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Resolution

A ∨ x,  B ∨ ¬x
A ∨ B

Given an unsatisfiable CNF formula 𝜑,   find a proof of its 
unsatisfiability, i.e. a derivation of ⟂, using the inference rule: 

e.g. what is a Resolution proof of:
(¬x ∨ a ∨ b) ⋀ (x ∨ a ∨ b) ⋀ (¬b ∨ z) ⋀ (¬a ∨ c) ⋀ (¬c ∨ y ∨ z) ⋀

⋀ (x ∨ y ∨ ¬z) ⋀ (x ∨ ¬y) ⋀ (¬x ∨ ¬w) ⋀ (¬x ∨ w ∨ ¬z) ⋀ (¬c ∨ x ∨ w)?
[Huang, Yu ‘87]

A,B clauses, x variable
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Size(π)

# of clauses in the proof π

Size(𝜑 ⊢⊥)    = minπ Size(π)
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Width

# of literals in the largest 
clause of the proof π

width(π)

width(𝜑 ⊢⊥)    = minπ width(π)
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Clause Space

pebbling number of the DAG π

CSpace(π)

CSpace(𝜑 ⊢⊥)    = minπ CSpace(π)
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of the clause covered 
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of the DAG π

weight as the # of literals
of the clause covered 
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Total Space

TSpace(π) 

weighted pebbling number
of the DAG π

TSpace(𝜑 ⊢⊥)    = minπ TSpace(π)

weight as the # of literals
of the clause covered 
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Ω((width(𝜑⊢⊥) - k)2)
[B ’16 (to appear)]



9

The theorem

  For every unsatisfiable k-CNF formula 𝜑
TSpace(𝜑 ⊢⊥) ≥ (width(𝜑⊢⊥) - k - 4)2/16

or more precisely
TSpace(𝜑 ⊢⊥) ≥ (awidth(𝜑⊢⊥) - 2)2/4

or more precisely
every pebbling of a Resolution refutation of 𝜑 must contain a configuration 
of at least (awidth(𝜑⊢⊥) - 2)/2 pebbles each covering a clause of at least 
(awidth(𝜑⊢⊥) - 2)/2 many literals.

[B ICALP’16 (to appear)]
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Proof scheme
  For every unsatisfiable k-CNF formula 𝜑
TSpace(𝜑 ⊢⊥) ≥ (width(𝜑⊢⊥) - k - 4)2/16

width awidth

combinatorial characterization of awidth 

TSpace lower bound

[Beyersdorff, Kullmann ‘14]

roughly as in [B, Galesi, Thapen ‘14]

[Kullmann ‘99]

Is there a more direct proof?
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Asymmetric width

max AW of a 
clause in the proof π

awidth(π)

AW(            ) = min size of predecessors

[Kullmann ‘99]

AW(            ) = 0

awidth(𝜑 ⊢⊥)    = minπ awidth(π)
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Proof scheme
  For every unsatisfiable k-CNF formula 𝜑
TSpace(𝜑 ⊢⊥) ≥ (width(𝜑⊢⊥) - k - 4)2/16

width awidth

combinatorial characterization of awidth 

TSpace lower bound

[Beyersdorff, Kullmann ‘14]

roughly as in [B, Galesi, Thapen ‘14]

[Kullmann ‘99]
✔
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𝛽 ∃

width
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TSpacePC(PHP(m,n) ⊢⊥) = Θ(n2)
TSpacePC(CTn ⊢⊥) = Θ(n2)
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