,[ll/lCerTHaFl MaTeEMaTUKa

[naea 5. PekyppeHTHble COOTHOLWEHUST B KOMOMHaTOpPMKe

A.B. TacTop

17.10.2025

AvckpeTHas
MaTemMaTuka.
Inaea 5.
PekyppeHTHbIe
COOTHOLLEHUS B
KkoMbuHaTopuKe.

A. B. Mactop



Yucna ®duboHayunm Huckperas

MaTemaTuka.
naea 5.
PekyppeHTHbIe
Onpepgenexne e

KOMbBUHaTOpuKe.

L/l/’Cﬂa ®M6OH3‘-ILH/I — NOCNeENOBATENBHOCTbL, 3ajaBaeéMasd COOTHOLWLEHNAMN
Fi=F =1 n Fn+1 =F,+ Foq npu n > 1.

A. B. Mactop

3ameyanune

] Haqano NOCNEQNOBATESILHOCT:
1,1,2,3,5,8,13,21,34, 55, 89, 144, 233,377, 610, 987, 1597, 2584, 4181, 6765, . . .

e MoxHo cuutaTb, 4to Fp = 0.
e 3apaya o kposmkax (Jleonapgo Musanckuii, ~1202 r.)
» HoBopoxaeHHas napa KpONMKOB HauMHaeT AaBaTb NOTOMCTBO Yepes MECSL;

> B3poC/asi Napa KPoJIMKOB pa3 B MeCsiL, MPON3BOAUT Ha CBET OfHY
HOBOPOXXAEHHYIO Napy;

N3Ha4YaJIbHO €CTb OAHA HOBOPOXXAEHHAA Mapa KpPOJIMKOB.

CKoslbko Kponukoe byaet yepes roa?



Csoiictea uncen ®uboHauv4n

Teopema
FiFo+ Fr_1Fr—1 = Frpo—1.

JlokazaTenbcTBO.

(=1 FkFi+FaFo=Fc- 14+ Fe1-0=Fr = Frp1-1.
C— 0+ 1 FeFpp1 + Fe1Fo = Fi(Fo + Fo—1) + Fr_1Fe =
= FxFo+ FFoo1 + Fo1Fo = (Fk + Fe1) Fo + FrFoor =
— Fk-‘rng + FkFg_l = F(k+1)+£71 = Fk+(€+1)71-

Cnepcteue
F3+F3_1:F2n7]_

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A.B. lMacTop



Csoiictea uncen ®uboHauv4n

Teopema

n

E Fk = Fn+2 -1
k=1
JokazaTenbcTBO.
n=1: F1:F3—]_.

n+1 n

n— n+1: Z Fr = Z Fk+Fn+1:(Fn+2—1)+Fn+1:Fn+3—1.
k= k=1

=1 =
Teopema
Fi+F+...4+ Fon1= Fopn/
Fo+Fa+...4+ Fon = Fopp1 — 1.
JlokazaTenbcTBO.
n=1F=F; h=FR-1
n—n+1 Fi+F+...4+ Fapo1+ Fang1 = Fon + Fang1 = Fango;
Fo+Fo+...4 Fon+ Fopgo = (F2n+1 — 1) + Fopto = Fopys — 1.

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



Yucna KaTtanana IEfrerpeTen

MaTemaTuka.
naea 5.

Oﬂpep,eﬂeH ne PekyppeHTHbIe
COOTHOLWWIEHNA B

l‘/MCﬂa KaTaﬂaHa — NOCNENOBATENBHOCTbL, 3a/laBa€Masd COOTHOLWEHNAMN KomGunaTopuke.
A.B.MacTtop

=1 u chpy1=cCn+c1Ch—1+...+cpcg npu n>0.

3ameyaHue
1. Eugene Charles Catalan (1814-1894).
2. Hauvano nocneposatensHoctu (HaumHas ¢ ¢p):
1,1,2,5,14,42, 132, 429, 1430, 4862, 16796, 58786, 208012, 742900, 2674440, . . .
MpaBuabHble CKODOYHbIE NOCNE[OBATENBHOCTY
Onpepgenexne

MocnenoBaTenbHOCTL OTKPLIBAIOLMX M 3aKPbIBAOLLNMX CKODOK Ha3blBaeTCs
npasubHON CKOBOYHOI MOC/IE[0BATENILHOCTLIO, €CIN OHA YLOBAETBOPSIET
cnegyowmm ABYM YCJIOBUSIM:

> KOJINYECTBA OTKPLIBAIOLWMX U 3aKPbIBAIOLLNX CKODOK paBHbI;

» ass noboro k cpean nepBbix k CKODOK OTKPLIBAKOLUX HE MEHBLLE,
YyeM 3aKPbIBAIOLLMX.



Yucna KaTtanana n ckobo4Hbie nocnenoBsaTesibHOCTU (RS

MaTemaTuka.
naea 5.

[—I pl/l Mepbl PekyppeHTHbIe
COOTHOLWIEHNA B
1. ()(()()) — npaBunbHasi ckobo4Hasi nocnefoBaTeNbHOCTD; rouburaTopue:
A. B. MacTo
2. ())((()) — HenpaBunbHasi ckobo4Hasi NOCNE[OBATENBHOCTD. i
Teopema

KonuvecTBo npaBusibHbix CKOBOYHBIX MOCAEL0BATENLHOCTEN U3 2N CKOBOK
paBHoO Cp.

[okazaTenscteo. Obo3HaYMM Yepes S, KONMYECTBO MPaBUILHLIX CKODOYHbBIX
noCieAoBaTeNbHOCTEN N3 2n CKODOK.

e Hy>xxHO gokasaTb, 4TO S, = ¢, npu BCex n > 0.

® 59 = Cp = 1, NOCKOJIbKY €CTb POBHO OfiHa MpaBuibHas CKOboYHas
nocnefoBaTesbHOCTL AsimHbl 0 (nycTas).

e [lokaxkeM, 4TO NOCNEfOBaTENbHOCTb S, 33/1a€TCA TEM XKE PEKYPPEHTHbBIM
COOTHOLLEHNEM, YTO U Cpy (T. €. YTO Spy1 = SoSp + S1Sn—1 + ... + SpSp mpu n > 0).

e Torga vHayKumeidi No N NOAY4YMM, HTO S, = C, Npu Bcex n > 0.



Yucna KaTtanana n ckobo4Hbie nocnenoBsaTesibHOCTU TR

MaTemaTuka.
naea 5.
e PaccmoTprm npaBunbHyto ckobouHyO NOCef0BaTENbHOCTL ANNHBLI 21 + 2. PekyppeHTHbie

COOTHOLUEHUS B

(OO)NCOH) B ———

A. B. Mactop



Yucna KaTtanana n ckobo4Hbie nocnenoBsaTesibHOCTU (AP ER]

MaTemaTuka.
naea 5.

® PaCCMOTleM NpPaBUJIbHYIO CKO6OL|Hy|’O noCcneNOoBaTE/IbHOCTb AJINHbI 2n + 2. PekyppeHTHbIe
COOTHOLWWIEHNA B
KoMbuHaTopuke.

(OONO)

e OTMeTuM B Hell nepByto N mM-10 CKOOKuU, rae
m = min{k | cpean nepsbix k ckobok noposHy ‘(" n “)"}.



Yucna KaTtanana n ckobo4Hbie nocnenoBsaTesibHOCTU (RS

MaTemaTuka.
naea 5.

e PaccmoTprm npaBunbHyto ckobouHyO NOCef0BaTENbHOCTL ANNHBLI 21 + 2. PexyppenTHbIe
COOTHOLWWIEHNA B
( ( ) ( ( ) ) ) KOMbBUHaTOpuKe.

A. B. Mactop

e OTMeTuM B Hell nepByto N M-10 CKODKW, rae
m = min{k | cpean nepsbix k ckobok noposry “(" n “)"}.
» OuesugHo, 4to, m =2(+2, rae £ € [0..n];
> MeXAy nepBoli n m-ii CKOBKaMn HaxOANTCS MpaBubHash CKOBOYHas
nocnefoBaTeNLHOCTE AjnHbl 27,
> a nocne m-ii ckobkm — npaeuabHas CkObOYHasi NOCIEAOBATENBHOCTb
aavtbl 2(n — £).
e ObpaTHo, Ntoboii ynopsaoYeHHo nape NpaBuiibHbIX CKOBOYHBIX
nocnegosatenbHocTeli annH 2¢ u 2(n — £) COOTBETCTBYET NpaBuibHasi CKODOYHas
nociefoBaTeNbHOCTb AJINHBI 2n + 2.
e [IToro, nonyyaem sys, ; NpaBubHBIX CKODOYHBIX MNOCNEAOBATENBHOCTEN NpU
AaHHOM /.

e [lpocymmupoBae no scem ¢ nNoay4uM Sp11 = SoSp + S1Sn—1 + - - - + SpSo- ]



Yucna KaTtanana n ckobo4Hbie nocnenoBsaTesibHOCTU

Cnepcteue 1

Konudectso nocnefoBaTensHOCTEN AMHbBI 2N, B KOTOPbIX N YJ1€HOB paBHbI 1,
n 471€HOB PaBHbI —1 u Bce yacTu4Hsble CYMMbI (T. €. CYMMbI NepBbIX k 4neHos
npu k < n) HeOTpuLaTesbHbI, PABHO Cp.

[okasatenbctBo. Brekums co ckoboUYHbEIMM NOCNEAO0BATENLHOCTSIMU.

e OTkpbiBatoLeil ckobke cooTseTcTBYET 1;

e 3aKpblBatoLLell ckobke cooTBeTCTBYET —1. O

Cnepcteune 2
Konndectso nyteii ns toukn (0,0) B To4ky (n, n) no uHnsiM KneT4aToi ceTku,
UAYLMX BBEPX M BIPABO, N HE OMYCKAIOLNXCS HUXKE MPSIMOI Y = X, PaBHO Cp.

| (n,n)

(0,0) |

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



A HAuckpeTHasn
MpuHUMN OTpaXxeHnii e e Aucxpernan
I I R T A SN Fnaea 5.

PaCCMOTpVIM BCE 2N-3BEHHbIE JIOMaHbIE, PekyppeHTHble

1 RS R COOTHOLUEHNS B

Beaywme n3 (O7 O) B (2/77 0) no TOYKaM C — . KoMbuHaTopuIKe.

o 1 2n X

UenbiMn KoopanHaTtaMu, 3B€HbA KOTOPbIX — s SRR L L A.B.Mactop
-2 e o o o o e s s o o
AnaroHann €ANHN4YHbIX KBa4pPaTUKOB. e e e e e e e e




MpuHuMn oTpakeHnii

PaccmoTpum Bce 2n-3BeHHbIE IOMaHbIE,

seaywwe u3 (0,0) B (2n,0) no Toukam c —
LENbIMN KOOPAMHATAMM, 3BEHbSI KOTOPbIX — -
ANAroHann eANHUYHbLIX KBaAPaTUKOB.

» JlomaHass — xopoLuasi, €CN OHa HEe OMYCKAETCs
Huxe ocn OX

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



MpuHuMn oTpakeHnii

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

PaccmoTpum Bce 2n-3BeHHbIE IOMaHbIE,
seaywwe u3 (0,0) B (2n,0) no Toukam c
LENbIMN KOOPAMHATAMM, 3BEHbSI KOTOPbIX —
ANAroHann eANHUYHbLIX KBaAPaTUKOB.

» JlomaHast — XopoLuas, ecnn OHa He ONnyCKaeTcsA
Huxe ocn OX n noxas B NMPOTUBHOM CJly4ae.

A. B. Mactop




MpuHuMn oTpakeHnii

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

PaccmoTpum Bce 2n-3BeHHbIE IOMaHbIE,
seaywwe u3 (0,0) B (2n,0) no Toukam c
LENbIMN KOOPAMHATAMM, 3BEHbSI KOTOPbIX —
ANAroHann eANHUYHbLIX KBaAPaTUKOB.

» JlomaHas — xopoluas, €Cnn OHa He OMyCKaeTcs
HKe ocn OX 1 ns10xasi B NPOTUBHOM Clly4ae.
e Bcero siomanbix (), N3 HIMX XOPOLINX — Cp.
® A CKOJILKO MJIOXMX JIOMaHbIX?

A. B. Mactop




MpuHuMn oTpakeHnii

PaccmoTpuM BCce 2n-3BEHHble IOMaHbIE,

seaywwe u3 (0,0) B (2n,0) no Toukam c _

LeNbIMN KOOPAMHATaMU, 3BEHbS KOTOPbIX — -
ANaroHann eAnHNYHbIX KBaAPaTNKOB.
» JlomaHas — xopoluas, €Cnn OHa He OMyCKaeTcs
HKe ocn OX 1 ns10xasi B NPOTUBHOM Clly4ae.
e Bcero siomanbix (), N3 HIMX XOPOLINX — Cp.
® A CKOJILKO MJIOXMX JIOMaHbIX?
» [lnoxas nomaHas nepecekaet npsimyto y = —1.

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



A HAuckpeTHasn
MpuHUMN OTpaXxeHnii e e e Aucxpernan
. e o o o o o e Fnasa 5.

PaCCMOTpVIM BCE 2N-3BEHHbIE JIOMaHbIE, 1 PekyppeHTHble

* ¢t * COOTHOLUEHUS B

seaywwe u3 (0,0) B (2n,0) no Toukam c — 5 /\? N KomBuHaTopuKe.
n

UenbiMn KoopanHaTtaMu, 3B€HbA KOTOPbIX — -1 \/ A. B. MacTop
—2¢ o e e o e o e o
AVnaroHannm €gNHNYHbIX KBAaApPaTUKOB. e e e e e e e e

» Jlomanaa — XopoLuas, ecnn OHa He ONnyCKaeTcsA

HKe ocn OX 1 ns10xasi B NPOTUBHOM Clly4ae.
e Bcero siomanbix (), N3 HIMX XOPOLINX — Cp.
® A CKOJILKO MJIOXMX JIOMaHbIX?
» [lnoxast nomaHas nepecekaeT npsimyto y = —1.
e PaccmoTpum nepByto ToUKy nepecedeHns W OTpPasuM WAYLLYHO MOCNe 3TOi
TOYKM YaCTb JIOMAHOW OTHOCUTENbHO npsmMoli y = —1.



A HAuckpeTHasn
MpuHUMN OTpaXxeHnii e e e Aucxpernan
. e o o o o o o o Inaea 5.
PaCCMOTpVIM BCE 2N-3BEHHbIE JIOMaHbIE, PekyppeHTHble
1 * c e e COOTHOLLEHUS B
Beaywme n3 (O7 O) B (2/77 0) no TOYKaM C — KoMbuHaTopuIKe.
o 1 2n X
UenbiMn KoopanHaTtaMu, 3B€HbA KOTOPbIX — -1 A.B.Mactop
-2 e o o o o o o .
AVnaroHannm €gNHNYHbIX KBAaApPaTUKOB. e e e e . xz
» Jlomanaa — XopoLuas, ecnn OHa He ONnyCKaeTcsA

HKe ocn OX 1 ns10xasi B NPOTUBHOM Clly4ae.
e Bcero siomanbix (), N3 HIMX XOPOLINX — Cp.
® A CKOJILKO MJIOXMX JIOMaHbIX?

» [lnoxasi nomaHasi nepecekaet npsimyto y = —1.
e PaccMoTpuM nepByto TOUKY NepeceyeHunst 1 oTpasuM UAYLLYHO NOC/e 3TOl
TOYKM YaCTb JIOMAHOW OTHOCUTENbHO npsmMoli y = —1.

e [Monyuum nomanyto, seaywyto us (0,0) 8 (2n, —2).



MpuHuMn oTpakeHnii

PaccmoTpum Bce 2n-3BeHHbIE IOMaHbIE,
seaywwe u3 (0,0) B (2n,0) no Toukam c _

UenbiMn KoopanHaTtaMu, 3B€HbA KOTOPbIX — -

—2 e o o o o o o .
AVNaroHany eAnHNYHbIX KBaapaTUNKOB. A, \/
» JlomaHas — xopoluas, €Cnn OHa He OMyCKaeTcs

HKe ocn OX 1 ns10xasi B NPOTUBHOM Clly4ae.
e Bcero siomanbix (), N3 HIMX XOPOLINX — Cp.
® A CKOJILKO MJIOXMX JIOMaHbIX?
» [lnoxas nomaHas nepecekaet npsimyto y = —1.

e PaccmoTpum nepeyto TOYKY NepecedeHunst n OTPasumM MAYLLYK Noc/e 3TOi

TOYKM YaCTb JIOMAHOW OTHOCUTENbHO npsmMoli y = —1.
e [Monyuum nomanyto, seaywyto us (0,0) 8 (2n, —2).
» ObpatHo, niobasi nomanas us (0,0) B (2n, —2) nepecekaer y = —1.

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B
KOMbBUHaTOpuKe.

A. B. Mactop



MpuHuMn oTpakeHnii

PaccmoTpum BCe 2n-3BeHHble sloMaHble,
seaywwe u3 (0,0) B (2n,0) no Toukam c
LleNIbIMA KOOPAMHATAMU, 3BEHbS KOTOPbIX — -
ANAroHann efNHNYHbIX KBaJpaTUKOB.
» JlomaHasi — xopoLuas, ecnm OHa He onycKaeTcs
HKe ocn OX 1 ns10xasi B NPOTUBHOM Clly4ae.
e Bcero siomanbix (), N3 HIMX XOPOLINX — Cp.
® A CKOJILKO MJIOXMX JIOMaHbIX?
» [lnoxas nomaHas nepecekaet npsimyto y = —1.

e PaccmoTpum nepByto TOUKy nepecedeHust v OTPasUM WAYLLYIO MOCNe 3TONA
TOYKM YaCTb JIOMAHOW OTHOCUTENbHO npsmMoli y = —1.
e [Monyuum nomanyto, seaywyto us (0,0) 8 (2n, —2).

» ObpatHo, niobasi nomanas us (0,0) B (2n, —2) nepecekaer y = —1.

e PaccMoTpuM nepByto TOYKY NepeceyeHust 1 OTPasuM WAYLLYIO NOC/ie 3TOl
TOYKU YACTb JIOMAHOW OTHOCUTENBHO npsamoli y = —1.
e [onyunm nnoxyto nomauyto u3 (0,0) B (2n,0).

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B
KOMbBUHaTOpuKe.

A. B. Mactop



MpuHuMn oTpakeHnii

PaccmoTpum BCe 2n-3BeHHble sloMaHble,
seaywwe u3 (0,0) B (2n,0) no Toukam c
LleNIbIMA KOOPAMHATAMU, 3BEHbS KOTOPbIX — -
ANAroHann efNHNYHbIX KBaJpaTUKOB.
» JlomaHasi — xopoLuas, ecnm OHa He onycKaeTcs
HKe ocn OX 1 ns10xasi B NPOTUBHOM Clly4ae.
e Bcero siomanbix (), N3 HIMX XOPOLINX — Cp.
® A CKOJILKO MJIOXMX JIOMaHbIX?
» [lnoxas nomaHas nepecekaet npsimyto y = —1.

e PaccmoTpum nepByto TOUKy nepecedeHust v OTPasUM WAYLLYIO MOCNe 3TONA
TOYKM YaCTb JIOMAHOW OTHOCUTENbHO npsmMoli y = —1.
e [Monyuum nomanyto, seaywyto us (0,0) 8 (2n, —2).

» ObpatHo, niobasi nomanas us (0,0) B (2n, —2) nepecekaer y = —1.

e PaccMoTpum nepByto TOUKY nepecedeHnst U OTPasUM UAYLLYIO Nocie 3Toi
TOYKU YACTb JIOMAHOW OTHOCUTENBHO npsamoli y = —1.
e [onyunm nnoxyto nomauyto u3 (0,0) B (2n,0).
» VlToro, nnoxmx nomaHbix CTONBKO XK€, CKOJIbKO JIOMaHbIX
uz (0,0) B (2n, —2). Jlerko suaets, 4to ux CJt.

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B
KOMbBUHaTOpuKe.

A. B. Mactop



Yucna KaTtanana: sisHas dopmyna

Teopema

Con
n+1
[okasaTenbcreo.

Ch =

e ¢, — KoNM4ecTBO xopowwmnx nomasix us (0,0) B (2n,0).

e Bcero nomaneix Cj.
o [Mnoxnx nomaHbIx C2”n_1.

e CnegoBaTensHo,

@mi(n+1—-n)

n
C2n

N a1 (2n)! (2n)!
n=Cop = Con” = (n!n)! T (h=Dli(n+ 1)

nl(n+1)!

o417

O

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



TpuaHrynaumm MHOroyrosibHUKOB N IEEER:

MaTemaTuka.
naea 5.
PekyppeHTHbIe

Onpepgenexne G
KOMbBUHaTOpuKe.
TpVIaHI’yﬂﬂL{VIeVI MHOTOYroJibHNMKa Ha3bIBAa€TCA TakKoe pa36V|eH|/|e €ro Ha A. B. Mactop

TPEYroIbHUKU, MPU KOTOPOM Jitobble ABa TpeyrosibHuKa nnbo He nmMeroT obuyux
TOYeK, NMbO MMEKT POBHO OAHY 0DLLyto TouKy (BepLinHy), 1mbo nmetoT obuyyto
CTOPOHY.

3ameyaHne
e TpraHrynsLmio MHOroyrosibHMKa MOXKHO paccMaTpuBaTh Kak MAOCKWiA rpad.
Bce ero rpaHu, Kpome BHewwHeld, byayT TpeyroabHuKamm.

e [lanee mbl Byfem paccmaTpuBaTh TPUAHTYASLMA MHOMOYrOJIbHUKA €ro
AUAroHassMuy, T.e. BEPLIMHAMN TPUAHTYAAUNM ByayT BEPLUMHBI MHOTOYrOJIbHIIKA,
a pebpamu — CTOPOHbI U fMaroHa i MHOMOYrOJIbHUKA.

e B kypce Teopun rpachos 6b110 AoKasaHo, 4TO B NI0DOI TpuaHryasuum
k-yrosibHUKa ero AMaroHansiMu y4acTBYIOT poBHO k — 3 guaroHanu,
KOTOpble pa3buBatoT k-yrosbHWK POBHO Ha k — 2 TpeyrofbHUKa.



Hucna KaTtanaHna n TpuaHrynsiuum (TSR

MaTemaTuka.
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B

TeopeMa KoMbuHaTopuke.

Konnuectso cnocobos TpuaHrynmposate Beinykbii (n + 2)-yroasHuk A.B.Mactop
€ro AnaroHaasiMy pasHo Cp.

Hokazatenscto. IHaykumsa no n.
n = 0,n = 1: yTBepxaeHne O4EBUIHO.

0,...,n— n+1: Myctb A1 ... An13 — BoinykAblii (1 + 3)-yrosbHuk.

e CropoHa A1A, 13 BXOAUT B HEKOTOPLIN TPEyroNbHMK pa3bueHus.
e [lycTb ero TpeTbs BepwunHa — Apyo, rae 0 < m < n.
o Yaanue AA1Am2An+3, nonydum (m + 2)-yronbHuk u (n — m + 2)-yrosibHuk.

e [1o NHAYKUMOHHOMY MPESNONOXEHUNIO, NX MOXHO TPUAHIYIMPOBATb Cm U Cpm

cnocobamMm COOTBETCTBEHHO.
n
e Toro, nony4aem > CmCpm = Cpt1 TPMAHTYASLNIA. O
m=0



Hucna KaTtanaHna n TpuaHrynsiuum (TSR

MaTemaTuka.
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B

Cﬂeﬂ'CTBVle ]. KomMBuHaTopuKe.

N2 n—1 A. B.Mactop
Sl =y 1;1 CkCn—k, Npyn>2.

[okazatenscteo. PaccmoTpum Tpuanrynsiumio Bbinyknoro (n + 2)-yrosbHuka.

e BmecTo Toro, 4Tobbl HyMepoBaTh €ro BepLmMHbI, OyaeT cumTaThb,
470 B (N + 2)-yroNbHIUKe €CTb BblAETIEHHAs! CTOPOHA.

» Toraa Hymepauusi BepLUMH 3a[3ETCS OLHO3HAYHO.

e BribepeM gnaroHanb TpuaHryasiuum v HanpaeAeHNE Ha Heid.

» 710 MOxHO caenatb 2(n — 1) cnocobamu.

e Ntoro, nonyunnu 2(n — 1)c, TpnaHrynsiumnii ¢ OTMEHEHHOW OPNEHTUPOBAHHON
AMaroHanbio.

[anee, Mbl NoCYNTaeM nX KOJIMYECTBO APYrMM Crocobom



Hucna KaTtanaHna n TpuaHrynsiuum

e PaccMoTprM ynopsifioHeHHYI0 napy U3 TPUAHTYASUNi BbIMYyKbIX

(k 4 2)-yronbtuka u (n — k + 2)-yronbHuka, rae k € [1..n —1].
n—1
» Takmx nap »_ ¢iCp—j.
i=1
» B kaxgom MHOroyrosbHuke pacCMOTPEHHON napbl eCTb BblgeeHHast

CTOpOHa.

o CKnenm noslyuYuBLLIMECS MHOTOYrOJIbHUKM MO UX BblAENEHHLIM CTOPOHAM.
» [Monyunm Tpuanrynsuyuto (n + 2)-yronbHuka.
» OTmeTnM B Heli AnaroHanb, NO KOTOPOI NPoM30LLa CKIEIKa.
» HanpaeneHne Bbibepem Tak, 4TODObI NepBbIi MHOrOYronbHUK bbin cesa.

e OcTanock BbIAEINTL OAHY N3 CTOPOH MOJNyHeHHOTO (N + 2)-yronbHuKa.
> DTO MOXHO caenaTtb n -+ 2 cnocobamu.

e ltoro, nonyyaem (n + 2) ZZ;} CkCn—k TPWAHTYASILMIA C OTMEYEHHOIA

OPMEHTNPOBAHHON [UAroHaNbIO.
n—1

e CneposatensHo, 2(n— 1)c, = (n+2) > ckCp«k-
k=1

O

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B
KOMbBUHaTOpuKe.

A. B. Mactop



HAuckpeTHasn
MpocTas pekyppeHTa ans 4ucen KatanaHa PTG
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B

KoMbuHaTopuke.

Cneacteue 2 fen
2 2n+1 .B.NacTop
cny1 = 227 ¢, npun > 0.
HokazaTtensctio. Mpn n =0 n n = 1 npoBepsieTcs HeNOCPeACTBEHHO.
e [lpn n > 2:
Cn+l = CoCp+ CiCh—1+ ...+ Cp—1C1 + CnCo;
2
¢, = 2(";:1) (cicn-1+ ...+ cp101).

e CnepoBaTenbHo,

2An—1)  22n+1)
Cn+1 Cph + nto Cn nto Cn




Opyroe nokasatenbCTBO siBHOW hopMybl Avckperhas

MaTemMaTuKa.

naea 5.

Cnepctaue 3 e

_ 2"(2n—1)l! _ Cnn KoMbuHaTopuke.
Cn N (n+1)! N nil, an n= 0 A.B. I'Iac":op
[okazaTtenscteo. PaBeHcTBO ¢ = % [OKA3bIBAETCA MHAYKLUMWERA NO n.
n=1¢g=1= 212'!1”.
n—n+1:

2(2n+1) 2(2n+1) 2"(2n—1)1t  2n+L(2p 4 1)1
CI‘I-‘,—]. = Cn — . —
n+2 n+2 (n+1)! (n+2)!

e [lanee,

2"(2n — )N _ 2"nl(2n — )N _ (2m!(2n — )N _ (2n)! _ G,

(n+1)! nl(n+1)! nl(n+1)! nl(n+1)! n+1



Yucna Benna

Onpegenexne

e Pazbuernem mHoxecTBa X Ha3blBaeTCs €ro NpeAcTaBfieHNe B Buie
X =X{UXoU...UX, roe Bce nogMmHoxXecTBa X HEMYCTbl 1 NOMNapHO
HE MepeceKaroTcs.

e Paszbunenuns, oTanyalowmecs nuwb Hymepaumeli NogMHOXKECTB,
CHMTAIOTCA OfUMHAKOBLIMMU.

e [TogmHoxecTBa X; HasblBatOTCA bs10KaMy WAWM YacTsMuy pa3dbneHns.
e Yucnom Benna B, Ha3biBaeTcs YNCNO pa3bUEHN N-3N1EMEHTHONO MHOXECTBA.

e byaem cuutaTh, 4To By = 1.

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



l‘|I/ICJ'Ia Beﬂﬂa AvckpeTHas

MaTemaTuka.
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B

|_| pumep KomMBuHaTopuKe.

TpexaneMeHTHOE MHOXECTBO MOXHO pasbuTb NsATbio cnocobamu: RolEh e

{1,2,3} = {1,2,3}
(1,2,3) = {1,2}U{3};
(1,2,3) = {1,3lu{2});
{1,2,3) (2,3} U {1};
(1,23} = {1}U{2}U{3).

CneposatensHo, B = 5.

3ameyvaHue
1. Eric Temple Bell (1883-1960).

2. Hauano nocneposatensHoctn (HaunHas ¢ Bp):
1,1,2,5,15,52, 203, 877, 4140, 21147, 115975, 678570, 4213597, 27644437, . ..



PekyppeHTHas dopmyna gns uncen Benna (Y IEEER)

MaTemaTuka.
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B

TeopeMa KomMBuHaTopuKe.
n
. A.B.MacTtop
Bry1 =), C\Bn_i.
i=0
[okasaTenbcTeo.

e [lyctb Xy U...U Xk — pasbuerne muoxectsa [1..n + 1J;

» He ymanss obwHoctn, n+ 1 € X,.
e Torga Xy U...U Xx_1 — pa3buerne mHoxectsa [1..n + 1] \ Xk.
e Myctb | Xi| =i+ 1 (rae i € [0..n]).

» Torma X, MoxHo BbibpaTh C! cnocobamu.

» OcTaBlunecst a5neMeHTbl MOXHO pasbuts B,_; cnocobamu.

n .
e CneposatensHo, Bcero » . C)B,_; pasbuennii. ]
i=0



TpeyronbHuk Benna

Onpegenexne

e Onpepenum 4ncna A, x (rae n > k > 1) npu nomoLm cneayroLynx
COOTHOLLIEHWIA: A171 =1; An+171 = An,n " An+1,k+1 = An+1,k + An,k-

e JTu yncna obpasytoT TpeyrosbHuk benna.

1
1 2
2 3 5
5 7 10 15
15 20 27 37 52
52 67 87 114 151 203
203 255 322 409 523 674 877

Teopema
Lna scex n € N BbinonHeno paserHctso A, , = By.

[okazaTenscrteo. Jokaxem cnepytouiee bonee obuiee yTeepXaeHue.

o A,k — 3TO KOZINYECTBO Takmx pa3bmennii MHoxecTsa [1..n|, B koTopbIx B

O4HOM broke c n MOr'yT BCTPEHATLCA TOJIBKO 4YncCJsia, MEHbLUNE k.

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



HAuckpeTHasn
MaTemaTuka.
naea 5.

TpeyronbHuk Benna

PekyppeHTHbIe
o I/IH,D'yKLI'I/Iﬂ no n. COOTHOLLEHNS B
Basa: npn n = 1 yTBepXAeHne 04EBUAHO. KoMBUHATOPUKE:
Mepexon (n — n+ 1): byaem fokasbiBaTb MHAYKLWeENR no K. A e

> k=1 Apy11 = Apn — 3TO KONNYECTBO pas3buenmnii mHoxecTsa [1..n + 1],
B KOTOprX n —|— 1 ABNAETCA €JUHCTBEHHbIM 2/1IEMEHTOM B CBOEM 6J'|0Ke.

» k — k+1: nycte X1 U...UXs — pasbuenne muoxectsa [1..n+ 1], B
KOTOPOM B OfHOM bsioke ¢ n+ 1 MoryT 6bITb TONbKO HYMCna, MeHbline k + 1.

e He ymansis obwHoCcT MOXHO cunTaTh, 4to n+ 1 € X;.

e [lanee BoamoxHbl ABa ciyyasi: k & Xs n k € X.

1° Myctb k ¢ Xs. Torpa B Xs kpome n + 1 mMoryT 6bITb TONBKO HUCAa,
meHblune k. Takux pasbuennii A,iq k.

2° TMyctb k € X. Torga yganue k n ymenblumns Bce bonbwnve k qucna Ha 1,
nosyyum pasbueHne MHoxecTBa [1..n], B KoTOpom B ogHOM Biioke € n MoryT
BCTPeYaTbCs TONbKO HMCAA, MeHblune k. Takux pasbnennii A, k.

e Utoro, nonyyaem A,y1 kx + Apk = Ant1k+1 pasbuennii. O



Yucna Ctupnudra sToporo poga

Onpegenexne
Yucnom Crupnmnnra sroporo poga S(n, k) HasbiBaeTcs yncno pasbuennii
N-371EMEHTHOrO MHOXECTBA Ha k B710KOB.
[Mpumep
TpexanieMeHTHOE MHOXKECTBO MOXHO Tpemsi cnocobamu pasbuTte Ha aBa bJioka:
{1,2,3} ={1,2} U {3}; {1,2,3} ={1,3}U{2}; {1,2,3}={2,3}U{1}.
CneposaTtensHo, 5(3,2) = 3.
3amevaHue
e byaem cuntats, 4to 5(0,0) =1 un S(0,k) =0 npn k > 0.
e OyeBngHo, 4TO
» S(n, k) =0, npn k > n>0;
» S(n,0) =0, npn Bcex n > 0;
» S(n,1) = S(n,n) =1, npu Bcex n > 0.

e 3ameTum Takxe, 4To » ;o S(n, k) = B.

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



Hucna CrupnuHra sToporo poaa (TS EEER:

MaTemaTuka.
naea 5.

VTBep)Kp,eHVIe ]. PekyppeHTHbIe
COOTHOLWWIEHNA B
S(n’ 2) — 2n—1 . 1' npu Bcex n > 0 KOMBuHaTOpuKe.
A.B. lMacTop
AOKa3aTeﬂbCTBO.

e Nyctb [1..n] = X1 U Xo — pasbuenne mHoxecTsa [1..n] Ha gBa bnoka.
e He ymanss obwHocTu, nycts 1 € Xi;
e Torga X, — Npou3BOJILHOE HEMYCTOE MOAMHOXKECTBO MHOXECTBA [2..1];

e Taknx nogMmHoxects 2" 1 — 1. ]

VTBepxaeHue 2
S(n,n—1) = C2?, npu scex n > 0.
JokazsaTenbcTBo.

e B ntobom pasbuerun [1..n] Ha n — 1 6ok ecTb poBHO ofuH BnoK,
COCTOALWMIA N3 OBYX 3JIEMEHTOB.

e Takoii 610K MoxHO BbIbpaTs C2 cnocobamu.

e OcTanbHble 6A0KN BLIBNPAKOTCA OLHO3HAYHO. O



PekyppeHTHas cdopmyna ana dncen CtupnuHra BToporo poga Auckpernan

MaTemaTuka.
naea 5.

TeopeMa PekyppeHTHbIe
COOTHOLWWIEHNA B

S(n, k) = kS(n—l,k)—l—S(n—l,k— 1) KoMBUHaTopuKe.

[okazaTenbcTBo. A.B.Mactop

e Myctb X1 U...U Xy — pasbuerne mHoxecTsa [1..n].
» He ymansas obuwnoctun, n € Xi.
e [lanee, BO3MOXHbI fBa ciy4vasi: 610K X MOXeT COCTOATL TOALKO U3 N,
nnbo copepxaTb U ApYrue 3NeMeHTHI.
1° Mycte Xi = {n}. Torga X1 U...U Xi_1 — pa3bueHne MHOXeCTBa
[1..n — 1]. Takux pasbuenunit S(n — 1, k — 1) n kaxAOMY 13 HUX
COOTBETCTBYET POBHO OfHO pa3bueHune fjisi NepBOro Ciayyasi.
2° Mycts {n} & Xi. Torga X1 U... U X1 U X, rae X, = X \ {n} —
pasbuenune mHoxectsa [1..n — 1]. Takux pasbuennii S(n — 1, k). Kaxxgomy
3 HUX COOTBETCTBYET POBHO k pa3bueHnii 4ist BTOPOro ciy4asi, NOCKOJbKY
4MCno N MOXHO A06aBuTL B Ntoboit n3 k 6okos.
e ltoro, nonyyaem kS(n—1,k) + S(n— 1,k — 1) pasbuennii mroxectsa [1..n]
Ha k BiokoB. ]



Yucna CrupnuvHra BTOporo poaa u CIOpbeKTUBHbIE OTODparkeHust Ancrpernan

MaTemaTuka.
naea 5.

TeOpeMa PekyppeHTHbIe
COOTHOLWWIEHNA B

Yucno cropbeKTUBHbLIX OTOBPaXKEHUI N3 N-37IEMEHTHOrO MHOXECTBA B KomBuUHaTopuKe.

k-anementHoe pasHo k'S(n, k). A.B.Mactop

[okasatensctso. Mycts f: [1..n] — [1..k] — ctopbekuus.
e Monoxum X; = F1(i).
e Torpa [1..n] = X1 U...U Xy — ynopsizodenHoe pasbuerue muoxectsa [1..n]
Ha k 60KOB.

» T.e. pa3bueHunsi, oTAMYAIOWMECS CMEHOI HyMepaLum 610KoB,

3[€Cb CHUTAIOTCS Pa3NUYHBLIMU.

e ObpaTHO, KaXXAOMY YnopsifoHeHHOMY pa3buernto MHoxecTBa [1..n] Ha k
610KOB MOXXHO MOCTaBUTb B COOTBETCTBME CIOPBEKTUBHOE OTODpaXeHne 13
MHoxecTBa [1..n] B MHOoxXecTBO [1..K].

» Obpasom anemenTa x € [1..n] Byget Homep cogepxaluero x bnoka.
e Kaxgomy pasbuennto MmHoxecTea [1..n] Ha k 6nokos cooTBeTcTBYeET K!
ynopsifoyveHHbix pa3buernii. CnegoBaTesibHO, YNCIO YNOPSLOYEHHbIX pa3bueHnii
MHoxecTBa [1..n] Ha k 6nokos pasHo k!S(n, k). O



Yucna Crupnudra sToporo poga: sisHas dopmyna

Teopema
1K
2 : k n
S( n, ? 2 SC;S .

[lokasaTenbcTBO.

e Mol YK€ OOKa3blBaJin, H4TO HNCNO CHOPBEKTUBHbLIX 0T06pa)KEHI/II7I
k

f:[1..n] — [1..k] paBHO Z(—l)k_sC,fs”
s=1

e Tem cambiMm,
k

KIS(n, k) => (-1 *Cgs”,

s=1

OTKyAa, COKpaTue Ha k!, nonyunm tpebyemoe.

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



Hucna CtupnuvHra BTOporo posa u MHOFO4/1EHbI ANTEEER:

MaTemaTuka.
naea 5.

TeOpeMa PekyppeHTHbIe
COOTHOLWWIEHNA B

llpu Bcex x € R u n € N BbinosHeHO paBeHCTBO RN EREIS
A.B.MacTtop

X" =>"S(n k)x(x = 1) ... (x — k+1).
k=0

[okasatensctso. [lokaxkem CHavasia, 4TO 3TO PABEHCTBO BbIMOJHEHO MPU BCEX
HaTypasbHbIX X, Bonbwmx n.

e PaccmoTpum Bce Bo3MoXHble oTobpaxerus us [1..n] B [1..x].

e Mol 3Haem, 4To ux x". [MocumTaem ux Yucno gpyrum cnocobom.

e PaccmoTpum npoussonbHoe oTobpaxerue f: [1..n] — [1..x].

» O6o3Hauum ero obpas yepes Y (t.e. Y &f f([1..n])). NycTb | Y| = k.

» Torpa otobpaxeHue f siBnsietcs copbekumeii ns [1..n] Ha Y.
» Takux ctopbekuyuii cyuwiecteyet posHo k!S(n, k).
» Muoxectso Y C [1..x] (rae | Y| = k) moxHo BbibpaTh CX cnocobamu.



Hucna CtupnuvHra BTOporo posa u MHOFO4/1EHbI N IEEER:

MaTemaTuka.
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B

kIS(n, k)CK = S(n, k)x(x — 1) ... (x — k +1) rouGmaTopue

A. B. Mactop

e Wtoro, ans kaxgoro k € [0..n] cywecTtByeT posHO

oTobpaXkeHnii ¢ 0bpa3om 13 k 371eMeHTOB.

e CknagpbiBasi MOMYHUBLUMECS BbIPAaXKEHUSI MO BCEM BO3MOXHbLIM Kk MosiyHaem
Tpebyemyto copmyny.

e /lTak, Mbl foKazann, 4TO PaBEHCTBO

X"=>"S(nk)x(x—1)...(x — k+1) (1)
k=0

BbINOJIHEHO Npu Bcex x € N, Takumx, 4To X > n.

e 3amMeTuM, 4TO U B NIEBOV M B NPaBOM YacTsx paBeHcTBa (1) 3anucaHb
MHOTOUIEHbI C LeibiMI KO3dhpULIMEHTaMI OT NepeMeHHOIR X.

e Mol AO0Ka3ann, 4TO 3HAYEHUA 3TNX MHOIMOYNEHOB pPaBHbl A4 6eCKOHEYHOro
MHOXXECTBA 3HAYEHWIA X. Cnep,OBaTeano, PaBHbl CaMW MHOIO4YN€HbI.

e Takum 06p330M, 3HAY€HUNA 3TUX MHOIO4YNEHOB pPaBHbI NpU BCEX X. L]



Yucna Ctupnuidra nepsoro poga

Onpegenexne

e [yctb c(n, k) — 4ncno nepectaHoBOK M3 S,, UMEIOLWNX B TOHHOCTU K LINKIOB.

e byaem cuntats, 4to ¢(0,0) =1 1 ¢(0, k) = 0 npu k > 0.
e O6ozHauum Takxe s(n, k) = (—1)"kc(n, k).
e Yucna s(n, k) nHasbiBatotcs yucnamu CtupauHra nepsoro poja,

e a uncna c(n, k) — yucnamun Crupnunra nepsoro poga b6e3 3Haka.

[Npumep
e B S3 ectb Tpu nepectanosku ¢ gsyms umknamu: (12)(3), (13)(2), (23)(1).
e CnepoBatensHo, ¢(3,2) =3 u 5(3,2) = —3.

Teopema
c(nk)=(n—1)c(n—1,k)+c(n—1,k—1).
[okasaTenbcTeo.

e Nyctb 0 € S,_1 — nepecTtaHoBKa pPoBHO C k LMKAaMU.

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



Hucna CrupnuHra nepsoro poga

» Mbl MoXeM BCTaBUTb n nocsie ntoboro us anementos 1,2, ....n— 18
Pa3OXEHNUN NEPECTAHOBKN 0 HA HE3ABUCUMBbIE LMKIIbI.

» JTO MOXHO caenatb n — 1 cnocobowm.

Monyunm nepectaHosky o’ € S, ¢ k yuknamu, B KOTOpOUi N BXOAUT B LKA

ONWHblI HE MEHbLUE ABYX.

» OueBnaHoO, 4TO KaXkaas Takas nepecTaHoBka o’ ByaeT nosydeHa poOBHO OfAMH

pa3s. CnepoBatenbHo, Takux nepectaHosok (n — 1)c(n — 1, k).
e [lycte 7 € 5,,_1 — nepectaHoBKa poBHO C k — 1 LuKAOM.

» [lobaBum Tyma sneMeHT n Tak, 4Tobbl OH 0bpa3oBbIBai LUK AnuHbl 1.

» [lNony4um nepectaHosky 7/ € S, ¢ k unknamu, B KOTOPOIA N BXOAUT B LMK

ONVHBI OAVH.

> O‘-IEBI/I,D,HO, HYTO KaX[as TakKas nepeCTtaHOBKa 7! 6y,u,eT nosly4eHa pOBHO OANH

pa3. CnegoBaTenbHo, Takux nepectaHosBok c(n — 1,k — 1).

e ltoro, nonyyaem (n—1)c(n—1,k) + c(n— 1,k — 1) nepectaHoBok u3 S,
¢ k umknamu.

L]

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLLEHNS B
KOMbBUHaTOpuKe.

A. B. Mactop



Yucna Ctupnuidra nepsoro poga (Y IEEER)

MaTemaTuka.
naea 5.

TeOPEMa PekyppeHTHbIe

COOTHOLWWIEHNA B

lpn Bcex x € R u n € N BbinosHeHo paBeHCTBO B ETERG
A. B. Mactop

n

Zc(n,k)xk =x(x+1)...(x+n—-1).
k=0

HokazaTtenbcto. MHaykuus no n.

Basa: npn n = 1 yTBep>xaeHne 04EBUAHO.

Mepexop (n—1—n): x(x+1)...(x+n—-2)(x+n—-1) =
=x(x+1)...(x+n—=2)- x+x(x+1)...(x+n—=2)-(n—1) =

n—1 n—1
c(n—1,k)xK - x+ > c(n—1,k)xk-(n—1) =
k=0

|
]

x
Il
o

n—1
c(n—1,k—1)xk+ 3 (n—1)c(n— 1, k)xk =
k=0

I
NE

x
Il
-

(n—1)c(n—1,k) +c(n—1,k — 1))xk = 3° c(n, k)xk. 0
k=0

I
NE

x
Il
o



Yucna Ctupnuidra nepsoro poga

Cnencteune
lpn Bcex x € R u n € N BbinosHeHo paBeHCTBO

n

D s(n k)xk =x(x=1)...(x—n+1).

k=0

HokasaTtenbcTBO.

3ameHuM B npefpiayLlei hopMyne X Ha —x N AOMHOXUM Ha (—1)".

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



Cssasb Mexny dumciiamum CTVIpJ'II/lHI'a nepsoro n BTOporo poga

Teopema
lpu Bcex m, n € N BbInOAHEHO PaBEHCTBO

> S(m, k)s(k, n) = Smn

0

o]
k=

(rae dmn =1 npu m=n u §pm, = 0 B OCTaNbHBIX CYHasIX).
m

[okazaTenscreo. x™ = Z S(mk)x(x—1)...(x—k+1)=
k=0

k

_ ;J <5(m, K)-> s(k, n)x"> = z_% <kZ:0 S(m, k)s(k, n)>x".

n=0

[MpupaBHuBas ko3 numeHThl npu x" nonyyaem Tpebyemoe paBeHCTEO.
L

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



Yucna Crupnudra v nuHeiiHasa anrebpa
e Konbuo mHorouneHos R[x| MoxHo paccmaTpuBaTh Kak nMHeliHoOe
npocTpaHcTBo Hag R.
» DTO NPOCTPAHCTBO MMEET CHETHYIO Pa3MEPHOCTb;

» ero basuc — 1,x,x% x3,... (T.e. Bce cTenenn x);

» 1 x,x(x —1),x(x —1)(x —2),... — ppyroii 6a3uc 3Toro e NpPocTpaHCTEa.

3ameyanune

> Beoipaxenue x(x —1)...(x — k + 1) HasbiBaeTCs HUCXO4sLLEl (haKTOPUATILHON
cTeneHbo Unn ybbisatowum akTopuasom n obosHadaetcs xK unm (x)x;

> BoipaxeHne x(x + 1)...(x 4+ k — 1) HasbiBaeTCs BOCXOZALLel (hakTOPNALHON

k

CTeneHbo AN BO3pacTarouM hakTopuasom n obosHavaeTcs x© unm (x)k.

n

e Mol gokasanu dopmynsl x” = S S(n, k)xku x? = 3 s(n, k)xk.

k=0 k=0
e To ectb uncna S(n, k) — 310 KO3pNUMEHTBI Pa3NOKEHNSI MHOTOUIEHOB
1,x,x2,... no 6asucy 1,x,x2,.... A uncna s(n, k) — 370 koacpcpmumenTbI

Pa3NoXeHns MHorouneHos 1, x, x2, ... no basucy 1, x,x°, .. ..

HAuckpeTHasn
MaTemaTumKa.
naea 5.
PekyppeHTHbIe
COOTHOLUEHUS B
KoMbuHaTopuke.

A. B. Mactop



Yucna CTI/IpJ'II/IHI'a n MmatTpuubl HAunckpetHan

MaTemaTuka.
naea 5.

e 13 uncen CTVIpﬂVIHra nepBoro n BTOporo poga MOXHO COCTaBUTb PexyppenTheie
COOTHOLWWIEHNA B
MaTpuubl S 1 S COOTBETCTBEHHO. koMbuHaTopuKe.
A.B. lMacTop

» IJTO MaTpuubl CHETHON pasmepHocTu. WX anemenTbl onpegensitorcs
paseHcTBamu s;j = s(i,j) u Sjj = S(i,J).

1 0 0 0 0 0 00 ... 10 0 0 0 0 0O0..
0 1 0 0 0 0 00 01 0 O O O O0O..
0 -1 1 0 0 0 00 011 0 O O O0O..
0 2 -3 1 0 0 00 01 3 1 0 0 0O0..
s = 0 -6 11 -6 1 0 00 S — 017 6 1 0 00..
0 24 50 35 —10 1 00 ' 0115 25 10 1 0O ..
0 —120 274 —225 85 —15 10 0131 90 65 15 10 ..
0 720 —1764 1624 —735 175 —21 1 0163 301 350 140 21 1 ..

e DTN MaTPuMLbl COCTOSAT U3 KO3DMULNEHTOB Pa3NOXKEHUS! S1EMEHTOB OLHOro
6a3uca no apyromy. Takue MaTpuLbl Ha3bIBAOTCA MaTPULIbl NEPEXOLA.

e Teopema o cBs3n uncen CTupanHra nepeoro u BTOPOro poaa hakTuyeckn
o3HayvaeT, 4to S - s = E, To eCcTb maTpuubl S 1 S B3aUMHO 0bpaTHbI.



