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RELATION BETWEEN RANK AND MULTIPLICATIVE COMPLEXITY OF A BILINEAR

FORM OVER A COMMUTATIVE NOETHERIAN RING

D. Yu. Grigor'ev UDC 512.715+518.5

The concept of multiplicative complexity of a bilinear form is introduced for a
commutative Noetherian ring. Rings are described for which the multiplicative
complexity coincides with the rank for all forms. It is shown that for regular

rings of dimension 2 3 the multiplicative complexity can exceed the rank by an

arbitrarily large number.

In this article we study a notation which arises in the theory of algebraic complexity of
computation (the main concepts and problems of this theory are presented very completely in
[L]). One of the problems in algebraic complexity of computation is to estimate the complex—
ity of computing a family of bilinear forms. The tasks of estimating the complexity of com-
puting a product of polynomials or matrices lead to this problem [1]. The complexity of com-
puting a family of bilinear forms is usually estimated over a fiel@ (see, e.g., [1, 2. 1In
this paper we attempt to study the analogous problem for bilinear forms over a commutative
ring (a computational interpretation of this problem is discussed below). The problem of
complexity of a family of bilinear forms over a ring causes difficulties even in the case of

a single form, and we restrict ourselves to this case.

It is shown in [2] that the smallest number of nonlinear operations required to compute
a family of bilinear forms is equal to the multiplicative complexity of the family, as de-

fined below (under certain conditions this assertation can also be proved for bilinear forms

Translated from Zapiski Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo
Instituta im. V. A. Steklova, Vol. 86, pp. 66-81, 1979.
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over a ring). The multiplicative complexity R/%F(A“...,A“\ of a family of bilinear forms
Av ey An over a field F is defined [2] as the smallest N such that there exist bilinear

forms E)B (iéaé Ny each of rank 1 which contain Aj,._., A, in their F -linear span.

n
We note that the computation of a bilinear form of rank 1 requires a single multiplication
of linear forms. It is obvious that R“ﬂFA‘ is equal to the ordinary rank of the bilinear
form A (in what follows we consider the matrices of coefficients instead of the bilinear
forms). If F is algebraically closed and we have a pair of matrices, an explicit formula

is given in [3] (a closely related result is obtained in [12]) for the multiplicative com-
plexity in terms of the parameters of the canonical Welerstrass—Kronecker form of the pair

of matrices.

In this article, we consider matrices over a ring K which is assumed to be commutative
Noetherian with identity in what follows. The rank ’(q A is defined as usual as the largest
ad such that the Wx YV matrix A has an "txt minor different from zero. We define the
multiplicative complexity M\QA as the smallest N such that A“—““Zi;:NE)» for certain Ba ‘

3
of the form Xd.-\’a , i.e., a product of the column vector th by the row vector YZ uTL.'aé_N)

More formally, if Ae HXM’\’\K(\[\ ..K“zKL@(\ (Kﬂ) *uKﬂ)*‘—‘Hm‘n(K\r, K» then

Rg A= mmin K/V?Pf 2 Z 8z e K?\gae(v\‘y\*,meN}

As in the case of matrices over a field, one proves the inequality R%“A >/’t(% A . As we will

ik

see in what follows, the reverse inequality is not always valid.

We give another inequality. Let A&-.u-,Ad be WUWx¥ matrices over a field F and let
K=F['&“...,I¢} be a ring of polynomials. Then R&K(Iil\&*“."’ld}\@—L-RX‘F(A“...,A(*\. In
the situation which we consider, RQK can be interpreted as the multiplicative complexity
in computing the bilinear form (over F) from some parametric family (depending on d param-
eters), where it is required that the method of the computation involve all values of the
parameters in a "unified" way. The reason for studying qu‘ over a ring (and not over the
field of quotients) is that the method used to compute the bilinear form must be suitable
for all values of the parameters xi,...,xd. Matrices of the form x’LAL+"-+xd,Ad. considered
in detail in Sec. 2 correspond to bilinear forms which run over a linear subspace of dimension

<d  in the space of bilinear forms over the field F.

In Sec. 1 of this article we describe the class of rings K such that the equality
RqKA::'(‘qA holds for every matrix A over K . The most important assumption is that the
global cohomological dimension of K not exceed two. In Sec. 2 we characterize RQKA for
matrices of the form %Aﬁ---*-le\A& . In particular, this gives the result that the differ-—

ence RQKA—X,%A can be arbitrarily large for regular rings of dimension greater than two.
T express my sincere thanks to A. A. Suslin for his interest in this work and for valuable
remarks.

1. 1In what follows we will use the following reformulation of R»(}A (we will sometimes
omit the subscript K), where A is a UWxV¥ matrix over the field K. Let McKY be the

module (all modules considered over K) givenby the rows of A. Then R(%A is equal to the
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¥
smallest N such that there exists amodule /V\4 ,MC ML( K which is generated over K by
N elements. If K is an integral domain then "Lq A is equal to the largest number of K-
independent elements of the module M. The ring K is called an R‘% -ring 1if R_qA:*(,qA

for every matrix A over K.

THEOREM 1. A ring K is an Rl% -ring if and only 1f there exist integral domains

V\t‘ﬂ...,\‘\.n such that
=Ko
1) K=K, s
2) (}UﬂrLKlEZ,HQU—-h\ , Where Cawh is the global cohomological dimension ([4, Chap.
71);

3) every projective module over K‘t is free ({{&4&N) (in the case of an integral domain

K, this formulation was suggested by A. A. Suslin).

COROLLARY 1.1. Let I be a principal ideal domain. Then

(a) I is an ?\% -ring;
() I[x] is an Rﬂ) -ring.
(In Sec. 2 we will use the fact that P['.X,\i] is an Rik ~ring, where F is a field.)

Part 2) of Theorem 1 in this case follows from the Syzygy theorem [5]; part 3) for case

(b) follows from a theorem of Seshadri [6].

We turn to the proof of Theorem 1, which will be broken up into two steps, viz., reducing
the general case to the case of integral domains and then proving the result for integral

domains.

LEMMA L. A ring K is an R% -ring if and only if \[\=Y\19"'@Kn , where every Ki. is

an integral domain and an -ring (1£l&ny (such a decomposition 1s unique).
g -

The uniqueness of the decomposition (assuming it exists) follows from general arguments.
; . t
1f \t\ia---e y\ss\ﬂ‘&e---e\ﬁ,t: where the K-(iéu— S) K iL}L.'t) are integral domains and G371 ,
then we choose nonzero %‘Le L P % €K , expand % Et q 1‘—&‘*5“% QY\) and consider the
Al
sets of indices L=h %.q*-()k Then the sets 1 HLLLS) are par1w1se disjoint, so
5=t and the Ii. all consist of a single element: 1\= {I(h} X a permutation of the
. ™~ ‘ V
set li,,_,,S} ). In this case, KL_KY.\’L\'

In one direction, i.e., the fact that the \{\.\‘ (&é{kn\ are R%—rings implies that
y\"—ﬁ Q"'QK_ is an Rq -ring, the lemma is proved as follows. Let A be a matrix over
K. Then A= A*...'A where AL is a matrix over H-L(&G-'u:m and ’L=WP\=mMW.QaA;b.

Ty 3 .
Since the K are R%—rings, there exist columns L ST QK-t and rows Htae(hf)*(iéténi&ﬁaé{)
such that A \5 Uelény . Then A Z. Z E \ (\Z.\-j , and therefore
- k) 46T Llen Letn ‘\'}
WA =RqA.

We turn to the proof of the converse, i.e., that every Rq -ring is a direct sum of

34.1_ 'Ll

integral domains. The fact that each of the summands is alsoc an R,(Z -ring is already obvious.
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Let K be an Rx‘} -ring and denote by K its complete ring of fractions, i.e., the

S
localization of K relative to the multicatively closed set S of all nondivisors

of zero in K. We verify that K is an R,q -ring (this holds for any 5 not
containing zero divisors). Let A (Q, /SA be a matrix over *KS , Where (1 QY\
Sqes . Putting S= nS , we then have the matrix A.-. ((], 5/5 over K.

Therefore, ='L(aA‘:‘(.%A andqthere exist R & Ku and p e(K‘r)* ( 1‘1‘—1) such that
A A
' .
A= 1”% l@ \%L , whence A = 12-&?'*/5‘@‘31" Consequently, K(a A== (QA ;

The standard homomorphism Y\“’KS is injective. We will show below that KS is a
direct sum of fields and that the canonical projections of the ring K onto the components
of this sum (in which we regard K as being embedded) are contained in K . This implies

that K is the direct sum of the projections.
LEMMA 1.1. The ring KS is a direct sum of fields.

We first prove that hs is a semilocal ring (this does not use the Rl} -ring property).

Since V\ is Noetherian, its zero ideal has a minimal primary decomposition (0) = ﬂ (]r s
reiel T4

where q't is a Pi -primary ideal ({&lé& Ly [7, Theorem 7.L13]. Then the set of zero
divisors A \S= Uzﬁ Pi [7, Proposition 4.71], and every ideal contained in K\S is con-
tained in one of the P'L [7, Proposition 1.11(1)]. This and Proposition 3.11(IV) in [7]

imply that the list {5 P\\t contains all the maximal ideals of the ring KS and
=1

(O) ﬂms (]' is a minimal primary decomposition q is an 97 P -primary ideal)
of the zero ideal in KS [7, Proposition 4.9].

We not prove that every principal ideal of the ring K._:., is idempotent, i.e., (1):(;x_2)
-for every X € Y\S.‘ An element xXE YLS is called extremal if 1"“\%1 implies that either
P=(xy or (\A\‘-’(’l\ . The fact that the ring y\s is Noetherian implies [7, Proposition
7.3] that every element is a product of extremal elements, and therefore it suffices to prove
(1)=('$-2\ when X 1is extremal. If (X)#({), then '.x‘d-‘-o for some Y#*O. Consider
the matrix A‘—' %g) . Then XI%A:i and therefore (since V\S is an Rxa -ring) there
y=u¥, . It tup=d) ,
then ¥=0O and \5:—0 . We show analogously that the assumption (Vi)z(i) gives a con-

exist elements \.Li,LLz',,VUVZEK_S such that _:x.=\x1\’i ,40=LL&V2,0=U1 A
tradiction. Therefore, (u&)=(vo=(x), i.e., \lfok'«l.,\f;ﬁl for certain J»,}E V\S , whence
X=dpat , fee., @I=x) .

We recall that (0) ﬂt 15 q/ is the minimal primary decomposition of the zero ideal.

Since the ideal S (]' is 5 p —prlmary, for every 21'—‘—5 Pi ﬁés q for some t, and

therefore (since (TX.\“‘(’.IF\\ X € f)q i.e., 5 q S Pt (il-t‘-f,)- Since the decom-

position (QY = “ S P, is minimal, each of the prlme ideals 9% P: 1is minimal. Hence by
ll:\‘-

the Chinese remainder theorem, KS it K /S P Y. Lemma 1.1 is proved.

LEMMA 1.2. Let V\C K be an embedding of the RQ -ring Y\ in ﬁS , which by
Lemma 1.1 is isomorphic to a dlrect sum of fields FQ OF‘Y\ and let ﬂ’@ QF F be the
natural projections (1¢i&ny . Then f“’l Dq«{'(ﬂ\ (1&1&en).
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We identify A with its image }(K) and let i=(l1+...+&n be an expansion of the
identity (O%QF’ {eien). It suffices to verify that (hu\;o,,.teh (1140 for all represent-
atives O having the form of a fraction b/C (geV\’QES) , in which the ideal (C)Yc W

is chosen to be maximal among the principal ideals corresponding to all possible denominators.

Considering the matrix '(, -8 \ , we then have d,QiAf- ‘)\C*QFO since %/c, eEﬂ ((-%V(
€ EQFB Therefore, ‘(QA‘{ and since W is an . -ring there exist M,'\Lz,ﬁ'“ﬁlé K
such that b=y,5, , 0=u,V, ,¢c=u,%,,¢- t- U, IS Since QW W(WeS because Y, is not a

zero divisor) and (W,)>(¢} , by the choice of C we have (W)=Y , i.e., LLL:‘LQ
for some &L €WK . Hence c—%:&cﬁl and Q=1-4%, € K. Lemma 1.2 is proved.

Lemma 1.2 implies that K:;QC;]&SKK) 3 but every qif(m is an integral domain,
which completes the proof of Lemma 1. We note that we only used the R% ~ring property for
2 x2 matrices in proving the existence of a decomposition of the ring K as a direct sum of

integral domains. It remains to describe the Rld ~rings which are integral domains.

LEMMA 2. An integral domain K is an Ria ~ring if and only if

1) (}PLUM‘\L

2) every projective K-module is free.
We prove an intermediate lemma.

LEMMA 1.3. An integral domain X is an R,QG -ring if and only if, for every module

Mc Kn , T(Hn/m =0 (i.e., Kn'/M has no torsion) implies M is free ( TUV\Q is the
torsion submodule of /V\i , ¢f. [7, Chap. 3, Ex. 12]).

Let K be an integral domain and an R’(ﬁ -ring, Mc Y\n and T(Vln/r"\')=0 . Let
MCMACK_“’ T=1g M and Mi be generated by % elements (by the R% ~ring property), so
that 'U%Mi:'t . Assume that M#M . and let Q,.....0¢ be K-independent elements of M
and Q€ M1\M . Then for some .L,.k“_”’,gzéh (L#D) we have o(_a,*'z_;t ta,h O, l.e.,
0eM ; buc together with the condition T(Kn/M) this implies G.€M . This contradic-
tion shows that M=|\’\L , which means that M is generated by % elements which form a

free-module basis.

Conversely, let MCKn and 'L='U3M . We define the module Mf{OfZKn' such that
«{((1€M for some O#dLe Y\,} . Then "Q M‘f-’uafv\ . Moreover, T(Y_\“/M;FQ . Therefore

Mi is a free module of rank C , which completes the proof of Lemma 1.3.

We prove Lemma 2 using Lemma 1.3. Assume the ring K satisfies the condition stated in
Lemma 1.3 and let P be a projective module, P@Q:—.\/\n . Then T(VL“[P)=T(Q.)=O, and
therefore P is free. Assume that WK?& . Then by [4, Corollary 1.5 and Chap. VII,
Ex. 2] quK‘—'S\,Lp{d}\(Y\JL\, where L. is an ideal in K\:b S\A‘p{d’tL1 where L. is
an ideal in V\} . That is, for some ideal L€K we have dhL22. 1Let L be generated
by U elements &i,___,o("eﬁ. Let g be the epimorphism KQ«-‘LL, , where Yt('~w Ke.- owt}{
and (}(\)&IL\:&.t Hé{él) . Then the sequence O*——V\M_QQK-"\;’O is exact, and since d/fLL32
the module Kax q is not projective, On the other hand, T (W' /M%)*T(LJ Q, so th4t
K,u(,g is free.
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h
n n
Conversely, let Mch and T M;)"‘O(MEK/M). There exists a monomorphism
5
MiC- W* for some +t. Consider the exact sequence
h o n t t
0 —M-=KEK—K /M —O0
where 5:1 is the composition of the projection of Krl onto Mi and the monomorphism & .

Since W\K‘—“Z , M is projective and therefore free. Lemma 2 is proved.

Theorem 1 follows from Lemmas 1 and 2. We make a few remarks.

COROLLARY 1.2. Let W be a commutative Noetherian local ring and assume Wﬁéz .
Then H is an R)(a -ring.
The fact that l’\ is an integral domain follows from [5, Chap. IV, Theorem 5 and its

Corollary 4]. For theproof that every projective module over a local ring is free, cf. [6].

In connection with Theorem 1, the question arises whether it is possible to estimate
R . i , .
lquA in terms of ’CLJ A and, perhaps, certain other characteristics of the ring h
It turns out that this is easy to do if WKQQ,. This shows that the condition %th}/téz

is very important in Lemma 2 and Theorem 1.

COROLLARY 1.3. Let the integral domain K be a commutative Noetherian local ring and
WL\Q:(X*Z, A a matrix over K . Then R,qAé‘o(aA+(i (in particular, if K is a
Dedekind domain [7, Chap. 9] then R& Aé'(,%/\*'i\,

Let Mc Kn and M='1. As in the proof of Lemma 1.3, we construct the module
=[\N e’\ﬁﬁn'.o(we“'\‘ for some 0’#0(6\‘1}. Then g Mf’d%f“\ .and T(Y\“/\"\iko, As in
the proof of Lemma 2, we construct a monomorphism ma"Kt , where M‘2_= Y\n“"‘i, and an exact

sequence () — —*Kn*Y\‘—"Vl{/N 0. since dhheza , M, is projective.
A 2 {

1
We use a result due to Swan [8]. Writing (m) for the smallest number of generatin
g g

'
elements of the module [ , the main result in [8] and the Syzygy theorem [5] imply that
(%U‘L(m‘\ W%U\((m\p)*d where (M\P_ is the localization of r'\ by the prime ideal
PCY\ . The module (MDP is free since it is projective over the local ring K

Moreover, "(Q(M“) —'(%m('t , and therefore %’U”L((MQP\‘J{& Finally, gfﬂ(ml\é“cAd . Corollary

1.3 is proved.

As in the case of matrices over a field, the function Rq can be extended to families
of matrices over a ring K (here we assume that K 1is an integral domain) and the question
posed in Theorem 1 can be considered, viz., what are the conditions on K in order for
R%“(Ap...,AnFRqF(A!, LA to hold for every Nn»1 and all matrices Ay,.,A, over K, where F
is the field of quotient of K ? It can be shown by carrying the proof of the main result in

[9] (for the case of an exterior product) over to the case of tensor products that the above

equality holds only if V\,=F

2. In this second section we consider rings of dimension greater than two. As follows
from Theorem 1, M{\7\%[\ for certain matrices A over suchrings. We will strengthen this
inequality below and show in particular that the difference RQA"L(%A is unbounded from

above for an extremely large class of rings of dimension greater than two (it is of interest
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to compare this result with Corollary 1.3).

Let H, be a commutative Noetherian regular ring and an integral domain and assume
d:(}f,dhﬁ (in our problem, the important example is the case FL’F[(Lh...,I.d], which we
keep in mind in developing our arguments). We also impose a not very burdensome constraint
of a geometric character on the ring K , i.e., the ring WK embeds in residue field F=‘ﬁ,/n1
modulo its a maximal ideal M of height d (in this section we consider only rings satisfy-
ing this restriction). We denote by X, 4..4%4 elements of the ideal M which project in
the F -vector space m/m?* to form a basis (the existence of such elements follows from
results in {7, Chap. 11, Sec. 3]). The above restriction is satisfied, e.g., when the ring

LA is the coordinate ring of a variety of dimension greater than two.

In this section we limit ourselves to considering matrices of the following form and
characterize R’ék for them. A matrix over the ring K is said to be square-free if its
elements are F -linear forms in XL,s»X g In what follows we will use the following re-
formulation of the definition of RféA « A Wxy§ matrix): R% A is equal to the
smallest N such that for a certain W*N matrix B and Nx§ ~matrix € we have
A=b(

LEMMA 2.1. Let the matrix A be square-free. Then R,Q A is equal to the smallest

N such that A can be transformed into the form

y_ tq

» ¥
W-p 0 J .  where N:P*Or(P%qr)O)’

using elementary transformations over the field F (here and below the displayed matrices are
broken up into blocks, and if the form of the submatrices in any block is known, this is

specifically indicated).

Since elementary transformations do not change R’% ,» the inequality RﬂAﬁ“—N is
obvious. Conversely, assume that A= P)C , where E) is uxN matrix, C an /Vlﬁ
matrix (N:R,%A\. Since K= F+m, there exist nonsingular F -matrices C’(,‘ and GL

such that

. P N-p

p % 9o .

Gib(} = 0 ﬁ“ﬁv + P),
* uwp O o)

where Q#p, € F(ié{l-})) and all the elements of the matrix B belong to the ideal M
Since GiA‘—‘-(GiE)GZ)(G;C) and GsA is square-free,

)
4 C, |P
Gz(' - C, |Jn-p )

1993



where all the elements of the PXTY submatrix Ci belong to m_ .,

Analogously, there exist nonsingular F -matrices H1 and Hz such that

p N-p 9 V-9
-1 Uiy O ,
H=[0 4 wma NG CH= ¢ 5 0O Jee,
O N 4
o N4 O ‘
where all the elements of C' belong to wm; O+ lj’LéF' (14:1',&0'), The matrix equality

A = BC then takes the form (GABGz\-\—:)(\—\iG‘:QHz):GiA Hz’ and if

g Vg

G AN, - e

then using the form of the matrices Gigclef and HL(I:(— Hl we obtain that all the

elements of the (\,\—p\x(\s-a(\ matrix A’ belong to m? ; but on the other hand, they are

¥ -linear forms in 'X“...,I(L Since the Xy,., x4 are F-linearly independent,

A=Q . We conclude the proof of Lemma 2.1 on the basis of the inequality R(aA =N >p+q .
Remark 2.1. The lemma just proved permits a reduction of the calculation of square-free

Rcs matrices over rings which satisfy the restriction stated above to solving a system of

equations and inequalities over the field F. Therefore, in the situation which we consider

it is enough to study Rq over the ring FK&;,,..,&A\.

The following reformulation of Lemma 2.1 will be used in the sequel. Namely, R,qA-
mu\_ku,wd ~, T ),where %A(, O for certain F-matrices B and C such that 1’%% =", “(,c‘](, T,

LEMMA 2.2. Let the matrix A be square-free and have the form ,A Ab\ , Where Ai_ and
A are Ll:\gi and u.amiz matrices. Then R%A A +R1:3A

2
Proof. Let BAC=0 and wﬂ&:bi,uag,:’oz (with dimensions '(_i*u and ﬁx't_z ). We

write down the above matrix equality in block form:
AR,
= ‘ BLE)Z\‘ \ \ B A *BlAbc'?.‘* BzAz,Cz'

By our assumption, the intersections of the left and right kernels satisfy

MQBI n H'u't BZ= {0] b} M\.Ql““m’t('z= {0} - (1)
Writing 5='t-(a RNL%B{ ,c='u3Ku‘C1., we have

=10
((K%[BL)BZ)ALC;{O}, BlAi(CLU‘u‘Cm H (2)

It follows from (1) that "q({ K‘“’LBD%D=‘%7 \%ﬁc’i(mmcz\\=c' Then (2) and Lemma 2.1 give

the inequalities
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£ ~-{o+r-c
R%Aié u+Y - Ce-b+ey, Rq A, W, + Uy o ¢}
Adding these and again applying Lemma 2.1, we conclude the proof of Lemma 2.Z2.

COROLLARY 2.2. Rg é%\=R%A*R%B (AR square-free).
We introduce the following functions defined on the positive integers and study their

properties. Put de‘c) SUP ng A , where the SLLP is taken over square-free matrices
A and rings K satisfying the conditions (}uu\ Y\ d F V\/mCK for some maximal ideal ™M

of height d. Since the elements X,,..,X,; are algebraically independent over F (ct. [7,

Corollary 11.21}), wemay by Remark 2.1 take K to be F{XU:., ld] . We also define RP('L)
= Sup Rtﬂl Since the subsequent results are valid for any field F, we omit the subscript
F in Rg (I conjecture that in fact RF and Rt RF do not depend on F). Corollary 2.2
implies

. e
COROLLARY 2.3, R vt)7RUT) +Rce) R Ri Ry

We now estimate the function 'Rd(u from above.
a k9
LEMMA 2.3. TFor every 7] we have the inequalities R (X} £ T+ {%]4— l{—%—l*”*ézx,
where the number of terms in the sum is d-} (d7z2) ¢ {el dis the integer part of 2).

The proof is by induction on  and T . The induction is started using the equalities
RZL"Q:“C (Corollary 1.1) and Ra(1)=1 (which follows from the fact that the ring
F[I“‘..,xdl is factorial and Remark 2.1).

In the general case (d>»3 ,L22) we carry out the following F'elementary transformations

with a Wx¥ square-free matrix A. (We say that a linear form contains the variable

X, Aetsdy if the coefficient of X, in the form is nonzero.) If some element of A con-
tains Xy, then we move it into the upper left corner and then arrange that no other element
in the first row or first column contains %X,. Consider the (W-1}x(¥~1) submatrix A of

A obtained by crossing out the first row and first column. If some element of the matrix
A' contains X, , we treat it just as we did A' , etc. Assume that after ti steps

( \:4>O) the elements of the (u—ti)x(ij\-_i) submatrix of A obtained by crossing out the

first t, rows and columns does not contain X,

We then move some element of this submatrix containing X, (if it exists) into the upper
left corner and arrange that no other element in the first row or column contains X, , etc.
After *’Z such steps (£,20) the elements of the remaining (Lk~tft7_) x(’ﬁ—ti‘t‘l\ submatrix do

not contain 11311 5 we carry out the procedure analogously with xb , etc.

As a result of the F-elementary transformations, the matrix A is reduced to the form

Lt..,Ltth" .
11 'L ey C
N
N
B 0

2 2
where only the forms L’;_},___,.\__ti contain the variable X, 5 only forms Lu”'vi—'t;"'contain

1995



X, in the (w- t\XUS t ,) submatrix obtained from A by crossing out the first Y, rows and
columns, and only the forms L Lu(&’:&‘:dﬂ{&/O’,,,ﬁl_f()‘tQ’i) contain the variable X

in the submatrix obtained by crossing our the first t&*"”rtt_i rows and columns.

We put t:ti*"'tz . Then the *txt submatrix in the upper left-hand corner of A is
. . t t . .
nonsingular. Indeed, the monomial :nt".l; Ill appears in its determinant with a nonzero

coefficient. Therefore, vg:hg%}\;t .

On the other hand, "t(aE) +‘t£a(’-‘“( . Without loss of generality we may assume that
"U%Bé (/21 . We also remark that the elements of the matrices B and C do not contain vari-
able X, . Therefore, RﬂA ét+Rd_i([t/2)\, which completes the proof of Lemma 2.3.

We now use the following well-known fact [10, Problem 98]: if lj“‘jz, are real numbers
with (f-u-alﬁ“it* (.‘Ia. for all L,a and {\i{_\_} is bounded from below, then the limit QA 564
AT oe

d
exists. Using Corollary 2.3 and Lemma 2.3, we apply this result to the sequences [-R Vy
and {K(l)},c” We calculate the limit lima R®

oo T °
i RCO
.

L |

THEOREM 2. =2 .

Remark 2.4. The following sharpened form of the theorem is obtained from the proof given

Za(, 2d -4 ~
below and Corollary 2.3: b.xn R 2 m R () deli . This gives in particular

> oo L e

the result promised above, saying that the difference RQA—ZQA is unbounded for matrices
A over a ring of dimension greater than two. Moreover, the properties of the matrix Az 2
3

constructed below, together with Lemma 2.3 and Corollary 2.3 give R (T)“l%'ﬁl .

In what follows we construct a sequence of square free matrices {A An over the
. . . 2n
ring F“x’v“"&zn-iv n=4,2, .. ) satisfying '(n:-‘(ﬂa\:(&n—l) R RQA ( . By
Lemma 2.3, this will imply the theorem.

We construct the family of matrices ASt(s,‘t%i) by induction on s and t in the

following six steps:

_ S+t-1 S+t -4
1) A‘b,t has dimension.\L 15'5{ u's,t—( 5-4 ), 65{: ( G \,

sk 3
2) every nonzero element of the matrix A gt 1s equal to % X, (1cr45+t-1y,
: VL oy . e :(S+t-2
3) every variable Cr.-t(iéi—sd—i) appears in exactly SA 94 elements of the

matrix Astj, and these % N elements lie in different rows and columns;
y S!

4) every row of the matrix AS£ contains ‘{’, nonzero elements and every column con-—
b

tains S nonzero elements;

59 A 'AM'L=O (skziy;
6) egAgy =Tgy» R AT Mn (Wgy By

ERXTY

m LRy
The matrix AS\_ is the Sx{ column -1_:_& s Ait is the 4xt row
' 1%
(7 . Conditions 1)-4) and 6) hold for the matrices As,g, and A;,{: and Aa,z‘ A2‘=0.
We now construct the matrix A . (St z1)
S+4 L4
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o= it «t&i i
S¥+il

E . , o , . _(S*t)
where is the identity matrix with side stteg VS

Conditions 2) and 4) are verified directly using the induction assumption. Conditions

1) and 3) follow from the identity (S*SJ‘“M (5‘*‘1):(5*{\ . We verify condition 5):

S-{ S
A . A = A sk :I’SJr’cE AS*& A 1$ttE =0
c.)"t‘f&. Sd"iv*' O ‘.As-i;\-ﬂi O - As‘i

by the induction assumption. This matrix equality is meaningful for 5}—?2 . It can also
be given a meaning for S=1 or t=1 , and condition 5) can be verified directly for such

values.

From condition 5) we obtain

A A

x
sty :Lsntq seit s o

A = . .
“3 s+l ted (3 N S+i b
E O O ~Agin
It remains to evaluate RQ A\sn.k#i’ For the sake of definiteness, we assume that
S<t . Let BF\%&{“C=O , where E),C, are F-matrices, and let P':'L%%'q/:“uiﬂ . We
denote by %& (Ca\ the i~th column (j~th row) of the matrix E)((/\ . TFor each N{{=«mn
«Ss+try). let t 4’”"tﬂ$.(6nA’”’§mQ‘ be the indices of the rows (columns) in which the

variable X, (o= téxh) appears. Then by condition 3) we have

b, ,CLHQ( Gy VEE (ny

\'\..'L

Assume the %Q{v..,%~ are 1inearly independent and let the €, vn,Cé also be linearly

‘LP 3 Q’
independent. We write E)n for the cardinality of the set { &f\{{n{, 18 and

%ﬁj for the cardinality of {31""’3Wk(\i5nA‘””Snx}' Then by condltlon 4)

ksnasahJDn“

't+1)f) E q;16+ﬂ$ On the other hand, the inequality (n) implies that Pn+C}nérL
{shesseny S+b+4
Therefore, (AL+S)(P+Q) L(i*53P+(i*{jq‘”C(9{ﬂ)’ i.e., (Pro)s 5*1)=ﬁ§4¢+1"

Lemma 2.1, Kq‘AEw1tH.{%ﬂ£¢i . Condition 6) is verified. Finally, we put Angan . The

Hence by

theorem is proved.

Remark 2.5. The above construction of the matrices Aﬁst is similar to the construc-
tion of the mapping cone for complexes [4, Chap. 2]. That is, let F)=[T[EL“3%A”_} be the
polynomial ring in infinitely many variables. Consider the following sequence of finite com-

plexes consisting of free finitely generated P -modules:

C,: . 0—P—0-

¢, O p‘AA“p Q-

Gy O -plozt P—-—*P1

(.; ...p_,:piAHP _‘P(‘\Aluups”\ .’P"Au P‘L"""O'
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Then the complex Cl*l(Q,;O)‘ is the cone of the chain map ‘%1 C,—C, given by com-
ponentwise multiplication of the modules by the variable ¥¢4;. Condition 5) in the state-
ment of Theorem 2 just means that CL (L>0) is a complex. In this connection it would be
interesting to give a "homological proof' of the estimate for ‘haASi . This would probably

shed light on the properties of R% for arbitrary matrices.

In this section we have studied the behavior of Rq for square-free matrices. I do not
know any analogous answers for matrices of arbitrary form; e.g., is -izﬁﬁ,RI%KA bounded
for w©=z2 and K a regular ring of dimension greater than two? I conjecture that we always
have the inequality RqKA‘:(,K-'ch , where (’K depends only on the ring K . The analog
of Corollary 2.2 (additivity of Rq ) for an arbitrary regular ring is false. We give a

_|\B-1 2

counterexample. Put K =7 [\Fj} 3 A 2 VE+1

A
and let A"f:L)A"O/ be the matrix
‘A

containing n copies of A along the diagonal. Then TL&A“frl , and therefore since K 1is
Dedekind, Kl\nﬁn*i , by Corollary 1.3. On the other hand, qu\‘l . At the same time,
I believe that additivity of Rg holds for polynomial rings.

When the ring K is not commutative, I know a reasonable definition of 1% only in
the case when K is a division ring (using the Dieudonne determinant [11]). In this case

the equalit = is satisfied for every matrix A over the division ring K.
y " Tﬂ y
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