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Overview

1. Basic Concepts

— models of computation (AC°, DNFs/CNFs,
decision trees)

— random restriction Rp
2. The Classic Switching Lemma (Hastad ‘86)
3. PARITY Lower Bound

4. Affine Restrictions

— “Tseitin expander switching lemma” (joint with
Pitassi, Servedio and Tan)



Models of Computation

ACP circuits / formulas
DNFs / CNFs (i.e. depth-2 formulas)

Decision trees

Canonical decision tree of a DNF / CNF



ACP Circuits

size = # of gates

depth = # layers of gates
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ACO.Circuits

size = # of gates ‘
depth = # layers of gates

The complexity class AC° refers
to (sequences of) Boolean
functions {0,1}" - {0,1}

computable by poly(n)-size,
constant-depth circuits.




Depth-2 (DNFs and CNFs)

 DNF = disjunctive normal form (OR-AND formula)
* CNF = conjunctive normal form (AND-OR formula)
 width = max # of variables in a term/clause
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Depth-2 (DNFs and CNFs)

* k-DNF = width-k DNF
* k-CNF = width-k CNF

</ S

K 8



depth3 —=

Decision Trees




Decision Trees

The decision-tree depth of a Boolean function
f:{0,1}" = {0,1}

denoted DT, .,(f), is the minimum depth of a
decision tree that computes f

(PARITY,) = DT, (AND ) = n

dept dept

* DTyepmlf) =0 & fis constant



Decision Tree to DNF

(-x3 A =x; A =x,) @

V (=x3 A x; A x5) ; )
V (x; A x; A xy)

RN ORI
0 1 0 1
0 1 0 1 0 1 0 1

i1 0 0 1 0 1 1 O



Decision Tree to DNF

(x5 A =x; A =x,) g



Decision Tree to DNF

0 1
0 1 0 1
0 1 0 1 0 1 0 1



Decision Tree to DNF

X3 A\ X5, A x,)
0 1 0 1
0 1 0 1 0 1 0 1



Decision Tree to DNF



Canonical DT of a DNF

(X, A X, A X,)
V (-x, A x,)
V (x; A =x3 A =x.)




Canonical DT of a DNF

(X1 X5 X3)
V (=%, x,)

V (X, =X; =X5)




Canonical DT of a DNF

(X1 X, X3)




Canonical DT of a DNF

(X1 X, X3)

V (=%, X,)




Canonical DT of a DNF

(X1 X, X3)

V (=%, X,)




Canonical DT of a DNF

(X1 X, X3)

V (=%, X,)




Canonical DT of a DNF

(X1 X5 X3)
V (=%, X,)

V (X, =X; =X5)




Canonical DT of a DNF

(X1 X5 X3)
V (=%, X,)

V (X, =X; =X5)




Restrictions

a.k.a. functions [n] = {0,1,*}
a.k.a. subcubes of {0,1}"



Restrictions

e Consider a Boolean function
f:{0,1}" - {0,1}
* Arestriction (w.r.t. the variables of f) is a function

R:[n] = {0,1,%}



Restrictions

* Consider a Boolean function
f:{0,1}" = {0,1}
e Arestriction (w.r.t. the variables of f) is a function

R:[n] = {0,1,%}

[n] ={1,...,n}, which we identify

with the variables x,...,x,, of f(x)




Restrictions

* Consider a Boolean function
f:{0,1}" = {0,1}
e Arestriction (w.r.t. the variables of f) is a function

R:[n] = {0,1,%}

R(i) = 0 or 1 means that the

variable x; is fixed to O or 1




Restrictions

* Consider a Boolean function
f:{0,1}" = {0,1}
e Arestriction (w.r.t. the variables of f) is a function

R:[n] =2 {0,1,*}

R(i) = * means that the variable

x. is free (unrestricted)




Restrictions

 f:{0,1}" - {0,1}

* R:[n] 2 1{0,1,%}

* Applying R to f, we get a Boolean function
fMR:{0,1}°trsR) > {0,1}

R *1**10*1*100**0*0***0*0
fTR(0 10 0 O 11 1 101 1 )
f(01101001010011010101010)



Restrictions

* Restrictions are applied syntactically to DNFs /
CNFs / decision trees / ACO circuits, etc.



Restricting an AC® Circuit

* ConsiderR={x;~1}
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Restricting an AC° Circuit

* ConsiderR={x;~1}

i.e., R(1) =1andR(i)=*foralli#1
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Restricting an AC® Circuit

* ConsiderR={x;~1}
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Restricting an AC® Circuit

* ConsiderR={x;~1}




Restricting an AC® Circuit

* ConsiderR={x;~1}
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Restricting

Gate Elimination Method

N1+1/exe(d) |ower bound against
depth-d circuits via deterministic
restrictions [Chaudhuri &
Radhakrishnan "96]
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Restricting a DNF

R={x;1,x,~0}

X1 Xy 7X3 V =Xg X3 X5 V Xy =X4 X5 V X3 X4 =Xg V Xg Xg Xg V =X, =X Xg



Restricting a DNF

R={x;,~1,%x,~0}

1 0 1 0 1

Xy =X3 V X3 Xg V Xy =%, Xg V X3 X, =Xg V X5 Xg Xg V =X Xq



Restricting a DNF

R={x;,~1,%x,~0}

1 ' 1 : 1

Xy 7X3 V V X, X5 @ V X7 Xg Xg V X7 Xq



Restricting a DNF

R={x;,~1,%x,~0}

1 1 1
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Restricting a DNF

R={x;"1,x,~0}

@xz—-x3 bez‘ & x; vV ‘Vx7x8xgv‘ (), ~%5 Xg

'R




Restricting a Decision Tree

R={x;~1}




Restricting a Decision Tree

R={x;~1}

(0 &6
X)R <

1 o/ \1
1 1 O

0/ \1
0 1



Restricting a Decision Tree

R={x;~1}




The Random Restriction Rp

Throughout this talk,

random objects in boldface




The Random Restriction Rp

* ForO<p<1,letR, be the random restriction with
% with prob. p

R.(i)=—= 0 with prob. (1-p)/2

51 with prob. (1-p)/2

independently for each variable index i € [n]



Effect of Rp

* R, simplifies Boolean functions represented by small
decision trees / AC° circuits / deMorgan formulas, ...

[Subbotovskaya ‘61, ...]

* Certain Boolean functions, like PARITY, maintain
their complexity under R,

e => [ower bounds!



Effect of Rp on Boolean Functions

* R, kills AND, with very high probability (for p < 1/2):
Pr[AND,'R;=0]21- (1/2)0n)



Effect of Rp on Boolean Functions

* R, kills AND, with very high probability (for p < 1/2):
Prl AND,}R,=01] 21— (1/2)0
* On the other hand, for any R with k stars,

PARITY, PR = PARITY, or 1 - PARITY,
In particular, DT,,.,(PARITY, MR ) = pn with high prob



Effect of Rp on Decision Trees

.

Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TFR)) > £ ] < (2pk)*




Effect of Rp on Decision Trees

-

\_

Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TFR)) > £] < (2pk)*

<2=¢ when p <1/4k




Effect of Rp on DNFs

.

Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TFR)) > £ ] < (2pk)*

o

Hastad’s Switching Lemma (1986)

If Fis a k-DNF (i.e. OR_, of depth-k decision trees), then
Pr[ DTyepn(F M R)) 2 €] < (5pk)*

J




Effect of Rp on DNFs

o L N
Decision Tree Switching Lemma
If T is a depth-k

\ <27* when p<1/10k

4 , o )
Hastad’s Switching Lemma (1986)g,
If Fis a k-DNF (i.e. OR_, of depth-k deci®on trees), then

L Pr[ DTyepin(F M Ry) 2 €] < (5pk)* P




Effect of Rp on DNFs

~
Corollary (usual statement of the S.L.)
If Fis a k-DNF, then
. . {
9 Pr[F IR, is not equivalent to an £-CNF ] < (5pk) y
e b )
Hastad’s Switching Lemma (1986)
If Fis a k-DNF (i.e. OR_, of depth-k decision trees), then
L Pr[ DT gepwn(F P R)) 2 £ ] < (5pk)? Y




Effect of Rp on BNFEs CNFs

\_

Corollary (usual statement of the S.L.)

If Fis a k-CNF, then
Pr[F IR, is not equivalent to an £-DNF ] < (5pk)*

J

o

Hastad’s Switching Lemma (1986)

If Fis a k-CNF (i.e. AND_, of depth-k decision trees), then
Pr[ DTyepn(F M R)) 2 €] < (5pk)*

~
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Effect of Rp on DNFs
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v w.h.p. for small p



Depth Reduction




Depth Reduction

e

Apply the Switching Lemma to each gate

(take a union bound over failure probability)
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Depth Reduction

e

Apply the Switching Lemma to each gate

(take a union bound over failure probability)
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Depth Reduction

—

two layers
of V-gates



Depth Reduction




Depth Reduction

Applying the S.L. to
the bottom-2 layers



Depth Reduction

Applying the S.L. to
the bottom-2 layers



Depth Reduction




Hastad’s Switching Lemma (decision tree version)

\_

If T,, ..., T, are depth-k decision trees, then

Pr[ DT gepen((Ty A AT )FR)) 2 £ ] < (5pk)?

~

J

unbnd'd
fan-in

depth-k
dec. trees




\_

Hastad’s Switching Lemma (decision tree version)

If T,, ..., T, are depth-k decision trees, then
Pr[ DT gepen((Ty A AT )FR)) 2 £ ] < (5pk)?

~
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Depth Reduction

applying the S.L. to the
bottom layer of gates




PARITY Lower Bound



4 )
Hastad ‘86

L Depth d+1 circuits for PARITY require size exp(Q(n'/d)) )




4 )
Hastad ‘86

L Depth d+1 circuits for PARITY require size exp(Q(n'/d)) )

4 N
(Trivial) Upper Bound

_ PARITY has depth d+1 circuits of size exp(0(n1/d)) )

2 /\

nl/d

nl—l/d nl—l/d nl—l/d
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Hastad ‘86

\

L Depth d+1 circuits for PARITY require size exp(Q(n'/d)) )

-

-

(Trivial) Upper Bound

PARITY has depth d+1 circuits of size exp(O(n'/9))
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PARITY Lower Bound




PARITY Lower Bound

AAAAAAAAAAAAAAAA

depth-1 decision trees on n variables



PARITY Lower Bound

R -random restriction
p | (D
p,:[n] =2 {0,1,*}

/

AAAAAAAAAAAAAAAA

depth-1 decision trees on n variables



PARITY Lower Bound

T~

Apply the Switching Lemma to each bottom-level gate

Take a union bound over failure probabilities

AAAAAAAAAAAAAAAA

depth-1 decision trees on n variables



PARITY Lower Bound

T~

Apply the Switching Lemma to each bottom-level gate

Take a union bound over failure probabilities

SO .
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low-depth decision trees on pn variables



PARITY Lower Bound

1 - O(¢g) fraction have depth O
O(e) fraction have depth 1

O(€?) fraction have depth 2

/ﬂ/
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Iow-depth decision trees on pn variables

O(sf) have depth ¢



PARITY Lower Bound

ShAASSApAApASjASSAA

low-depth decision trees on pn variables



PARITY Lower Bound
)

Rp-random restriction

Q// p, : Stars(p,) = {0,1,*} V)
\ /

ShAASSApAApASjASSAA

low-depth decision trees on pn variables




PARITY Lower Bound

VYRR

low-depth decision trees on p?n variables



PARITY "owe ound

Rp-random restriction
ps: Stars(p,) > {0,1,*}
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low-depth decision trees on p?n variables



PARITY Lower Bound

P~

low-depth decision trees on p3n variables



~ADIT Y oo
Rp-random restriction
p,: Stars(p;) - {0,1,*}

low-depth decision trees on p3n variables



PARITY Lower Bound

depth-0 decision tree
(i.e. constant function)
on p*n variables



PARITY Lower Bound

depth-0 decision tree
(i.e. constant function)
on p*n variables

 w.h.p., output is fixed to O or 1 after restrictions
P, P, PP, (equivalenttoR,))

* |If p*n > 1, this shows the original circuit does not
compute PARITY



PARITY Lower Bound

e

Optimal choice of parameters gives a tight
exp(Q(nt/d)) lower bound for depth d+1 circuits
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Formulas vs. Circuits



ACP Circuits
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AC° Formulas

X3 X7 Xg =Xp X3 Xy Xgq 7Xg Xy 7X5 TRy Xy Xy




[

Fact: Every depth d+1 circuit of size S is equivalent
to a depth d+1 formula of size at most S¢

\
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PARITY Lower Bound

e )
Hastad ‘86

L Depth d+1 circuits for PARITY require size exp(Q(n?/9)) )

e )
R. ‘15

_ Depth d+1 formulas for PARITY have size exp(Q(dn?/d)) )




PARITY Lower Bound

e )
Hastad ‘86

L Depth d+1 circuits for PARITY require size exp(Q(n?/9)) )

( log n )

Poly-size circuits for PARITY have depth oglogn+0(1) |

.

e )
R. ‘15

_ Depth d+1 formulas for PARITY have size exp(Q(dn?/d)) )

7 N

Poly-size formulas for PARITY have depth Q(log n)
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Two Views of R, : [n] = {0,1,4}

(1) Independently, for each coordinate i € [n], set
o with prob. p

R.(i)= 5 O with prob. (1-p)/2

1 with prob. (1-p)/2

(2) o0 &< {0,1}" uniform random “assignment”
T <& [0,1]" uniform random “time-stamp”
* ift.<p

R, (i) = —
ol o ift,>p

—



c 01101001010011010111010

o & {0,1}" uniform random “assignment”
T & [0,1]" uniform random “time-stamp”

g—

* ift,<p

o ift.>p

—

R (i) = —




ﬁ “time” p runs from 1 to Oj °.®
o

U
o
0 -~ O

c 01101001010011010111010

o < {0,1}" uniform random “assignment”
T < [0,1]™ uniform random “time-stamp”

g—

* ift,<p

o ift.>p

—

R (i) = —




starttimep=1

c 01101001010011010111010

Rp k ok ok k ok k ok k ok k ok ok ok ok k ok k k k ok ok ok ok

o & {0,1}" uniform random “assignment”
T < [0,1]™ uniform random “time-stamp”

g—

* ift,<p

o ift.>p

—

Ry(i) = -




starttimep =1

Rp k ok ok k ok k ok k ok k ok ok ok ok k ok k k k ok ok ok ok

o & {0,1}" uniform random “assignment”
T & [0,1]" uniform random “time-stamp”

g—

* ift,<p

o ift.>p

—

R (i) = —




c 01101001010011010111010

Rp X Kk k k() Kk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok

o & {0,1}" uniform random “assignment”
T < [0,1]™ uniform random “time-stamp”

g—

* ift,<p

o ift.>p

—

Ry(i) = -




c 011010010100110101110160
R, *1**10*x1*x100**0*0*x*x*x0*0

o & {0,1}" uniform random “assignment”
T < [0,1]™ uniform random “time-stamp”

g—

* ift,<p

o ift.>p

—

R (i) = —




c 01101001010011010111010
R,011x1001~100~x10%x01110%0

o & {0,1}" uniform random “assignment”
T < [0,1]™ uniform random “time-stamp”

g—

* ift,<p

o ift.>p

—

R (i) = —




c 01101001010011010111010
R,011010010100110101110160

o & {0,1}" uniform random “assignment”
T < [0,1]™ uniform random “time-stamp”

g—

* ift,<p

o ift.>p

—

R (i) = —
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e Each sub-formula F will have its
own “stopping time” q(F)

e q(F)is arandom variable in [0,1],
which is determined by o and T
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decision trees
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F)=p/ 14k
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Hastad’s Switching Lemma
If Fis k-DNF or k-CNF, then
Pr[ DTdepth(f ) R1/14k) 2 € ] < e_g

\_

“Stopping Time Version”

For every Boolean formula F,
Pr DTyepin(F I Ryr) 2 €] < et

\_




Technical Main Lemma (tail bound for q(F))

If F has depth d+1, then forall0 <A <1,
Cd

Pr[ g(F) £A] < size(F) x

o

exp(Q(dA~9))

~

/
* The constant C < 8 is defined by
1 1
1+7Z;exp(eZ L—(i+4+1) +Zzexp Det=t — (i +j+2)e?

1=0 7=0



Technical Main Lemma (tail bound for q(F))

If F has depth d+1, then forall 0 <A <1,
Cd

Pr[ g(F) £A] < size(F) x

\ exp(Q(dA~9))

f Corollary

Depth d+1 formulas for PARITY have size
exp(Q(dn?/d) — O(d))

\_




Proof of Hastad’s
Switching Lemma



e Fixak-DNFFand?=>1

[

Switching Lemma:

Pr[ depth(CanDT(F ' R)) 2 £ ] = O(pk)*




e Fixak-DNFFandf2>1
 BAD :={restrictions R | depth(CanDT(F'R)) > ¥}

-
Switching Lemma:

Pr[ depth(CanDT(F ' R)) 2 £ ] = O(pk)*




Fixa k-DNFFand £ >1
BAD :={restrictions R | depth(CanDT(FIR)) > ¢ }
Goal. Pr[R; & BAD ] = O(pk)*

Switching Lemma:
Pr[ depth(CanDT(F ' R)) 2 £ ] = O(pk)*




e Fixak-DNFFandf2>1
 BAD :={restrictions R | depth(CanDT(F'R)) > ¥}
* Goal. Pr[R, € BAD] = O(pk)*

Key idea. We associate each R € BAD with a
restriction R* such that




e Fixak-DNFFandf2>1
 BAD :={restrictions R | depth(CanDT(F'R)) > ¥}
* Goal. Pr[R, € BAD] = O(pk)*

Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €

R *1*%x10*1*100*%*x0*x0**x*(Q*(
R* x1%x010*x1*x1001*x0*x0*x0*x0*0
(£ =3)



e Fixak-DNFFandf2>1
 BAD :={restrictions R | depth(CanDT(F'R)) > ¥}
* Goal. Pr[R, € BAD] = O(pk)*

Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
in particular, Pr[R, =R*] /Pr[R =R]=((1-p)/2p)*




e Fixak-DNFFandf2>1
 BAD :={restrictions R | depth(CanDT(FIR)) > ¥}
* Goal. Pr[R, € BAD] = O(pk)*

Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
in particular, Pr[R, =R*] /Pr[R =R]=((1-p)/2p)*

for any restriction p with s stars,

Pr{R,=p ] =p* (1-p)"




e Fixak-DNFFandf2>1
 BAD :={restrictions R | depth(CanDT(F'R)) > ¥}
* Goal. Pr[R, € BAD] = O(pk)*

Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)*-to-1




e Fixak-DNFFandf2>1
 BAD :={restrictions R | depth(CanDT(FIR)) > ¥}
* Goal. Pr[R, € BAD] = O(pk)*

Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)’-to-1

any restriction p equals R* for

at most (4k)? distinct R € BAD




Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)*-to-1




Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)*-to-1

Pr| Rp e BAD ]
= ZREBAD Pr Rp =R]




Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)*-to-1

Pr| Rp € BAD ]
= ZREBAD Pr Rp =R]
= 2REBAD (2p/(1-p))* Pr| Rp = R* ]

PrlR, =R]=(2p/(1-p))* Pr[ R, = R* ]




Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)*-to-1

Pr{R, € BAD ]
= Sresao PrLR, =R
= Yresao (2P/(1-p))* Pr[ R, = R* ]
< (4p)* Yrepao Pr[R, = R* ]

w.l.o.g.p<1/2




Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)*-to-1

PrR, € BAD ]
= Sresao PrLR, =R
= Yresao (2P/(1-p))* Pr[ R, = R* ]
< (4p)? Sgepnp Prl R, = R* ]
< (4p)¢ (4k)!Pr[ R, € {R* | R € BAD} ]




Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)*-to-1

PrR, € BAD ]
= Sreeao PrLR; =R
= Yresao (2P/(1-p))* Pr[ R, = R* ]
< (4p)* 3repap Prl R, = R*]
< (4p)¢ (4k)*Pr[R, € {R* | R € BAD} ]

40>




Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)*-to-1

PrR, € BAD ]
= Sresao PrLR, =R
= Yresao (2P/(1-p))* Pr[ R, = R* ]
< (4p)? Sgepnp Prl R, = R* ]
< (4p)¢ (4k)!Pr[ R, € {R* | R € BAD}]

< (16pk)?t
< (16pl Q.E.D.




(

Switching Lemma:
Pr[ depth(CanDT(FI'R))) 2 £ ] = O(pk)*

PriR, € BAD ]
= Sresao PrLR, =R
= Yresao (2P/(1-p))* Pr[ R, = R* ]
< (4p)? Sgepnp Prl R, = R* ]
< (4p)¢ (4k)!Pr[ R, € {R* | R € BAD}]

< (16pk)?
6Pl Q.E.D.




-

Switching Lemma:
Pr[ depth(CanDT(FI'R))) 2 £ ] = O(pk)*

Pr| Rp e BAD ]
= ZREBAD Pr[ Rp =R]




Key idea. We associate each R € BAD with a
restriction R* such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)*-to-1




Key idea. We associate each R € BAD with a
pair (R*,Code(R)) such that

@ |Stars(R*)| = |Stars(R)| - €
(2) the map R~ R* is (4k)*-to-1
©
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(2) the map R~ R* is (4k)*-to-1
(3® Code(R) € ({0, X [k])?

in particular, Code(R) has

(4k)¢ possible values
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(3 Code(R) € ({0,1}2 X [K])*
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Key idea. We associate each R € BAD with a
pair (R*,Code(R)) such that

@ |Stars(R*)| = |Stars(R)| - €

(2) the map R~ R* is (4k)*-to-1

(3 Code(R) € ({0,1}2 X [K])*

@ the map R~ (R*,Code(R)) is 1-to-1

intuitively, Code(R) is a “recipe”

for inverting R~ (R*,Code(R))
given knowledge of R*




R~ (R*,Code(R))



k=3, ¢=4| R~ (R*,Code(R))

F= Xy X=X V =Xy X3 X5 V Xy =%X4 X5 V X3 X4 =Xg V Xq=X4 =X



k=3, ¢=4| R~ (R*,Code(R))

F= Xy X=X V =Xy X3 X5 V Xy =%X4 X5 V X3 X4 =Xg V Xq=X4 =X

R={x;"1,x,~0}




k=3, ¢=4| R~ (R*,Code(R))

1 0 1 0 1 1
FIR= %, Xy X3 V =%, X3 Xg V X5 =%, X5 V X3 %, =Xg V =Xy

R={x;"1,x,~0}




k=3, ¢=4| R~ (R*,Code(R))

1 0 1 0 1 1

J

R={x;"1,x,~0}




k=3, ¢=4| R~ (R*,Code(R))

FIR= %, X, =X3 V \/x2 X5VV —X7

R={x;~1,x,~0}

CanDT(FIMR) =




k=3, £=4| R+ (R* Code(R))

R={x,~1,~0}

R € BAD, since

CanDT(FIMR) > ¢




k=3, ¢=4| R~ (R* Code(R))

FFR= %, Xy X3 V sz x5VV ~X;

R={x;~1,x,~0}

R~={x1'—>1,x4'—>0,
X, 1, %371,
X0, x,~> 1}




k=3, ¢=4| R~ (R* Code(R))

FFR= . Xy =X3 V sz x5VV Xy

R={x;~1,x,~0}

R~={x1'—>1,x4'—>0,
X, 1, %371,
X0, x,~> 1}

R*:{X]_'_)l, X4|_)O,
X, 1, X370,
X 1,x,~>0}




k=3, £=4

R={x;~1,x,~0}

X, X3P

RY={x;P1,x,

O,

Xs ™ X, }

X, P Xy

R*={x;P1,x,~

O,

Xg ™ X, }

R~ (R*,Code(R))

FIR= %, Xy ~X3 V \/x2

VAV

—|X7




k=3, £=4

R={x;~1,x,~0}

RY={x;P1,x,

O,

- s ==

R~ (R*,Code(R))

FIR= %, Xy ~X3 V \/x2

VAV

—|X7




k=3, £=4

FIR =

)(2/—-X3V sz

R={x;~1,x,~0}

RY={x;P1,x,~0,

X, P> X3P
Xs ™ X, }

* — > >
R* = {x, 21 x, 0,

\
X, 1, %370,

- s ==

R~ (R*,Code(R))

VAV

—|X7




k=3, £=4

R={x;~1,x,~0}

(X, 1,37

R™ = {x,21, 4,20,

1\
})

~-——_’

- s ==

R~ (R*,Code(R))

FIR = >'<2/~x3v \/x2

VAV

ﬂX7




k=3, £=4

FIR =

R~ (R*,Code(R))

)(2/—-X3V R VX,

R={x;P1,x,

0}

VAV

—|X7

Code(R) says:

~_———

R™ = %721, %, 2.0,
(X, 1,x3~1

S
)

e

-

-_—

- s ==

* find the first satisfied term

of FIM R*

* the “long path” begins with

X, 1, X371

(i.e. var, of term =1 and

var; of term = 1)




k=3, £=4

10 1

FIR=x, 388 V —@ V&b X, Xs V)@Vxlﬂxsz7
Q
O

R~ (R*,Code(R))

R={x,71,x,~

0}

~_———

-

Fix variables
according to the

beginning of the
long path




k=3, ¢=4| R~ (R* Code(R))

FFR=V\/ Xs VX V -X,

R={x;~1,x,~0}

RY={x;~1,%x,~0,
X, P 1, X371,
Xg ™ X, }

R*={x,71,x,~0,
X, ™1, X370,
Xg ™ Xy}




k=3, £=4

R~ (R*,Code(R))

R={x;P1,x,

0}

RY={x;P1,x,
X, P 1, X371,
Xs ™ X, }

O,

X, 1, X
/’2_-" 3
\ X5 ™

<

R*={x;P1,x,~
|—>O’
X, }

O,

[

VAV

—|X7




k=3, ¢=4| R~ (R* Code(R))

R={x;~1,x,~0}

RY={x;~1,%x,~0,
X, P 1, X371,
Xg ™ X, }

R*={x;~1,x,~0,
X 1 X3 0,
( s L%, > )

A
‘——




k=3, ¢=4| R~ (R* Code(R))

FPR=V\/ Xs VX V -X,

R={x;~1,x,~0}

RY={x;~1,%x,~0,
X, P> 1, X371,
-~ -~ o }

(X5 0%,

W =

R*={x;P1,x,~0,
X, P> 1, X370,
5 Hf) > }
\Xg 7 L Xy

A‘——




R={x;~1,x,~0}

k=3, ¢=4| R~ (R* Code(R))

x5V\/ —X

Code(R) next says:

~={x;71,%x,~0,
X2l %37 1,
(
{Xs> 0%, > }

W =

R*={x;~1,x,~0,
X 1 X3 0,
(%~ x>}

* find the next satisfied term
of F! R*(overwriting X, 1, X3+ 1)
* the “long path” continues
Xg P> 0
(i.e. var; of term = 0)

A
‘_—



k=3, £=4| R+ (R* Code(R))

0
FIR = @v@sz—x4§v®vpr4ﬂx7

R={x;"1,x,~0}

R~ = {x, 7 1, X, > 0, Fix variables

X2l x3~ 1,
(x>0, P}

o

according to the
long path

‘——

R*={x;~1,x,~0,
X, ™1, X370,
X1, x, >}




k=3, £=4

R~ (R*,Code(R))

1R DV VD VS

R={x;~1,x,~0}

—|X7

RY={x;P1,x,~0,
X, P 1, X371,
Xs 0, X, P

}

R*={x;~1,x,~0,
X, ™1, X370,
X1, X, P

}

R




k=3, ¢=4| R~ (R* Code(R))

F=X X, =X3 V =Xy X3 X V Xy =X X V X3 X5 ~Xg V Xq=Xgq =Xy

R={x,">1,x,~0} Code(R) € ({0,1} X [k])*
given knowledge of R* (and F),
R¥={x;71,x,~0, follow these instructions to
X, P 1, X371, recover R (and along the way R~)

Xs>0,%x,~>1}

R*={x,~1,x,~0,
X, ™1, X370,
X1, x,~0}




k=3, £=4| R+ (R* Code(R))

F=X; X, X3 V =Xy X3 Xs V X5 =Xg X V X3 Xq =Xg V Xq=X4 =X

R={x,~1,x,~0} Code(R) € ({0,1}> X [k])*
given knowledge of R* (and F),
RY={x;P1,x,~0, follow these instructions to
X, P 1, X371, recover R (and along the way R~)

X0, x,~> 1} ‘@

v R* has ¥ fewer

R*={x;~1,x,~0, stars than R
X, 1, X370, v’ R~ (R*,Code(R))
Xg>1,x,~>0} is 1-to-1




A Different Approach



A Different Approach

-

-

Hastad’s Switching Lemma

If Fis a k-DNF, then
Pr[ depth(CanDT(FI'R))) 2 £ ] = O(pk)*

\_

Weak (but flexible) Switching Lemma

If Fis a k-DNF, then
Pr[ depth(CanDT(F) IR ) 2 £ ] = O(pk2")*




Shows that PARITY has depth-d
circuit size

ewo(0((75))

Weak (but flexible) Switching Lemma
If Fis a k-DNF, then
Pr[ depth(CanDT(F) 'R ) 2 £ ] = O(pk2¥)*

-




Proof generalizes to affine
restrictions!

Weak (but flexible) Switching Lemma
If Fis a k-DNF, then
Pr[ depth(CanDT(F) 'R ) 2 £ ] = O(pk2¥)*

-
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A Different Approach

Decision Tree Switching Lemma
k-Clipped Decision Trees

Arbitrary Distribution of Stars
Switching Lemma for Affine Restrictions

Tseitin Expander Switching Lemma



Binomial Distribution

 For afinite set N, let
SS N
Denote “S is a p-biased random subset of N”, i.e.,
Pr[S=5]=pl*l(1-p)NI-I5l

* For a natural numbernand 0<p <1, the binomial
random variable Bin(n,p) is equivalent to |S| where
S Ep [n]



-

\_

Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TFR) > £ ] < (2pk)*




e Consider a random branch of T:

1/16 1/16



e Consider a random branch of T:

1/16 1/16



* Let B(T) & [n] be the set of variables queried on a
random branch of T

1/16 1/16



* #B(T) = the number of variables queried on a
random branch of T

1/16 1/16



* #B(T) = the number of variables queried on a
random branch of T

4 )
Obs: If depth(T) =k, then

Prl#B(T) 2 k] =2

J

1/16 1/16



/Claim. The following random variables have the \
same distribution:

1. B(TIR)

the set of variables queried on a random branch of TI' R,
C
K a p-biased subset of the vars. on a random branch of T /




KCIaim. The following random variables have the \
same distribution:

1. B(TIR) #B(T'R )

the set of variables queried on a random branch of TI' R,

2. SS,B(T)  Bin(#B(T),p)
K a p-biased subset of the vars. on a random branch of T /




4 )
1. B(T'R)

2. SS_B(T) @
\ J
) <)

) ) ) )
O O O O O O O O
) ) C) )

) O O O O

)




-

N
1. B(T'R)

2. SS_B(T)
- J




(

<
1. B(T'R)

2. SS_B(T)
- J




(

2. SS_B(T)
g J

N
1. B(T'R)

[/
g

.

\
4

%3




(

<
1. B(T'R)

2. SS_B(T)
- J

TR,
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N
1. B(T'R)

2. SS_B(T)
- J

T'R
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N
1. B(T'R)

2. SS_B(T)
- J

T'R
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N
1. B(T'R)

2. SS_B(T)
- J

B(T'R)
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N
1. B(T'R)

2. SS_B(T)
- J

B(T'R)




-

N
1. B(T'R)

2. SS_B(T)
- J

B(T'R)




(

N
1. B(T'R)

2. SS_B(T)
g J

B(T'R)




-

N
1. B(T'R)

2. SS_B(T)
- J

B(T'R)




4 )
1. B(T'R)

2. SS_B(T) @
\ J
) <)

) ) ) )
O O O O O O O O
) ) C) )

) O O O O

)




4 )

1. B(TIR) B(T)
2. SS_B(T) @
\ J




-

N
1. B(T'R)

2. SS_B(T)
- J

B(T)



-

N
1. B(T'R)

2. SS_B(T)
- J




-

N
1. B(T'R)

2. SS_B(T)
- J

-

N
1. #B(T'R)

2. Bin(B(T), p)
\ Y




-

\_

Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TMR) > £ ] < (2pk)*
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\_
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®

recall: depth(T’)>¢ =

Pri#B(T')>¢]>27"
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Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TMR) > £ ] < (2pk)*

\_

Pr[ depth(TTR )2 £]
<Prp [Prgmig) [#B(TTR) 24 ]227]

®

recall: depth(T’)>¢ =

Pri#B(T')>¢]>27"
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Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TMR) > £ ] < (2pk)*

Pr{ depth(TTR ) > ¢ ]
<Prp [Prgmg) [#B(TTR) 2] 227]
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Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TMR) > £ ] < (2pk)*

Pr[ depth(TTR )2 £]
<Prp [ Prgmg) [#B(TTR) 2] 2277]
<2V Exg [ Prarie) [#B(TTR) 2 4] ]

Markov’s inequality




-
Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TMR) > £ ] < (2pk)*

\_

Pr{ depth(TTR ) > ¢ ]
<Prp [Prgmg) [#B(TTR) 2] 227]
< 2° EXg, [ Prarip) [#B(TIR) 24 ]]
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Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TMR) > £ ] < (2pk)*

\_

Pr{ depth(TTR ) > ¢ ]
<Prp [Prgmg) [#B(TTR) 2] 227]
<2 Pr[ #B(T! R)271]
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Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TMR) > £ ] < (2pk)*

Pr[ depth(TTR )2 £]
<Prp [Prgmg) [#B(TTR) 2] 227]
<2UPr[#B(TIR ) 2 ¢ ]
= 2¢ Pr[ Bin(#B(T),p) =¥ ]
h )

#B(TIMR)) and Bin(#B(T), p)

have the same distribution




-
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Decision Tree Switching Lemma

If T is a depth-k decision tree, then

Pr[ depth(TMR) > £ ] < (2pk)*

Pr[ depth(TTR )2 £]

< Per[
<2t Pr
= 2% Pr
<2¢Pr

Proqcip) [H#B(TTR) 24 ]2 2]
H#B(TIR) 2 4]
 Bin(#B(T),p) 2 ¢ ]

: Bin(k., p) =1 ]

O
#B(T) < depth(T) <k




-

\_

Decision Tree Switching Lemma

If T is a depth-k decision tree, then
Pr[ depth(TMR) > £ ] < (2pk)*

Pr[ depth(TTR )2 £]

< Prg.l
<2t Pr
= 2% Pr
<2t Pr
<2t (p

Pracrrn [#B(TIR )2 £]227¢]
#B(TIR )2 4]

 Bin(#B(T),p) 24 ]

Bin(k,p) > ¢

()Y e g
union bound




-

\_

Decision Tree Switching Lemma

If T is a depth-k decision tree, then

Pr[ depth(TMR) > £ ] < (2pk)*

Pr{ depth(TTR ) > ¢ ]
<Prp [Prgmg) [#B(TTR) 2] 227]

<2¢Pr
=2¢ Pr
<2¢Pr
<2t (p

#B(TIR )2 ¢]
 Bin(#B(T), p) 2 4']
Bin(k, p) 2 ]

k)t

Q.E.D.
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Recall: Canonical DT of a k-DNF

(X1 X5 X3)
V (=%, x,)

V (X, =X; =X5)




Recall: Canonical DT of a k-DNF

\
\

V..

(X1 X5 X3)
("Xz X4)

(X ~X3 =X;)

Obs: Every node has
distance < k from a leaf!




Definition: A decision tree is k-clipped if every node
has distance < k from a leaf




Definition: A decision tree is k-clipped if every node
has distance < k from a leaf

4 N
Lemma: If Fis a k-DNF (or k-CNF), then

CanDT(F) is k-clipped




Definition: A decision tree is k-clipped if every node
has distance < k from a leaf

4 N
Lemma: If Fis a k-DNF (or k-CNF), then

CanDT(F) is k-clipped

~N
J

Lemma: If Tis k-clipped, then
ex (1) < ofka?




Definition: A decision tree is k-clipped if every node
has distance < k from a leaf

#B(T) stochastically dominated by
the number of unbiased coin flips
until seeing k consecutive heads

Lemma: IfTis k.Q?pped, then
Ex (#p{fT) ) s O(k2¥)?




\_

k-Clipped Decision Tree Switching Lemma

If T is a k-clipped decision tree, then
Pr[ depth(TFR)) > £ ] = O(pk2¥)*




k-Clipped Decision Tree Switching Lemma

If T is a k-clipped decision tree, then
Pr[ depth(TFR)) > £ ] = O(pk2¥)*

\_

Pr{ depth(TTR ) > ¢ ]
<Prp [ Prgmg) [#B(TIR) 24 ]2 27t]
<2¢Pr[#B(TIR) 2 £ ]
=2t Pr [ Bin(#B(T),p) = ¥ ]

same as before



\_

k-Clipped Decision Tree Switching Lemma

If T is a k-clipped decision tree, then
Pr[ depth(TFR)) > £ ] = O(pk2¥)*

Pr[ depth(TTR )2 £]
<Prp.[Prgig) [#B(TTR) 2] 2277]
<2UPr[#B(TMR ) > ¢ ]
= 2¢ Pr [ Bin(#B(T),p) = ¥ ]

< 26 EX[ <#p€(T)) pf] °e @



k-Clipped Decision Tree Switching Lemma

If T is a k-clipped decision tree, then

Lemma: If Tis k-clipped, then

Ex (#ﬁ{,m ) < O(k24*

=2t Pr [ E(#B(T), p) 2 £ ]
< 2 Ex[(#’i,‘”) of ]

< 2% p? O(k2k)*




\_

k-Clipped Decision Tree Switching Lemma

If T is a k-clipped decision tree, then
Pr[ depth(TFR)) > £ ] = O(pk2¥)*

Pr{ depth(TTR ) > ¢ ]
<Prp [ Prgmg) [#B(TIR) 24 ]2 27t]
<2¢Pr[#B(TIR) 2 £ ]
=2t Pr [ Bin(#B(T),p) = ¥ ]

<20 ex[ (P pt

< 2% pt O(k2k)* Q.E.D.
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Tseitin Expander Switching Lemma



e LetS & [n] be an arbitrary distribution of “stars”



e LetS & [n] be an arbitrary distribution of “stars”
* Letu € 1{0,1}



e LetS & [n] be an arbitrary distribution of “stars”
* Letu € 1{0,1}
* Define random restriction pg , : [n] = {0,1,*} by

5 (i)=<|:* ifi €5,
>4 u. otherwise.



 LetS €S [n] be an arbitrary distribution of “stars”
* Letu € ;{0,1}"
* Define random restriction pg , : [n] = {0,1,*} by

5 (i)=<|:* ifi €5,
>4 u. otherwise.

If S & [n], then pg , has the

same distribution as Rp




e LetS & [n] be an arbitrary distribution of “stars”

-

Definition: For p € [0,1], we say that S is p-bounded

if Pr[J € S] < pl'l foreveryJ € [n]

~




Kl'he following A B(M) NS

are equivalent:

1. B(T!ps,)




Ghe following A B(T) NS

are equivalent:

1. B(T!pg,)
Kz' B(T) NS ) in fact, this

equivalence
valid for fixed

S € Supp(S)




Kl'he following A B(M) NS
are equivalent:
1. B(T!ps,)

If S is p-bounded, then
Pr{ |B(T) nS| 274 ]
()51

o




-~

The following
are equu PriJ € S]<p?
1. B for every J S [n] of size |J]| =

2. p(T)NS
2 BTN /_~ N

If S is p-bounded, then
Pr{ |B(T) nS[274]
(7o)

\_




\_

Theorem (Switching Lemma for pg )
If S is p-bounded and T is a k-clipped DT, then
Pr[ depth(T ! pg,) 2 £ 1= O(pk2k)?




\_

Theorem (Switching Lemma for pg )

If S is p-bounded and T is a k-clipped DT, then
Pr[ depth(T ! pg,) = £ ] = O(pk2¥)*

Pr[ depth(T 1 pg,) 2]

SPrs [ Prygip) [#B(TT ps ) 2 €12 27]

<2°Pr[#B(Tlpg,) 2 4]
=2°Pr[ |B(T)NS|24]

<20 ex[ (*PI) pt

< 27 p? O(k2k)*

Q.E.D.




A Different Approach

Decision Tree Switching Lemma
k-Clipped Decision Trees

Arbitrary Distribution of Stars

Switching Lemma for Affine Restrictions

Tseitin Expander Switching Lemma



e Restrictions [n] - {0,1,%} are in 1-1 correspondence
with subcubes of {0,1}"

* What about the complexity of F I A (e.g. for F a k-DNF)
for a random affine subspace of A & {0,1}" ?



e Restrictions [n] = {0,1,%} are in 1-1 correspondence
with subcubes of {0,1}"

* What about the complexity of F I A (e.g. for F a k-DNF)
for a random affine subspace of A & {0,1}" ?

A=V +u

where V is a linear subspace of {0,1}"




e Restrictions [n] - {0,1,%} are in 1-1 correspondence
with subcubes of {0,1}"

* What about the complexity of F I A (e.g. for F a k-DNF)

for a random affine subspace of A & {0,1}" ?

/

-

Affine Switching Lemma

If Fis a k-DNF and A is a “p-bounded” random
affine subset of {0,1}", then

Pr[ DT gepn(F M A) 2 £ ] = O(pk2¥)*

\

J




Applying an Affine Restriction

 Consider an affineset A & {0,1}"
* Forf:{0,1}» = {0,1}, we define:
frA:A—-{0,1},

DT yepin(f I A) = min. depth of a decision tree T
such that f(x) = T(x) for all x € A

 We also have a syntactic operation T = T A on
decision trees



Applying an Affine Restriction

* Example: A={x € {0,1}" | x; # X3 }




e LetS & [n] be an arbitrary dist. of “stars”

* Letu € {01}

*x ifi €85,

e Consider random restriction 1) =
Psull) {ui otherwise.



[ ) ' 1 o ”

Let V be an arbitrary dist. on linear subspaces of {0,1}"

* Letu € {01}

. . : * fiEeS
* Consider random restriction i) = { ‘
Psull) u. otherwise.



o 1

Let V be an arbitrary dist. on linear subspaces of {0,1}"

* Letu € {01}

Consider random affine space V + u



o ”

Let V be an arbitrary dist. on linear subspaces of {0,1}"

* Letu € {01}

Consider random affine space V + u

V is the arrangement of “stars”




o ”

Let V be an arbitrary dist. on linear subspaces of {0,1}"

* Letu € {0,1}

Consider ran@m affine space V + u

u gives the “assignment to

non-stars”




e LetS & [n] be an arbitrary dist. of “stars”

Let V be an arbitrary dist. on linear subspaces of {0,1}"

@)
* Letu € {01}

Consider random affine space V + u

{b,, ..., b} = standard basis for {0,1}"

if V=Span{b. |i €S} thenV+uis
the subcube defined by pq |,




\_

Definition
A random set S € [n] is p-bounded if, for all ] & [n],
Pr[J € S]<pll

\

Definition

A random linear subspace V & {0,1}" is p-bounded if,
for allJ & [n],

< plJl
_ Pr[ V shattersJ ] <p

J
~

J




Definition

\_

A random set S € [n] is p-bounded if, for all ] & [n],

Pr[J € S]<pll

\

Definition

A random linear subspace V & {0,1}" is p-bounded if,

for allJ & [n],

-

Pr[ V shatters J ] < pl/|

J
~

J

VIS )] dv €V suchthat
e v.=1foralli €I
*v,=0forallj € J\I



(
Definitior

V shatters ] & [n]
=

Jis independent in the
matroid associated with V
A random linear subs

for allJ & [n], fe

)]
_ Pr[ V shattersJ ] <p .

\ T —

VIS )] dv €V suchthat
e v.=1foralli €I
*v,=0forallj € J\I

Definition

V € {0,1}"is p-bounded if,




-

\_

~
Definition

A random set S € [n] is p-bounded if, for all ] & [n],
Pr[J € S]<pll

o

J
Definition A

A random linear subspace V & {0,1}" is p-bounded if,
for allJ & [n],

< plJl
Pr[ V shattersJ ] <p Y.

equivalent if V=Span{b. | i € S}




Suppose A =V + u where
* Vis a p-bounded random linear subspace of {0,1}"
*u Eunif {0'1}n

(

Theorem For every k-clipped decision tree T,
Pr[ depth(T M A) = £ ] = O(pk2k)?

essentially the same proof as

the Switching Lemma for pg




Suppose A =V + u where
* Vis a p-bounded random linear subspace of {0,1}"
*u Eunif {Oll}n

~ A
Theorem For every k-clipped decision tree T,

L Pr[ depth(T M A) > £ ] = O(pk2X)* )

- N
Corollary (Affine Switching Lemma)

For every k-DNF F, Pr[ DTy, (FFA)2 4] = O(pk2k)?
N~ y




Suppose A =V + u where
* Vis a p-bounded random linear subspace of {0,1}"
*u Eunif {0,1}”

~ A
Theorem For every k-clipped decision tree T,

Pr[ depth(T M A) > £ ] = O(pk2X)*

. y,

4 N
Corollary (Affine Switching Lemma) Lo T .
For every k-DNF F, Pr[ DTy ..n(F 1 A) 2 £ ]1E O(pk2¥)? »

\ \‘i -‘i/

‘_’

{ Conjecture: O(pk)? ]




/For every fixed V (and \

random u € {0,1}"), the
following are equivalent:

1. B(TM(V+u))
#B(T"(V +u))

2. “greedy basis” of
B(T) in the V-matroid

\ rank,(B(T)) /




Suppose A =V + u where
* Vis a p-bounded random linear subspace of {0,1}"
eue {01} ®

L ¢’

Final generalization:
Replace the “ambient space” {0,1}"

unif

with an arbitrary affine space B



Suppose A =V + u where

* Vis ap-bounded random linear subspace of B

@)
*u EunifB

S O

Final generalization:
Replace the “ambient space” {0,1}"

with an arbitrary affine space B



Suppose A =V + u where
* Visa p:quded random linear subspace of B
*u Eunif B .

A is a random affine subspace of B




Suppose A =V + u where

* Vis a p-bounded random linear subspace of B
*u Eunif B

/

\_

Theorem

For every B-independent k-clipped decision tree T,

Pr[ depth(T M A) > £ ] = O(pk2¥)*




Suppose A =V + u where
* Vis a p-bounded random linear subspace of B

*u Eunif B
/

Theorem

For every B-independent k-clipped decision tree T,
9 Pr[ depth(T M A) > £ ] = O(pk2¥)*

Every branch f S [n] of T is “shattered” by B

(i.e. B is independent in the matroid associated with
Lin(B) = {x -y | x,y € B})



A Different Approach

Decision Tree Switching Lemma
k-Clipped Decision Trees

Arbitrary Distribution of Stars
Switching Lemma for Affine Restrictions

Tseitin Expander Switching Lemma



Tseitin Expander Switching Lemma

\
Theorem (Pitassi-R.-Servedio-Tan ‘16)
Depth-d AC® Frege proofs of Tseitin(3-regular
| 2
_ expander) require size exp(Q(( Ogn ) )) Y

~

Theorem (Beame-Pitassi-Impagliazzo ‘93, Ben-Sasson ‘02)

Depth-d AC® Frege proofs of Tseitin(3-regular

expander) require size exp(Q(n%/2))




Tseitin Expander Switching Lemma

Theorem (Pitassi-R.-Servedio-Tan ‘16)

Depth-d AC Frege proofs of Tseitin(3-regular

_ expander) require size exp(Q(( Iogn )2))

~

J

Improving the AFFINE SWITCHING

LEMMA would yield exp(Q(n¥/d))




Suppose A =V + u where

* Vis a p-bounded random linear subspace of {0,1}"

*u Eunif {0,1}”

-_— s -

[ Conjecture: O(pk)? ]

4 )
Affine Switching Lemma for k-DNFs
For every k-DNF F, PR
\
Pr[ DT FMA)> £ ] £ O(pk2k)?
_ (DTun(FPA)ZET£00K) 1



Stay Tuned...

Toni Pitassi: Expander S.L. & AC%-Frege lower bound

Johan Hastad, Avishay Tal: Correlation bounds from
improved switching lemmas

Johan Hastad, Rocco Servedio: Random projections,
depth hierarchy theorem

Srikanth Srinivasan: Adaptive random restrictions
(against AC° with few threshold gates)




Thanks!



