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Abstract. We give a simple proof of a 5n − o(n) lower bound on the
circuit size over U2 of a linear function f (x) = Ax where A ∈ {0, 1}log n×n
(here, U2 is the set of all Boolean binary functions except for parity and
its complement).
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Introduction

Proving lower bounds on the circuit complexity of explicit Boolean functions is a
central problem of theoretical computer science. Despite of many efforts currently
we can only prove small linear lower bounds: 3n − o(n) for circuits over the full
binary basis B2 [1, 2] and 5n − o(n) for the basis U2 = B2 \ {⊕, ≡} [3]. These
lower bounds are proved for single-output Boolean functions. However, even less
is known for multi-output functions. Though intuitively it seems that computing
several functions must be harder than computing just one of them no stronger
lower bounds are known for multi-output functions. E.g., if instead of one output
we consider o(n) outputs then the strongest lower bounds over B2 and U2 are
still 3n − o(n) and 5n − o(n), respectively.
In this note, we prove a 5n − o(n) lower bound on the circuit size over U2
of a linear Boolean function f (x) = Ax where all the columns of the matrix
A ∈ {0, 1}log n×n are pairwise different and non-zero. In fact, we prove a wider
result:
CU2 (Ax ⊕ b) ≥ 5(n − m) ,

where A ∈ {0, 1}m×n is a matrix consisting of n different columns and b ∈
{0, 1}m is any vector.
The advantage of the proof is that it contains almost no case analysis though
is based on the standard gate elimination method. First, we show that an optimal
circuit for such a function does not contain out-degree 1 variables. For out-degree
2 variables, we show that either the considered circuit is not optimal or by
appropriate substitution at least 5 gates can be eliminated. Finally, if a circuit
contains a variable of degree 3 then it is straightforward to eliminate 5 gates.
?
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Definitions

By Bn,m we denote the set of all Boolean functions f : {0, 1}n → {0, 1}m . Bn,1
is denoted just by Bn . For f ∈ Bn,m , by fi we denote the i-th component of f
(thus, fi ∈ Bn ).
A circuit over a basis Ω ⊆ B2 is a DAG where each vertex has in-degree
either 0 or 2 and unbounded out-degree. Vertices of in-degree 0 are called input
gates and are labeled by variables x1 , . . . , xn . All other vertices are called gates
and are labeled by binary functions from Ω. Some of the gates are also marked
as output gates. Edges connecting gates are usually called wires. The out-degree
of a variable is the number of gates fed by this variable.
Such a circuit computes in a natural way a function from Bn,m where m is the
number of output gates. The size of a circuit is its number of gates not including
the input gates. The two widely studied bases Ω are B2 and U2 = B2 \ {⊕, ≡}.
The 16 binary functions f (x1 , x2 ) from B2 are usually classified as follows:
–
–
–
–

two constants: 0, 1;
four degenerate functions: x1 , x1 ⊕ 1, x2 , x2 ⊕ 1;
eight AND-type functions: (x1 ⊕ a)(x2 ⊕ b) ⊕ c, where a, b, c ∈ {0, 1};
two XOR-type functions: x1 ⊕ x2 ⊕ a, where a ∈ {0, 1}.

It is easy to see that gates labeled by functions from the first two classes can
be easily removed from a circuit. Also, circuits over U2 do not contain gates
computing XOR-functions. In the following, we assume without loss of generality
that a circuit over U2 consists of AND-type gates only.
For a function f ∈ Bn,m , by CΩ (f ) we denote the minimal size of a circuit
over Ω computing f .

3
3.1

Known Lower Bounds
Single-output Functions

By a counting argument, Shannon [4] showed that the circuit complexity (over
both B2 and U2 ) of almost all functions from Bn is Θ(2n /n). For explicit functions, the following lower bounds are known.
For the basis B2 , Schnorr [5] proved a 2n − Θ(1) lower bound for a wide
class of functions satisfying some natural property. Paul [6] proved a 2n − o(n)
lower bound for the storage access function and a 2.5n − o(n) lower bound for a
modification of the storage access function. Stockmeyer [7] proved a 2.5n − Θ(1)
lower bound for many symmetric functions. Blum [1] generalized Paul’s proof to
get a 3n − o(n) lower bound. Kojevnikov and Kulikov [8] proved a 7n/3 − Θ(1)
lower bound for functions of high degree. Demenkov and Kulikov [2] proved a
3n − o(n) lower bound for affine dispersers.
For the basis U2 , Schnorr [5] proved that the circuit complexity of parity is
3n−3. Zwick [9] proved a 4n−Θ(1) lower bound for certain symmetric functions.
Lachish and Raz [10] proved a 4.5n−o(n) lower bound for strongly two-dependent
functions. Iwama and Morizumi [3] improved the bound to 5n − o(n).
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Multi-output Functions

By counting one can show that almost all functions from Bn,n have circuit
complexity Θ(2n ).
Several lower bounds on complexity of multi-output functions are discussed
in Hiltgen’s thesis [11] (section 4.3, “Lower Bounds on the Complexity of Vector
Functions”).
Lamagne and Savage [12] proved the following result: if, for f ∈ Bn,m , all
fi ’s are different, then
CΩ (f ) ≥ min CΩ (fi ) + m − 1 .
1≤i≤m

In other words, the result says that if one needs to compute m different functions
instead of just one then at least m − 1 additional gates are needed. Using this
simple method one can prove 4n−o(n) and 6n−o(n) lower bounds on the circuit
complexity over B2 and U2 , respectively, for a function from Bn,n . E.g., we can
take a function g ∈ Bn with CB2 (g) ≥ 3n − o(n) and define f = (f1 , . . . , fn )
where fi (x1 , . . . , xn ) = g(x1 , . . . , xn ) ⊕ xi .
Blum and Seysen [13] proved that CB2 (AND, NAND) = 2n − 2 and moreover any optimal circuit for (AND, NAND) consists of two independent trees.
Red’kin [14] proved that the circuit complexity over B2 of a binary adder is
2.5n − 3. The binary adder is a function from Bn,n/2+1 that outputs the sum
of two input n/2-bit numbers. Interlando et al. [15] studied the circuit complexity over {⊕} of the same function studied in this note. They proved that
C{⊕} (Ax) = 2n − o(n). Chashkin [16] proved that CB2 (Ax) = 2n − o(n) and also
constructed a function from Bn,n with circuit complexity (over B2 ) 3n − o(n).
Hiltgen [11] studied so-called feebly one-way functions, i.e., permutations from
Bn,n such that C(f ) < C(f −1 ). He constructed examples of such f ’s with
CB2 (f ) = n − Θ(1) and CB2 (f −1 ) = 2n − Θ(1).
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Proof. Assume for the sake of contradiction that xi has out-degree 1.
If all outputs either depend only on xi or does not depend on xi at all then
xi does not need to feed any gate. In this case we can feed a constant instead of
xi into the gate that is fed by xi .
Otherwise at least one of the outputs depends on xi and at least one other
variable. Let G be the other input of the gate that is fed by xi . Note that G
does not depend on xi . The considered gate computes a function of the form
(xi ⊕ a)(g ⊕ b) ⊕ c. Assume that there is an assignment to all variables but xi
under which G is equal to b. Then the considered gate trivializes to the constant
c and the resulting circuit does not depend on xi . This contradicts the fact
that even under this substitution the considered output still depends on xi . This
means that under all possible substitutions G is equal to b⊕1, i.e., G is constant.
This, in turn, means that the circuit is not optimal.
t
u
Lemma 2. Let P and Q be gates fed by a variable xi and let Q be a direct
successor of P . Then one can reconstruct the circuit without increasing its size
so that P and Q are not connected by a wire.
Proof. Let G be the other successor of P . Then Q depends on G and xi . Note
that Q cannot compute a XOR-type function of xi and G since to compute the
XOR of two variables in U2 one needs three gates. Thus, we can change the
binary function computed in Q and put a wire to Q not from P , but directly
from G. The transformation is illustrated in Fig. 1.
t
u

Lemma 1. If some input variable xi of a circuit computing f feeds exactly one
gate then this circuit is not optimal.

xi

G

P

P
Q

A 5n − o(n) Lower Bound

In this section, we consider functions f ∈ Bn,m of the form f (x) = Ax ⊕ b, where
A ∈ {0, 1}m×n is a matrix with n different non-zero columns and b ∈ {0, 1}m is
any vector. First, note that after assigning a Boolean value to any variable one
gets a function of the same type (the corresponding column of A is eliminated
and some bits of b are changed; all the columns of A are still different and nonzero). This allows us to prove a lower bound by induction. Next, we prove a few
elementary lemmas for circuits computing such functions.
Recall that in this section we consider only circuits over U2 . One can assume
without loss of generality that such a circuit consists of AND-type gates only.
The main property of such a gate is the following: if a variable feeds an AND-type
gate then one can assign a constant to this variable so that the gate becomes
constant.

xi

G

Q

Fig. 1. A transformation described in Lemma 2.

Theorem 1.
CU2 (f ) ≥ 5(n − m) .
Proof. The proof is by induction on n − m. Without loss of generality we may
assume that A does not contain all-zero columns.
There are two cases when the statement holds by trivial reasons: n ≤ m and
m = 1 (if m = 1 then n = 1 since all the columns must be different).
Assume now that n > m and m > 1. If there is a row containing exactly one
1 (say, at i-th column), then the corresponding output depends only on xi . We
may then assign xi = 0. This removes the i-th column from the matrix as well as
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the corresponding row. It is easy to see that the resulting circuit still computes
the resulting function. It is also easy to see that all the columns in the resulting
matrix are different.
Let now all the rows A contain at least two 1’s and consider an optimal
circuit computing f . None of the input variables is an output gate. Note also the
following property of the function f : even if we assign all variables but xi there
is at least one output that still depends on xi . Also, by Lemma 1 all variables
feed at least two gates.
Consider a top gate P , i.e., a gate fed by two variables xi and xj . As the
circuit is optimal these variables are different and each of them feeds at least
one other gate.
We now consider several cases. In each of the cases we show that it is possible
to assign some variable a constant so that at least 5 gates are eliminated. Note
that all the gates that become constant are not output gates as all output gates
depend on at least two variables. This means that each such gate has at least
one successor. Note also that Lemma 2 allows us to assume that if two gates are
fed by the same variable then neither of them is fed by the other one.
– Case 1. One of xi and xj (say, xi ) feeds at least three gates (call them
P, Q, R). Then there exists a constant c ∈ {0, 1} such that the substitution
xi = c makes at least two of these gates constant (say, P and Q). Hence, this
substitution eliminates P, Q, R and all the successors of P and Q (Fig. 2).
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– Case 2. Both xi and xj feed exactly two gates. Denote the other successors
of xi and xj by R and Q, respectively.
• Case 2.1. Q = R (Fig. 2). We show that this case is just impossible.
Indeed, since P and Q are AND-type gates,
P = (xi ⊕ a1 )(xj ⊕ b1 ) ⊕ c1 ,

Q = (xi ⊕ a2 )(xj ⊕ b2 ) ⊕ c2 ,
for some constants a1 , b1 , c1 , a2 , b2 , c2 ∈ {0, 1}. Note that a1 6= a2 . Otherwise by a substitution xi = a1 we would make the circuit independent
of xj . By exactly the same reason b1 6= b2 . But then the circuit does
not distinguish between the assignments {xi = a1 , xj = b1 ⊕ 1} and
{xi = a1 ⊕ 1, xj = b1 } (under both these substitutions P = c1 and
Q = c2 ). This cannot be the case since all the columns of A are different
and hence there is at least one output that either depends on xi and
does not depend on xj or vice versa.
• Case 2.2. Q 6= R. Since the circuit is a DAG the gates can be topologically sorted. Fix some topological order and assume that R precedes Q
in it. This, in particular, means that R does not depend on Q.
We would like to show that there is a constant c ∈ {0, 1} such that the
substitution xj = c makes both gates P and R constant. Let G be the
other input of R (Fig. 3). As P and R are AND-type gates there exist
constants a1 , b1 , c1 , a2 , b2 , c2 ∈ {0, 1} such that
P = (xj ⊕ a1 )(xi ⊕ b1 ) ⊕ c1 ,

xi
P

Q

xi
R

P

Q

R

xi

xj

P

Q

R = (xj ⊕ a2 )(g ⊕ b2 ) ⊕ c2 .

xj

xi
Q

P
S

Case 1.1

Case 1.2

R

xj

xi

G
Q

P
G

Case 2.1

R

Fig. 2. Cases 1.1, 1.2, and 2.1.

• Case 1.1. If the total number of successors of P and Q is at least 2,
then at least five gates are eliminated.
• Case 1.2. If P and Q have a single successor then it also becomes
constant and its successor is also eliminated (and if R happens to be
this last successor then R becomes constant and also its successor is
eliminated).

T
Case 2.2.1

Case 2.2.2

Fig. 3. All subcases of case 2.2.

Note that under the substitution xi = b1 the gate P trivializes to the
constant c1 . Then if for some substitution to all other variables except
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for xj the gate G has value b2 , then the gate R also trivializes to the
constant c2 and the circuit becomes independent of the variable xj while
this cannot be the case. Thus, xi = b1 implies G = b2 ⊕ 1. A crucial observation is that then xj = a1 also implies G = b2 ⊕ 1. Indeed there is no
path in the circuit from Q to G (by the assumption that R precedes Q),
hence G can only depend on xi through P . And we know that if P = c1
then G = b2 ⊕ 1.
Altogether, if we assign xj = a1 then P and G trivialize to constant,
R also becomes a constant as it is now fed by two constants. All the
successors of P, G, R are also eliminated. Also, in the resulting circuit
xi has out-degree 1 hence by Lemma 1 at least one additional gate can
be eliminated. To show that in all possible cases at least 5 gates are
eliminated we consider two subcases depending on the successors of P
(the two subcases are shown at Fig. 3). Denote by S some successor of P .
Note that Lemma 2 guarantees that S 6= Q and S 6= R.
∗ Case 2.2.1. S 6= G. Then the substitution xj = a1 kills the gates
P, R, G, S. After that at least one additional gate can be eliminated
due to Lemma 1.
∗ Case 2.2.2. S = G. Note that if any of P, G, R has out-degree more
than 1 we again remove at leats 5 gates. Assume now that all of them
have out-degree exactly 1. Denote the only successor of R by T and
consider the other input of T . It is not a constant and it does not
depend on xj . Thus, by an appropriate substitution to all variables
but xj we can trivialize the gate T and make the circuit independent
of xj , a contradiction.
t
u
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