described below. Let U= W ml be an irreducible
com]t)ﬁgfnt of the variety W m). We show that a coi”z:cidence gl )(U)-
=W, is equivalent to an inclusion W " SW and also is
equivalent to an inclugion ﬂi"’”(U) > W(m 0 . Indeed, suppose the
opposite, let 7" (V) DW and W‘M)(U)¢ W(M—

(m) (H~4) (HH)
5 (U) cV for a certadn irreducible component V= Wlf W‘L
of the variety W( , hence Y= Vo a™ ) o W, y we get
a oontra.diction. Thus g™ Uy c Wi this entails the coinci-
dence & (| and 80 U W'b , teking into account the

inclusion fﬁ«z""j(U W& (Bee the Eroof of lemma).

In order to check the inclusion %™ Wd, recall
that proposition ‘l allows to produce a general point of the irredu-
cible variety W,Lm-“ ’ i.e. a fields lsomorphism of the following

form:

(¢ xw

F T‘I” " @)EHJMF(W(M {))VF(XJ!"-!XIMX-H' e 'ix(m” x(mi))

yrrry

(6)

where q,ﬁdém(Wi i )and let T:j,‘p,ci, play the similar role as in (4).
Besides, proposition 1 allowa to produce a system of polynomlials
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(Fim.'ne F[X“...,X,b,X?),...,XT“”] determining the variety Wimﬂ « Ana-
1ogéus repregsentation (by a general point and by a determining sys-
tem of polynomials) the algorithm produces also for the irreduclble
component U . Basing on propogition 2 the algorithm yields the pro-
jection %™ (U) in the foilowing form: ﬁ(m)(U)=Q Uy, where @# U,
= {1;} e—F:nm': 9)\,6(%)7—0 for al} 6>0 and G\, 0(Y) F 0} » herein

4),6 € FLX s Xps )(4“), Y Sl m{ﬁ_?)uitable polynomials.

Thug, the inclusion &™(U) > W, is equivelent ’ao a state-

M-
ment that for a certain index A an inelusion U, D Wi ig
true. The latter inclusion holds 1ff ,plugging imeges of the coordi-
Xur A k! te1d F(Ty,., )00
nate functions Xi,..os Ay A seen Ay in the field (4,...,0')[ ]

xF(T4,...,Tar)[Z]/((P) under the action of isomorphism (6) into the
polynomials §, ¢ instead of corresponding variables, one obtains
zero elements of the field F(Th---:Tc;) [0] _for all £v0 (see [2]),
teking into sccount the irreducibility of Uy={y€F"™g =0 zor
all 6> O} + Testing the inclusion m) o Wim—ﬂ and so the
coincidence !Jiz(m(U)= Wﬂfm-“ completes describing the algorithm com-
puting the characters and the genre of the system (1), (2).

In concluglon we proceed to the complexity analysis of the al-
gorithm. According to (3) and to proposition 1 the algorithm finds
the irreducible components ngm-” of the variety W™ within
time (Mk(dR) dqdfg,)nkm) . Moreover (see propogition 1), for
the parameters of the general point (6) and of the polynomials (yi”‘“’
the following bounds sre valid (for simplicity of notations we omit
indices denoting by X an arbitrary coordinate functions)i

R R
deg, (9) < (AR d'“ﬂx{,...,xmx{“’,..., ’sm-u(%(,;'”) c@dsR™

¢ () uR; 0
SR PR LT PR/ TG DI

- R
§0, 800, 195 < Meed,) (@RY d) °® and the number of
dy] 2

the polynomials (V.:';q“ does not exceed (WR)2(4+R)MR o By virtue
’
of proposition 2 for yielding the projection JG(M)(W‘;M)) , L.e. the
polynomials g)\,g , and also for plugging the images of coordinate
funotions under isomorphism (6) into the_ polynomials gre the
. w3 R% wRte | 0(4) ’
algorithm suffices time (Mk(AR)* * d.dy) ) « Furthermore,

3
the following bounds are true: dﬂﬂKp--omef",...,x,‘;""" (Q'A,d)<(d4R)a(n R ),

3ol
gy 1 Gre) <R )5 bigy o) <M edy) (R,
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Remind (see sbove) that R¢n . Thus, the following
theorem, being the main result of the paper, is proved.
THEOREM. One cen compute the charaocters o471 Siya2 99,4 o The
genre h, , the global genre }bﬂPW%mr{hé} of the system (1), (2),

besides, the specified in lemma %pains of the varieties Wﬁ?,Vﬂfg.“,

W within time (Mk(d Ryw'R M'z)”m)OU}S(MK((dm“'%d«z)“’i*‘)"“’.
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