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Proof Complexity and Expansion

@ General goal: Prove that concrete proof systems cannot
efficiently certify unsatisfiability of concrete CNF formulas

o General theme:

CNF formula F' “expanding”
\

Large proofs needed to refute F'

o Well-developed machinery for resolution

@ Very much less so for polynomial calculus
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Main Message

Theorem (to be made precise later)

CNF formulas that are “expanding” according to (nice and clean)
combinatorial condition are hard for polynomial calculus
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Main Message

Theorem (to be made precise later)

CNF formulas that are “expanding” according to (nice and clean)
combinatorial condition are hard for polynomial calculus

e Extends an approach from [Alekhnovich & Razborov '01]
@ Unifies many previous lower bounds for polynomial calculus

e Corollary: Lower bound resolving problem in [Razborov '02]
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Main Message

Theorem (to be made precise later)

CNF formulas that are “expanding” according to (nice and clean)
combinatorial condition are hard for polynomial calculus

e Extends an approach from [Alekhnovich & Razborov '01]
@ Unifies many previous lower bounds for polynomial calculus

e Corollary: Lower bound resolving problem in [Razborov '02]

This talk:
@ Theorem statement clean, but quite involved proof
@ Therefore, present main ideas for resolution (way simpler)

@ Bonus: general formulation of combinatorial conditions
comparing and contrasting resolution and polynomial calculus
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Outline

@ Proof Complexity Overview
@ Preliminaries
@ Resolution
@ Polynomial Calculus

© Lower Bounds from Expansion
@ Resolution Width
@ Polynomial Calculus Degree

@ Pigeonhole Principle

© Open Problems
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Notation and Terminology

Literal a: variable x or its negation T

o Clause C = a1 V ---V ag: disjunction of literals
(Consider as sets, so no repetitions and order irrelevant)

CNF formula ' = Cy A --- A Cy,: conjunction of clauses

k-CNF formula: CNF formula with clauses of size < k = O(1)

e M = size of formula = # literals (= # clauses for k-CNF)

N = # variables < M
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Proof Complexity Overview Preliminaries
Resolution

Polynomial Calculus

The Resolution Proof System

Goal: refute unsatisfiable CNF 1. zVy
Start with clauses of formula (axioms) 9. ZVFVz
Derive new clauses by resolution rule _
3 TVz
CVvz DVvzx -
Refutation ends when empty clause L 5. TVZ

derived
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

The Resolution Proof System

Goal: refute unsatisfiable CNF 1. zVy Axiom
Start with clauses of formula (axioms) 9. &VTVz  Axiom
Derive new clauses by resolution rule _ .
3. TV z Axiom
CVzx DVzx = .
OV D 4. yvz Axiom
Refutation ends when empty clause | 5. TVZ Axiom
derived _
6. VY Res(2,4)
Can represent refutation as
- 7. x Res(1,6)
@ annotated list or
@ directed acyclic graph 8. T Res(3,5)
9. 1 Res(7,8)
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Proof Complexity Overview Preliminaries

Resolution
P

olynomial Calculus

The Resolution Proof System

Goal: refute unsatisfiable CNF
Start with clauses of formula (axioms)
Derive new clauses by resolution rule

CVzx DVvzx
CcvD

Refutation ends when empty clause L
derived
Can represent refutation as

@ annotated list or

@ directed acyclic graph
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Proof Complexity Overview Preliminaries

Resolution
P

olynomial Calculus

The Resolution Proof System

Goal: refute unsatisfiable CNF
Start with clauses of formula (axioms)
Derive new clauses by resolution rule

CVzx DVvzx
CcvD

Refutation ends when empty clause L
derived
Can represent refutation as

@ annotated list or

@ directed acyclic graph

Tree-like resolution if DAG is tree
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Resolution Size/Length

Size/length = # clauses in refutation

Most fundamental measure in proof complexity
Never worse than exp(O(N))

Matching exp(£2(M)) lower bounds known

(Recall N = # variables < formula size = M)

Jakob Nordstrom (KTH) A Generalized Method for PC Degree Lower Bounds St Petersburg May '16  7/35



Proof Complexity Overview Preliminaries
Resolution

Polynomial Calculus

Examples of Hard Formulas w.r.t Resolution Size (1/2)

Pigeonhole principle (PHP) [Haken '85]
“n 4+ 1 pigeons don't fit into n holes”

Variables p; ; = “pigeon i goes into hole j”
Pi1 Vpia2V- - VDin every pigeon i gets a hole
Dij V Py no hole j gets two pigeons i # i’

Can also add “functionality” and “onto” axioms

Dij VD no pigeon 4 gets two holes j # j'
P1,; VD2,; V-V Dnt1,j every hole j gets a pigeon
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Examples of Hard Formulas w.r.t Resolution Size (1/2)

Pigeonhole principle (PHP) [Haken '85]
“n 4+ 1 pigeons don't fit into n holes”

Variables p; ; = “pigeon i goes into hole j”
Pi1 Vpia2V- - VDin every pigeon i gets a hole
Dij V Py no hole j gets two pigeons i # i’

Can also add “functionality” and “onto” axioms

Dij VD no pigeon 4 gets two holes j # j'
P1,; VD2,; V-V Dnt1,j every hole j gets a pigeon

Even onto functional PHP formulas are hard for resolution
“Resolution cannot count”
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Examples of Hard Formulas w.r.t Resolution Size (1/2)

Pigeonhole principle (PHP) [Haken '85]
“n 4+ 1 pigeons don't fit into n holes”

Variables p; ; = “pigeon i goes into hole j”
Pi1 Vpia2V- - VDin every pigeon i gets a hole
Dij V Py no hole j gets two pigeons i # i’

Can also add “functionality” and “onto” axioms
Dij VD no pigeon 4 gets two holes j # j'
P1,; VD2,; V-V Dnt1,j every hole j gets a pigeon

Even onto functional PHP formulas are hard for resolution

“Resolution cannot count”

But only lower bound exp(&)(\?’/ ]\[)) in terms of formula size
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Examples of Hard Formulas w.r.t Resolution Size (2/2)

Tseitin formulas [Urquhart '87]
“Sum of degrees of vertices in graph is even”

Variables = edges (in undirected graph of bounded degree)

@ Label every vertex 0/1 so that sum of labels odd

@ Write CNF requiring parity of # true incident edges = label

(xVy A(TVz)
AEVY)  A(yVE)
A@VE)  AGV2)
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Examples of Hard Formulas w.r.t Resolution Size (2/2)

Tseitin formulas [Urquhart '87]
“Sum of degrees of vertices in graph is even”

Variables = edges (in undirected graph of bounded degree)

@ Label every vertex 0/1 so that sum of labels odd

@ Write CNF requiring parity of # true incident edges = label

(xVy A(TVz)
AEVY)  A(yVE)
A@VE)  AGV2)

Requires size exp(Q2(M)) on bounded-degree edge expanders
“Resolution cannot count mod 2"
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Proof Complexity Overview Preliminaries
Resolution

Polynomial Calculus

Resolution Width

Width = size of largest clause in refutation (always < N)
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Proof Complexity Overview Preliminaries
Resolution

Polynomial Calculus

Resolution Width

Width = size of largest clause in refutation (always < N)

Width upper bound =- size upper bound

Proof: at most (2IV)"idth distinct clauses
(And this counting argument is essentially tight [Atserias et al.'14])
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Resolution Width

Width = size of largest clause in refutation (always < N)

Width upper bound =- size upper bound

Proof: at most (2IV)"idth distinct clauses
(And this counting argument is essentially tight [Atserias et al.'14])

Width lower bound = size lower bound

Much less obvious. . .
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Width Lower Bounds Imply Size Lower Bounds

Theorem ([Ben-Sasson & Wigderson '99])
For k-CNF formula over N variables

(proof width)? ) >

f size > Q
proof size > exp < < N
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Width Lower Bounds Imply Size Lower Bounds

Theorem ([Ben-Sasson & Wigderson '99])
For k-CNF formula over N variables

(proof width)? ) >

f size > Q
proof size > exp < < N

Yields superpolynomial size bounds for width w(\/Nlog N)
Almost all known lower bounds on size derivable via width
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Width Lower Bounds Imply Size Lower Bounds

Theorem ([Ben-Sasson & Wigderson '99])
For k-CNF formula over N variables

(proof width)? ) >

f size > Q
proof size > exp < < N

Yields superpolynomial size bounds for width w(\/Nlog N)
Almost all known lower bounds on size derivable via width

For tree-like resolution have proof size > 2¥idth [BW9Q)]

General resolution: width up to O(y/Nlog N) implies no size
lower bounds — possible to tighten analysis? No!
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Proof Complexity Overview Preliminaries
Resolution

Polynomial Calculus

Optimality of the Size-Width Lower Bound

Ordering principles [Stalmarck '96, Bonet & Galesi '99]
“Every (partially) ordered set {ej,...,e,} has minimal element”

Variables z; ; = “e; < e;"

Tij VT anti-symmetry; not both e; < e; and e; < e;
Tij VTikV Tik transitivity; e; < e; and e; < ey implies e; < e,

vlgign,i;ﬁj Tij e; is not a minimal element
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Proof Complexity Overview Preliminaries
Resolution

Polynomial Calculus

Optimality of the Size-Width Lower Bound

Ordering principles [Stalmarck '96, Bonet & Galesi '99]
“Every (partially) ordered set {ej,...,e,} has minimal element”

Variables z; ; = “e; < e;"

Tij VT anti-symmetry; not both e; < e; and e; < e;
Tij VTikV Tik transitivity; e; < e; and e; < ey implies e; < e,

vlgign,i;ﬁj Tij e; is not a minimal element

Refutable in resolution in size O(NS/Q) =0(M)
Requires resolution width (V') (converted to k-CNF)
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Proof Complexity Overview Preliminaries
Resoluti
Polynomial Calculus

Conversion to k-CNF “Graph Versions” of Formulas

@ Need bounded-width CNFs to use lower bound in [BW99]
@ But PHP and ordering principle formulas have wide clauses
@ Solution: Restrict formulas to bounded-degree graphs
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Proof Complexity Overview Preliminaries
Resolution

Polynomial Calculus

Conversion to k-CNF “Graph Versions” of Formulas

@ Need bounded-width CNFs to use lower bound in [BW99]
@ But PHP and ordering principle formulas have wide clauses
@ Solution: Restrict formulas to bounded-degree graphs

For (onto functional) PHP, pigeons can fly only to neighbour holes:

Vjen Pii pigeon 7 goes into hole in A/ (7)
Vien) Pii hole j gets pigeon from N (j)

For ordering principle, non-minimality only witnessed by neighbours:

Vien) i some e; for i € N(j) shows e; not minimal
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Proof Complexity Overview Preliminaries
Resolution

Polynomial Calculus

Conversion to k-CNF “Graph Versions” of Formulas

@ Need bounded-width CNFs to use lower bound in [BW99]
@ But PHP and ordering principle formulas have wide clauses
@ Solution: Restrict formulas to bounded-degree graphs

For (onto functional) PHP, pigeons can fly only to neighbour holes:

Vjen Pii pigeon 7 goes into hole in A/ (7)
Vien) Pii hole j gets pigeon from N (j)

For ordering principle, non-minimality only witnessed by neighbours:

Vien) i some e; for i € N(j) shows e; not minimal

@ Now width lower bounds = size lower bounds
@ And size lower bounds hold for original, unrestricted formulas
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Proof Complexity Overview

Polynomial Calculus (PC)

From [Clegg et al. '96] with adjustment in [Alekhnovich et al. '02]
Clauses interpreted as polynomial equations over field

Example: x V y V Z gets translated to xyz = 0
(Think of 0 = true and 1 = false)
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Polynomial Calculus (PC)

From [Clegg et al. '96] with adjustment in [Alekhnovich et al. '02]
Clauses interpreted as polynomial equations over field

Example: x V y V Z gets translated to xyz = 0
(Think of 0 = true and 1 = false)

Derivation rules

Boolean axioms Negation

2 = g5 = () r+7=1
Linear combination £ — 0 g= Multiplication p=0
ap+ Bqg=0 zp=10

Goal: Derive 1 = 0 < no common root < formula unsatisfiable
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Proof Complexity Overview Prelimina
Resolution
Polynomial Calculus

Polynomial Calculus Size and Degree

Clauses turn into monomials
Write out all polynomials as sums of monomials
W.l.o.g. all polynomials multilinear (because of Boolean axioms)
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Polynomial Calculus Size and Degree

Clauses turn into monomials
Write out all polynomials as sums of monomials
W.l.o.g. all polynomials multilinear (because of Boolean axioms)

Size — analogue of resolution length /size
total # monomials in refutation counted with repetitions

Degree — analogue of resolution width
largest degree of monomial in refutation
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Proof Complexity Overview P
Res ion
Polynomial Calculus

Polynomial Calculus Strictly Stronger than Resolution

Polynomial calculus simulates resolution efficiently

@ Can mimic resolution refutation step by step
e Essentially no increase in length/size or width/degree

@ Hence worst-case upper bounds for resolution carry over

Jakob Nordstrom (KTH) A Generalized Method for PC Degree Lower Bounds St Petersburg May '16  16/35



Proof Complexity Overview
Resolution
Polynomial Calculus

Polynomial Calculus Strictly Stronger than Resolution

Polynomial calculus simulates resolution efficiently

@ Can mimic resolution refutation step by step
e Essentially no increase in length/size or width/degree

@ Hence worst-case upper bounds for resolution carry over

Polynomial calculus strictly stronger w.r.t. size and degree

@ Tseitin formulas (over GF(2) can do Gaussian elimination)
@ Onto functional pigeonhole principle (over any field) [Riis '93]

@ Also other examples
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Size vs. Degree

@ Degree upper bound = size upper bound [Clegg et al.'96]
Similar to resolution bound; argument a bit more involved
Again essentially tight by [Atserias et al.'14]
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Resolution
Polynomial Calculus

Size vs. Degree

@ Degree upper bound = size upper bound [Clegg et al.'96]
Similar to resolution bound; argument a bit more involved
Again essentially tight by [Atserias et al.'14]

@ Degree lower bound =-size lower bound [Impagliazzo et al.’99]
Precursor of [Ben-Sasson & Wigderson '99] — can do same
proof to get exactly same bound
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Polynomial Calculus

Size vs. Degree

@ Degree upper bound = size upper bound [Clegg et al.'96]
Similar to resolution bound; argument a bit more involved
Again essentially tight by [Atserias et al.'14]

@ Degree lower bound =-size lower bound [Impagliazzo et al.’99]
Precursor of [Ben-Sasson & Wigderson '99] — can do same
proof to get exactly same bound

@ Size-degree bound essentially optimal [Galesi & Lauria '10]
Example: same ordering principle formulas
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Proof Complexity Overview Preliminaries
Resolution
Polynomial Calculus

Size vs. Degree

@ Degree upper bound = size upper bound [Clegg et al.'96]
Similar to resolution bound; argument a bit more involved
Again essentially tight by [Atserias et al.'14]

@ Degree lower bound =-size lower bound [Impagliazzo et al.’99]
Precursor of [Ben-Sasson & Wigderson '99] — can do same
proof to get exactly same bound

@ Size-degree bound essentially optimal [Galesi & Lauria '10]
Example: same ordering principle formulas

@ Most size lower bounds for polynomial calculus derived via
degree lower bounds, but machinery much less developed
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Proof Complexity Overview
Resolution
Polynomial Calculus

Size vs. Degree

@ Degree upper bound = size upper bound [Clegg et al.'96]
Similar to resolution bound; argument a bit more involved
Again essentially tight by [Atserias et al.'14]

@ Degree lower bound =-size lower bound [Impagliazzo et al.’99]
Precursor of [Ben-Sasson & Wigderson '99] — can do same
proof to get exactly same bound

@ Size-degree bound essentially optimal [Galesi & Lauria '10]
Example: same ordering principle formulas

@ Most size lower bounds for polynomial calculus derived via
degree lower bounds, but machinery much less developed

@ Open problem: Are functional PHP and onto PHP formulas
hard for polynomial calculus?
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Lower Bounds from Expansion
Pigeonhole P

Lower Bounds via Graph Expansion

Standard approach:
Lower bounds from expansion

Simplest example is the clause-
variable incidence graph (CVIG)
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Lower Bounds from Expansion

Standard approach:

Clauses Variables
Lower bounds from expansion 23V T3 V O m
Simplest example is the clause- TV Tg VT ok" /) 2
variable incidence graph (CVIG) 21V 24V T }\\\‘/]; 23
N\
T3V ag VT .‘\\\‘/'7~". o
Ty V oz V@ .}\""\///‘Q s
3 6 9 V\\\Q/ S &
TV Vg ."’V{I:KX O
";’ N
Ty Va5 VT .//I'x&“:“ 7
xo Va7V Iy .!/i‘,;)\\ Tg
Vi PN
Ty V3V T Tg
2 VryVTg T10
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Lower Bounds from Expansion

Standard approach:

Clauses Variables
Lower bounds from expansion 23V T3 V A\ O =
Simplest example is the clause- Ty VTV T 0“'4/0 wz
variable incidence graph (CVIG) @1V a4 V T }‘\\\‘flﬁ g
N>/
Boundary expansion: T3 VsV T OW'(,//’;'/O T
; VIR <> s
Subsets <.)f Ieft.vertlce.s have T3 V a5 V Q@\\\‘{“/‘/}Q s
many unique right neighbours ERVE Ry .A‘y’“\%‘v‘ O
Ty Va5V Ty .(///"Q)\‘\“ x7
o VsV l">; ‘\
2 V@7 V Ty .1/’/ \ T8
RVERVE /7'\\§‘ v
T Va3 Vg Tg
2 VryVTg T10
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Lower Bounds from Expansion

Standard approach:

Clauses Variables
Lower bounds from expansion 25V T5 V N O =1
Simplest example is the clause- T VTV T 0\‘0 2
variable incidence graph (CVIG) 21V T4V Ty A\ ///‘. w3
Boundary expansion: SN o a\\Y72% o KX
Subsets of left vertices have T3V g V g , L) s

many unique right neighbours TV TV < O

2 VryVTg . 10
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Lower Bounds from Expansion

Standard approach:

Clauses Variables
Lower bounds from expansion 23V TV . O =
Simplest example is the clause- TIVT VT Q ‘ ‘ 2
S \ 7
variable incidence graph (CVIG) FRVERVE 70y
.
Boundary expansion: s Vv I O\ D)
Subsets of left vertices have Ty V VT D) s
many unique right neighbours TV TV :" O
T4V 5V Ty .l( ()| ©7
T2V a7 VX9 .{' g O s
T, Va3 VT /, | o
2 VryVTg | Z10
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Lower Bounds from Expansion

Standard approach:

Clauses Variables
Lower bounds from expansion 25V T5 V N O =1
Simplest example is the clause- T VTV T 0\‘q0 2
variable incidence graph (CVIG) 21V T4V Ty A\ ///‘. w3
Boundary expansion: Vs VI QNN /AT @
Subsets of left vertices have T3V g V g X 0 s

many unique right neighbours TV TV < O

2 VryVTg
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Lower Bounds from Expansion

Standard approach:

Clauses Variables
Lower bounds from expansion 23V TV g . O =
Simplest example is the clause- T VTV T 0“ 40 2
iable incid h (CVIG S A
variable incidence graph ( ) 51V 2V T S0
Boundary expansion: sV VI O\ D) =
Subsets of left vertices have TV O O 5
many unique right neighbours BVE Ve (Y 5
R\

Problem: mvaesvE (X7, =0 27
CVIG often loses expansion of By V @7 V T30 g s
combinatorial problem TV 23V T Y oL

Vo VTs ) ) 10
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Lower Bounds from Expansion

Standard approach:

Clauses Variables
Lower bounds from expansion 23V TV g . O =
Simplest example is the clause- T VTV T 0\“ 4/0 2
variable incidence graph (CVIG) FRVERVE ///‘. s
.
Boundary expansion: sV VI O\ D) =
Subsets of left vertices have TV O O 5
many unique right neighbours ERVERVI o 2o 6
R\
Problem: AT o o4 NSO
CVIG often loses expansion of By V @7 V T30 g s
combinatorial problem TV 2V T ol
Need graph capturing ©VaE VT O O 10

combinatorial structure!
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Resolution Width
Lower Bounds from Expansion Pol ial Calc

Generalized Incidence Graphs for CNF Formulas

Given CNF formula F over variables V
e Partition clauses into F = |J"| F; U E (for £ satisifiable)
o Divide variables into V = Jj_; V; — not always partition

@ Overlap ¢: Any x appears in < ¢ different V;
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Lower Bounds from Expansion ia Iculus Degree
inciple

Generalized Incidence Graphs for CNF Formulas

Given CNF formula F over variables V
e Partition clauses into F = |J"| F; U E (for £ satisifiable)
o Divide variables into V = Jj_; V; — not always partition

@ Overlap ¢: Any x appears in < ¢ different V;

Build bipartite (U, V)g-graph G
o Left vertices U = {F1,..., Fn}
@ Right vertices V = {V1,...,V,,}
o Edge (F;,V;) if Vars(F;)NV; #0

@ Two types of edges depending on how F; and V; behave
(modulo assignments « satisfying “filtering set” )
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Resolution Width
Lower Bounds from Expansion Polynomia culus Degree

Pigeonhole nciple

The Importance of Basic Courtesy

F el and V €V are E-semirespectful neighbours if
@ given any total assignment « such that a(E) =1
@ can flipaon V to o so that o/ (FAE) =1
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Lower Bounds from Expansion ia Iculus Degree
inciple

The Importance of Basic Courtesy

F el and V €V are E-semirespectful neighbours if
@ given any total assignment « such that a(E) =1
@ can flipaon V to o so that o/ (FAE) =1

Fr={zVvy,zVvz,zVz}, V={xy}, E={yVz}
Not E-semirespectful — consider & = {y — 0, z — 0}
Not allowed to flip z ¢ V; flipping y falsifies E; but Fi[, = {z, 7}
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Lower Bounds from Expansion 20 al Calculus Degree

e Principle

The Importance of Basic Courtesy

F el and V €V are E-semirespectful neighbours if
@ given any total assignment « such that a(E) =1
@ can flipaon V to o so that o/ (FAE) =1

Fr={zVvy,zVvz,zVz}, V={xy}, E={yVz}
Not E-semirespectful — consider & = {y — 0, z — 0}
Not allowed to flip z ¢ V; flipping y falsifies E; but Fi[, = {z, 7}

Changeto Fo = {zVy,z2Vz, zVyVz}, V={x,y}, E={ygVz}
Now F» and V' E-semirespectful — given any as.t. a(gV z) =1
can always flip value assigned to = to a(y V 2)
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Lower Bounds from Expansion 20 al Calculus Degree

e Principle

The Importance of Basic Courtesy

F el and V €V are E-semirespectful neighbours if
@ given any total assignment « such that a(E) =1
@ can flipaon V to o so that o/ (FAE) =1

Fr={zVvy,zVvz,zVz}, V={xy}, E={yVz}
Not E-semirespectful — consider & = {y — 0, z — 0}
Not allowed to flip z ¢ V; flipping y falsifies E; but Fi[, = {z, 7}

Changeto Fo = {zVy,z2Vz, zVyVz}, V={x,y}, E={ygVz}
Now F» and V' E-semirespectful — given any as.t. a(gV z) =1
can always flip value assigned to = to a(y V 2)

(To simplify, think of all edges (Fj,V;) as being E-semirespectful)
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Lower Bounds from Expansion

Semirespectful Expanders and Wldth Lower Bounds

Recall boundary 0(U') = {V e N(U')| N (V) NU'={F} unique}
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Lower Bounds from Expansion

Semirespectful Expanders and Wldth Lower Bounds

Recall boundary 0(U') = {V e N(U')| N (V) NU'={F} unique}
Define semirespectful boundary to be

oFU') :={veo)|Vand F=N(V)NU' E-semirespectful }
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Resolution Width
Lower Bounds from Expansion Polynomial Calculus Degree
Pigeonhole Principle

Semirespectful Expanders and Width Lower Bounds
Recall boundary 0(U') = {V e N(U')| N (V) NU'={F} unique}
Define semirespectful boundary to be

oFU') :={veo)|Vand F=N(V)NU' E-semirespectful }

Semirespectful expander

n (U,V)g-graph is an (s, 0, E')-semirespectful expander if for all
U CU, [U'| < s it holds that |05 (U)| > §|ut’|
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Resolution Width
Lower Bounds from Expansion Polynomial Calculus Degree
Pigeonhole Principle

Semirespectful Expanders and Width Lower Bounds

Recall boundary 0(U') = {V e N(U')| N (V) NU'={F} unique}

Define semirespectful boundary to be

OFU) :={Vveo)|Vand F=N(V)NU" E-semirespectful }

Semirespectful expander

> |
=}
|

(U,V)g-graph is an (s, d, E)-semirespectful expander if for all
U CU, |U'| < s it holds that |05 (U')| > 8[|

Theorem (essentially [BW99))

If F has (s, 0, E)-semirespectful expander (U, V) with overlap ¢,
then

0
resolution proof width > 2—;
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Resolution Width
Lower Bounds from Expansion Polynomial Calculus Degree
Pigeonhole Principle

Progress Measure Approach (1/4)

Theorem (essentially [BW99])

If F has (s, 9, E)-semirespectful expander (U,V)r with overlap ¢,
then

)
resolution proof width > 2—2

Proof: Define “progress measure” 1 : {clauses} — N such that
@ p(axiom clause) = O(1)
Q@ u(CVvD)<puCVe)+uDVT)
Q u(l)>s
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Lower Bounds from Expansion 20 al Calculus Degree
> e Principle

Progress Measure Approach (1/4)

Theorem (essentially [BW99])

If F has (s, 9, E)-semirespectful expander (U,V)r with overlap ¢,
then

)
resolution proof width > 2—2

Proof: Define “progress measure” 1 : {clauses} — N such that
@ p(axiom clause) = O(1)
Q@ u(CVvD)<puCVe)+uDVT)
Q u(l)>s

= in any resolution proof 3C with u(C) =0 for s/2 <o <'s

Jakob Nordstrom (KTH) A Generalized Method for PC Degree Lower Bounds St Petersburg May '16  22/35



tion Width
Lower Bounds from Expansion 20) mial Calculus Degree
> e Principle

Progress Measure Approach (1/4)

Theorem (essentially [BW99])

If F has (s, 9, E)-semirespectful expander (U,V)r with overlap ¢,
then

)
resolution proof width > 2—2

Proof: Define “progress measure” 1 : {clauses} — N such that
@ p(axiom clause) = O(1)
Q@ u(CVvD)<puCVe)+uDVT)
Q u(l)>s

= in any resolution proof 3C with u(C) =0 for s/2 <o <'s
= such C has width > do /¢ O
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Resolution Width
Lower Bounds from Expansion Polynomial Calculus

Pigeonhole Principl

Progress Measure Approach (2/4)

Given (s, d, F/)-semirespectful expander (U, V)g for F, define
1(C) := min{ |/’

; NpewF NEEC}
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Lower Bounds from Expansion ia Iculus Degree
inciple

Progress Measure Approach (2/4)

Given (s, d, F/)-semirespectful expander (U, V)g for F, define
1(C) := min{ |/’

; NpewF NEEC}

Q@ 1(A)=0(1) for axioms Ae F=J", F;UE
o AcE: n(A)=0since EE A
o AcF;: (A)=1since F AEEF A
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Lower Bounds from Expansion 20 al Calculus Degree
> ole Principle

Progress Measure Approach (2/4)

Given (s, d, F/)-semirespectful expander (U, V)g for F, define
1(C) := min{ |/’

; NpewF NEEC}

Q@ 1(A)=0(1) for axioms Ae F=J", F;UE
o AcE: n(A)=0since EE A
o AcF;: (A)=1since F AEEF A

Q@ u(CVD)<pu(CVa)+uDVeT)
o Fix minimal Uy s.t. Apgyy FAEECVZ
o Fix minimal Uz s.t. Apcyy, FAEFDVT
e Then it holds that

Arev, i, F NEECV D
so u(C'V D) < |ty Ulhsy| < |t | + [Uz| = u(C'V x) + u(D V T)
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Resolution Width
Lower Bounds from Expansion Polynomial Calculus D

Pigeonhole Principle

Progress Measure Approach (3/4)

@ u(L) > s for empty clause L
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Resolution Width
Lower Bounds from Expansion Polynomi

Pige

Progress Measure Approach (3/4)

@ u(L) > s for empty clause L
o Consider any U’ C U, |Z/I’| =s, U ={F,...,Fs}
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Resolutlon Wldth
Lower Bounds from Expansion

Progress Measure Approach (3/4)

@ u(L) > s for empty clause L
o Consider any U’ C U, |Z/I’| =s, U ={F,...,Fs}
o By expansion ’8?5(2/{’)} > 5’2/{" >0
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Lower Bounds from Expansion 2oly Iculus Degree
> nciple

Progress Measure Approach (3/4)

@ u(L) > s for empty clause L
o Consider any U’ C U, |Z/I’| =s, U ={F,...,Fs}
o By expansion ’8?5(2/{’)} > 5’2/{" >0

e By “peeling argument” 3 matching F} <> Vi,..., Fs < Vg
st. V; e N(F, )\/\f(UZ ! L F}) and F; & V; E-semirespectful
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Lower Bounds from Expansion 2oly Iculus Degree
> nciple

Progress Measure Approach (3/4)

@ u(L) > s for empty clause L
o Consider any U’ C U, |Z/I’| =s, U ={F,...,Fs}
o By expansion ’8?5(2/{’)} > 5’2/{" >0
e By “peeling argument” 3 matching F} <> Vi,..., Fs < Vg
st. V; e N(F, )\/\f(UZ ! L F}) and F; & V; E-semirespectful

o Givenany ast. a(E)=1,fori=1,2,...,s
flip V; to satisfy F; without falsifying E
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Lower Bounds from Expansion 2oly Iculus Degree
> nciple

Progress Measure Approach (3/4)

@ u(L) > s for empty clause L
o Consider any U’ C U, |Z/I’| =s, U ={F,...,Fs}
By expansion ’825(2/{’)} > 5’2/1" >0

e By “peeling argument” 3 matching F} <> Vi,..., Fs < Vg
st. V; e N(F, )\/\f(UZ ! L F}) and F; & V; E-semirespectful

o Givenany ast. a(E)=1,fori=1,2,...,s
flip V; to satisfy F; without falsifying E
o Yields o s.t. o (A Fi NE) =1

Jakob Nordstrom (KTH) A Generalized Method for PC Degree Lower Bounds St Petersburg May '16  24/35



Lower Bounds from Expansion 2oly Iculus Degree
> nciple

Progress Measure Approach (3/4)

@ u(L) > s for empty clause L
o Consider any U’ C U, |Z/I’| =s, U ={F,...,Fs}
o By expansion ’8?5(2/{’)} > 5’2/{" >0

e By “peeling argument” 3 matching F} <> Vi,..., Fs < Vg
st. V; e N(F, )\/\f(UZ ! L F}) and F; & V; E-semirespectful

o Givenany ast. a(E)=1,fori=1,2,...,s
flip V; to satisfy F; without falsifying E

o Yields o s.t. o (A Fi NE) =1
© So N\ Fi NEFE L for | < s and hence p(L) > s
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Resolution Width
Lower Bounds from Expansion Polynomi

Pige

Progress Measure Approach (4/4)

Given (s, d, F)-semirespectful expander (U, V)g with overlap ¢
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Lower Bounds from Expansion

Progress Measure Approach (4/4)

Given (s, d, F)-semirespectful expander (U, V)g with overlap ¢

Already showed: In any proof 3C with u(C) = o € (s/2, 3]
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Lower Bounds from Expansion ia Iculus Degree
ole Principle

Progress Measure Approach (4/4)

Given (s, d, F)-semirespectful expander (U, V)g with overlap ¢
Already showed: In any proof 3C with u(C) = o € (s/2, 3]

Want to show: ;(C) = o < s implies C has width > do /¢
Fix minimal Ug of size ‘L{C‘ =0 s.t. /\Feuc FAEEC
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Lower Bounds from Expansion ia Iculus Degree
inciple

Progress Measure Approach (4/4)

Given (s, d, F)-semirespectful expander (U, V)g with overlap ¢
Already showed: In any proof 3C with u(C) = o € (s/2, 3]

Want to show: ;(C) = o < s implies C has width > do /¢
Fix minimal Ug of size ‘L{C‘ =0 s.t. /\Feuc FAEEC

If V e 0% (Uc), then V N Vars(C) # 0
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Lower Bounds from Expansion 20 alculus Degree
> e Principle

Progress Measure Approach (4/4)

Given (s, d, F)-semirespectful expander (U, V)g with overlap ¢
Already showed: In any proof 3C with u(C) = o € (s/2, 3]

Want to show: ;(C) = o < s implies C has width > do /¢
Fix minimal Ug of size ‘L{C‘ =0 s.t. /\Feuc FAEEC

If V e 0% (Uc), then V N Vars(C) # 0

Since every variable occurs in < £ sets V/, the clause C' then must
have width > |0% (Uc)|/¢ > §|Uc|/t = o/t O
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Lower Bounds from Expansion 2oly Iculus Degree
> nciple

Progress Measure Approach (4/4)

Given (s, d, F)-semirespectful expander (U, V)g with overlap ¢
Already showed: In any proof 3C with u(C) = o € (s/2, 3]

Want to show: ;(C) = o < s implies C has width > do /¢
Fix minimal Ug of size ‘L{C‘ =0 s.t. /\Feuc FAEEC

If V e 0% (Uc), then V N Vars(C) # 0

Since every variable occurs in < £ sets V/, the clause C' then must
have width > |0% (Uc)|/¢ > §|Uc|/t = o/t O

Proof of claim: Another flipping argument using semirespectfulness
@ Fix V € 9% (Uc) and unique neighbour Fy € Uc of V
@ By minimality, 3o s.t. O‘(/\Feuc\{Fv} FAE)=1buta(C)=0
@ If VN Vars(C) = 0, then E-semirespectfully flip o on V to satisfy Fy 4
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Resolution Width
Lower Bounds from Expansion B ial Calculus Degree

f hole Principle

Applications: Tseitin and Onto-FPHP

Tseitin formulas
e F; = clauses encoding parity constraint for ith vertex
e V; = singleton set with jth edge (so overlap ¢ = 1)
e E=1(

e If underlying graph edge expander, then (U, V)g-graph
semirespectful boundary expander with same parameters
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Resolution Width
Lower Bounds from Expansion Po i Iculus Degree
> nciple

Applications: Tseitin and Onto-FPHP

Tseitin formulas
e F; = clauses encoding parity constraint for ith vertex
e V; = singleton set with jth edge (so overlap ¢ = 1)
e E=1(
e If underlying graph edge expander, then (U, V)g-graph
semirespectful boundary expander with same parameters

Onto functional PHP formulas
e F; = singleton set with pigeon axiom for pigeon i
e V; = all variables p; ; mentioning hole j (again overlap ¢/ = 1)
e F = all hole, functional, and onto axioms
@ If onto FPHP restricted to bipartite graph, then (U, V) g-graph
semirespectful boundary expander with same parameters

Jakob Nordstrom (KTH) A Generalized Method for PC Degree Lower Bounds St Petersburg May '16  26/35



Lower Bounds from Expansion

From Resolution to Polynomial Calculus

Obtain resolution width lower bounds from expander graphs where
we can win following game on edges

Resolution edge game on (F, V') with side constraints £

@ Adversary provides total assignment « such that a(E) =1
@ Choose ay :V —{0,1} and flip so that afay /V](FAE) =1
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Lower Bounds from Expansion lculus Degree
> nciple

From Resolution to Polynomial Calculus

Obtain resolution width lower bounds from expander graphs where
we can win following game on edges

Resolution edge game on (F, V') with side constraints £

@ Adversary provides total assignment « such that a(E) =1
@ Choose ay :V —{0,1} and flip so that afay /V](FAE) =1

But Tseitin and onto FPHP both easy for polynomial calculus!

So semirespectful boundary expanders cannot yield any lower
bounds for polynomial calculus
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Lower Bounds from Expansion lculus Degree
> nciple

A Harder Edge Game for Polynomial Calculus

Resolution edge game on (F, V') with side constraints E

© Adversary provides total assignment « such that a(E) =1
@ Choose ay:V —{0,1} and flip so that afay /V](FAE) =1
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Resolution Width
Lower Bounds from Expansion Polynomial Calculus Degree
Pigeonhole Principle

A Harder Edge Game for Polynomial Calculus

Resolution edge game on (F, V') with side constraints E

© Adversary provides total assignment « such that a(E) =1
@ Choose ay:V —{0,1} and flip so that afay /V](FAE) =1

To get polynomial calculus degree lower bounds need winning
strategy for harder game on expander graphs

Polynomial calculus edge game on (F, V') with side constraints F
@ Commit to ay: V —{0,1}
@ Adversary provides total assignment « such that a(E) =1
@ Flipping a on V to ay should yield afay /V](FAE) =1
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Vidth
Lower Bounds from Expansion ial Calculus Degree
>rinciple

Fully Respectful Neighbours

F el and V €V are E-respectful neighbours if possible to find
ay : V — {0,1} such that

("] Ozv(F) =1

e ay(C) =1 for all clauses C € E with V N Vars(C) # 0
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£ Nidth
Lower Bounds from Expansion alculus Degree

e Principle

Fully Respectful Neighbours

F el and V €V are E-respectful neighbours if possible to find
ay : V — {0,1} such that

("] Ozv(F) =1

e ay(C) =1 for all clauses C € E with V N Vars(C) # 0

Fr={xVvy,zVvz,zVyVz}, V={zy}, E={yV=z}
Recall F; and V' E-semirespectful — can always flip  to a(y V 2)
Not FE-respectful — ay needs y — 0, but F3[,_o ={rVZ TV 2z}
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Lower Bounds from Expansion

Pigeonhole Principle

Fully Respectful Neighbours

F el and V € V are E-respectful neighbours if possible to find
ay : V — {0,1} such that

("] Ozv(F) =1

e ay(C) =1 for all clauses C € E with V N Vars(C) # 0

Example

Fr={xVvy,zVvz,zVyVz}, V={zy}, E={yV=z}
Recall F; and V' E-semirespectful — can always flip  to a(y V 2)
Not FE-respectful — ay needs y — 0, but F3[,_o ={rVZ TV 2z}

Example

Changeto F, = {zVy, 2VZ, TVyVz}, V ={x,y}, E' ={yVZz}
Now F» and V' E’-respectful — for aoy = {x +— 1,y — 1} we have
av(FQ AN El) =1

v
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Lower Bounds from Expansion lculus Degree
> nciple

Respectful Expanders and Degree Lower Bounds

Define respectful boundary to be

o) :={veo)|Vand F=N(V)NU" E-respectful}
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Lower Bounds from Expansion lculus Degree
> inciple

Respectful Expanders and Degree Lower Bounds

Define respectful boundary to be

o) :={veo)|Vand F=N(V)NU" E-respectful}

Respectful expander

An (U,V)p-graph is an (s, d, E)-respectful expander if for all
u cu, ]U" < s it holds that !8&(1]’)‘ > 5!?/‘
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Resolution Width
Lower Bounds from Expansion Polynomial Calculus Degree
Pigeonhole Principle

Respectful Expanders and Degree Lower Bounds

Define respectful boundary to be

o) :={veo)|Vand F=N(V)NU" E-respectful}

Respectful expander

An (U,V)p-graph is an (s, d, E)-respectful expander if for all
u cu, ]U" < s it holds that !8}2(1/{’)‘ > 5!2/‘

Theorem ([Mik3a & Nordstrom '15] building on [AR01])

If F has (s, , E)-respectful expander (U, V) with overlap ¢, then

PC proof degree > g 7
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Resolution Width
Lower Bounds from Expansion Polynomial Calculus Degree
Pigeonhole Principle

Respectful Expanders and Degree Lower Bounds

Define respectful boundary to be

o) :={veo)|Vand F=N(V)NU" E-respectful}

Respectful expander

An (U,V)p-graph is an (s, d, E)-respectful expander if for all
u cu, ]U" < s it holds that !8}2(1/{’)‘ > 5!2/‘

Theorem ([Mik3a & Nordstrom '15] building on [AR01])

If F has (s, , E)-respectful expander (U, V) with overlap ¢, then

PC proof degree > g 7

(Also holds for sets of polynomials not obtained from CNFs)
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Lower Bounds from Expansion lculus Degree
> inciple

Generalized Method for Degree Lower Bounds

Theorem ([Mik3a & Nordstrom '15] building on [AR01])
If F has (s, , E)-respectful expander (U, V) with overlap ¢, then

8s

P f
C proof degree > 57
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£ /idth
Lower Bounds from Expansion alculus Degree
> e Principle

Generalized Method for Degree Lower Bounds

Theorem ([Mik3a & Nordstrom '15] building on [AR01])
If F has (s, , E)-respectful expander (U, V) with overlap ¢, then

8s

P f
C proof degree > 57

Proof by careful adaptation of [Alekhnovich & Razborov '01]
(but fairly involved — can't say anything much)
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Resolution Width
Lower Bounds from Expansion Polynomial Calculus Degree
Pigeonhole Principle

Generalized Method for Degree Lower Bounds

Theorem ([Mik3a & Nordstrom '15] building on [AR01])
If F has (s, , E)-respectful expander (U, V) with overlap ¢, then

8s

P f
C proof degree > 57

Proof by careful adaptation of [Alekhnovich & Razborov '01]
(but fairly involved — can't say anything much)

Provides common framework for previous lower bounds:
e CNFs with expanding CVIGs [Alekhnovich & Razborov '01]
e “Vanilla” PHP formulas [Alekhnovich & Razborov '01]
@ Ordering principle [Galesi & Lauria '10]
@ Subset cardinality formulas [Mik3a & Nordstrom '14]
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Resolution Width
Lower Bounds from Expansion Polynomial Calculus Degree
Pigeonhole Principle

Generalized Method for Degree Lower Bounds

Theorem ([Mik3a & Nordstrom '15] building on [AR01])
If F has (s, , E)-respectful expander (U, V) with overlap ¢, then

8s

P f
C proof degree > 57

Proof by careful adaptation of [Alekhnovich & Razborov '01]
(but fairly involved — can't say anything much)

Provides common framework for previous lower bounds:
e CNFs with expanding CVIGs [Alekhnovich & Razborov '01]
e “Vanilla” PHP formulas [Alekhnovich & Razborov '01]
@ Ordering principle [Galesi & Lauria '10]
@ Subset cardinality formulas [Mik3a & Nordstrom '14]

New contribution: Functional PHP is hard
Jakob Nordstrom (KTH) A Generalized Method for PC Degree Lower Bounds St Petersburg May '16  31/35



Resolution dth
Lower Bounds from Expansion Polynomial Calculus Degree
Pigeonhole Principle

Hardness of Different Flavours of PHP

Variant Resolution ~ Polynomial calculus

PHP

FPHP
Onto-PHP
Onto-FPHP
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Lower Bounds from Expansion ] mial Calculus Degree
Pigeonhole Principle

Hardness of Different Flavours of PHP

Variant Resolution ~ Polynomial calculus
PHP hard [Hak85]

FPHP

Onto-PHP

Onto-FPHP

Jakob Nordstrom (KTH) A Generalized Method for PC Degree Lower Bounds St Petersburg May '16  32/35



Lower Bounds from Expansion

Hardness of Different Flavours of PHP

Variant Resolution ~ Polynomial calculus
PHP hard [Hak85]
FPHP hard [Hak85]

Onto-PHP  hard [Hak85]
Onto-FPHP  hard [Hak85]
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/idth
Lower Bounds from Expansion alculus Degree
Pig e Principle

Hardness of Different Flavours of PHP

Variant Resolution ~ Polynomial calculus
PHP hard [Hak85] hard [ARO1]
FPHP hard [Hak85]

Onto-PHP  hard [Hak85]
Onto-FPHP  hard [Hak85]
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Lower Bounds from Expansion Polynomi E s Degre
Plgeonhole Pnnuple

Hardness of Different Flavours of PHP

Variant Resolution ~ Polynomial calculus
PHP hard [Hak85] hard [ARO1]
FPHP hard [Hak85]
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ion Width
Lower Bounds from Expansion Poly nial Calculus Degree
ole Principle

Hardness of Different Flavours of PHP

Variant Resolution ~ Polynomial calculus
PHP hard [Hak85] hard [ARO1]
FPHP hard [Hak85] hard [MN15]
Onto-PHP  hard [Hak85] hard [ARO1]

Onto-FPHP  hard [Hak85] easy! [Rii93]

This work
@ Observe that [AR01] proves hardness of Onto-PHP

@ Prove that FPHP is hard in polynomial calculus
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Lower Bounds from Expansion 2 Calculus Degree
Principle

Degree Lower Bound for Functional PHP

Theorem ([MN15])

If G is a (standard) bipartite (s, d)-boundary expander with left
degree < d, then FPHP requires PC degree > ds/(2d).
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If G is a (standard) bipartite (s, d)-boundary expander with left
degree < d, then FPHP requires PC degree > ds/(2d).

Proof: Just need to build expanding (U, V)g-graph
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Proof: Just need to build expanding (U, V)g-graph
e F; = pigeon axiom for pigeon i
@ F = all hole and functional axioms
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Lower Bounds from Expansion

Degree Lower Bound for Functional PHP

Theorem ([MN15])

If G is a (standard) bipartite (s, d)-boundary expander with left
degree < d, then FPHP requires PC degree > ds/(2d).

Proof: Just need to build expanding (U, V)g-graph
e F; = pigeon axiom for pigeon i
@ F = all hole and functional axioms
o V;={pyj|i' e N(j)and j e N(V)}
e Can prove (straightforward exercise):

o Overlap £ satisfies 1 < ¢ <d
o All V; and F; for i € N'(j) E-respectful neighbours
e Original graph G and (U, V) g isomorphic

@ So get same expansion parameters, and theorem follows O
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Open Problems

@ Prove polynomial calculus lower bounds for other formulas
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Open Problems

Problems

Prove polynomial calculus lower bounds for other formulas

e graph colouring formulas
e independent set formulas

@ Prove size lower bounds via technique that doesn't use degree

e k-clique formulas
o weak pigeonhole principle formulas (> n? pigeons)

Find truly general framework capturing all degree bounds

o We generalize only part of [Alekhnovich & Razborov '01]
o Cannot deal with lower bounds a la [Buss et al. '99]

Go beyond polynomial calculus (e.g. to Positivstellensatz)
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Take-away Message

Generalized method for PC degree lower bounds

@ Unified framework for most previous lower bounds

@ Exponential size lower bound for functional PHP

Future directions

@ Extend techniques further to other tricky formulas

@ Develop non-degree-based size lower bound techniques
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Take-away Message

Generalized method for PC degree lower bounds

@ Unified framework for most previous lower bounds

@ Exponential size lower bound for functional PHP

Future directions

@ Extend techniques further to other tricky formulas

@ Develop non-degree-based size lower bound techniques

Thank you for your attention!
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