
ËÅÊÖÈß 3. ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ÔÓÐÜÅ

Ñåðãåé Íèêîëåíêî

1. Ðàçëîæåíèå ïåðèîäè÷åñêîé ôóíêöèè â ðÿä Ôóðüå
Ðàññìîòðèì ïðåîáðàçîâàíèå ýêñïîíåíöèàëüíîé ôóíêöèè x âõîäíîãî ñèãíàëà:
• íåïðåðûâíûé ñëó÷àé: x(t) = est → y(t) =

(∫
h(τ) dτ

)
est;

• äèñêðåòíûé ñëó÷àé: x[n] = zn → y[t] =

(
∞∑

k=−∞
h[k]z−k

)
zn.

Åñëè çàäàíà ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ ôóíêöèÿ x(t) ñ ïåðèîäîì T , òî ïðè
îïðåäåëåííûõ óñëîâèÿõ, íàêëàäûâàåìûõ íà ôóíêöèþ, åå ìîæíî ðàçëîæèòü â
ðÿä Ôóðüå:

x(t) =
∞∑

k=−∞
akeiw0kt

Â äàííîì âûðàæåíèè ak � êîýôôèöèåíòû ðàçëîæåíèÿ Ôóðüå, à êîíñòàíòà
w0 = 2π

T .

Ó÷èòûâàÿ ðàíåå ïîëó÷åííóþ ôîðìóëó ïðåîáðàçîâàíèÿ ýêñïîíåíöèàëüíîé
ôóíêöèè è ðàçëîæåíèå ôóíêöèè x(t) â ðÿä Ôóðüå, â ðåçóëüòàòå ïðèìåíåíèÿ
ê âõîäíîìó ñèãíàëó ïðåîáðàçîâàíèÿ ïîëó÷àåì:

Y (t) =
∞∑

k=−∞
eiw0kt


ak

∞∫

−∞
h(τ)e−iw0kτ dτ




Êîýôôèöèåíòû ak ðÿäà Ôóðüå âû÷èñëÿþòñÿ ïî ñëåäóþùåé ôîðìóëå:

ak =
1
T

∫

T

x(τ)e−iw0kτ dτ

2. Ñõîäèìîñòü ðÿäà Ôóðüå
Çàòðîíåì âîïðîñ î ñõîäèìîñòè ïîëó÷åííîãî ðÿäà. Ðÿä Ôóðüå ïåðèîäè÷åñêîé

ôóíêöèè x(t) ñ ïåðèîäîì T ÿâëÿåòñÿ ñõîäÿùèìñÿ, åñëè âûïîëíåíî:∫

T

|x(t)|2 dt < +∞

Âîîáùå ãîâîðÿ, ìîæíî íàëîæèòü áîëåå ñòðîãèå óñëîâèÿ, à èìåííî, ïîòðåáî-
âàòü:

(1)
∫
T

|x(t)| dt < +∞;

(2) èñõîäíàÿ ôóíêöèÿ èìååò íà ïåðèîäå T êîíå÷íîå ÷èñëî ðàçðûâîâ;

Çàêîíñïåêòèðîâàëè Áîðèñåíêî Àíäðåé, Êîøåâîé Àëåêñàíäð.
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(3) íà ïåðèîäå äîñòèãàåòñÿ êîíå÷íîå ÷èñëî ìàêñèìóìîâ è ìèíèìóìîâ.

3. Îáùèé ñëó÷àé íåïåðèîäè÷åñêîé ôóíêöèè
Â îáùåì ñëó÷àå ôóíêöèÿ x(t) âõîäíîãî ñèãíàëà íå ÿâëÿåòñÿ ïåðèîäè÷åñêîé.

Äëÿ ðàçëîæåíèÿ åå â ðÿä Ôóðüå íàì ïîòðåáóåòñÿ ïðîèçâåñòè ðÿä äîïîëíèòåëü-
íûõ äåéñòâèé. Ïîñòðîèì ïåðèîäè÷åñêóþ ôóíêöèþ x̃(t) ïî äàííîé:

x̃(t) =





x(t), [−T/2, T/2)
x(t− T ), [T/2, 3T/2)
. . .

Êîýôôèöèåíòû ðàçëîæåíèÿ ïîëó÷åííîé ôóíêöèè x̃(t) â ðÿä Ôóðüå èìåþò
âèä:

ak =
1
T

T/2∫

−T/2

x(t)e−iwt dt

Ó÷èòûâàÿ âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ, ïîëó÷àåì ðÿä Ôóðüå ôóíêöèè
x̃(t):

x̃(t) =
∑

akeikw0t =
∑ 1

T
x(iw0t)eikw0t =

1
2π

∑
w0 x(iw0k)eikw0t

︸ ︷︷ ︸
f(w0k)

Òåïåðü, óñòðåìèâ ïåðèîä T → ∞, à òåì ñàìûì w0 = 2π
T → 0, ïîëó÷àåì

èíòåãðàëüíóþ ñóììó è ïðèõîäèì îêîí÷àòåëüíî ê âûðàæåíèþ äëÿ çàäàííîé
ôóíêöèè:

x(t) =
1
2π

∞∫

−∞
x(iw)eiwt dw.

Èòàê, íàìè ïîëó÷åíû ôîðìóëû äëÿ ïðåîáðàçîâàíèé Ôóðüå.

Ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå: X(iw) =
∞∫
−∞

x(t)e−iwt dt,

Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå: x(t) = 1
2π

∞∫
−∞

X(iw)eiwt dw.

4. Òåîðåìà Ïëàíøåðåëÿ
Òåïåðü äîêàæåì òåîðåìó î ñâÿçè ìåæäó ýíåðãèåé èñõîäíîãî ñèãíàëà è ñèã-

íàëà, ïîëó÷åííîãî â ðåçóëüòàòå ïðèìåíåíèÿ ê íåìó ïðåîáðàçîâàíèÿ Ôóðüå.
Òåîðåìà 1 (Ïëàíøåðåëÿ). Ýíåðãèÿ ñèãíàëà ïîñëå åãî ïðåîáðàçîâàíèÿ Ôóðüå
ñîõðàíÿåòñÿ:

∞∫
−∞

|x(t)|2 dt =
∞∫
−∞

|X(iw)|2 dw

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ èçâåñòíûì òîæäåñòâîì äëÿ êîìïëåêñíûõ ÷è-
ñåë:

|x(t)|2 = x(t)x(t)
∞∫

−∞
|x(t)|2 dt =

∞∫

−∞
x(t)x(t) dt =

∞∫

−∞

∞∫

−∞

∞∫

−∞

1
2π

X(iw) eiwt 1
2π

X(iw′)e−iw′t

︸ ︷︷ ︸
Xei(w−w′)t

dw dw′ dt
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Ðàíåå áûëî ïîêàçàíî, ÷òî çíà÷åíèå èíòåãðàëà
∞∫
−∞

ei(w−w′)t dt ðàâíî δ(w −
w′)4π2. Ïîäñòàâèâ ýòî âûðàæåíèå â íàøó ôîðìóëó, ïîëó÷èì äâîéíîé èíòåãðàë:
∞∫
−∞

∞∫
−∞

X(iw)X(iw′)δ(w−w′) dw dw′ =
∞∫
−∞

X(iw)X(iw) dw. Ïîëó÷åííîå âûðàæå-

íèå è îçíà÷àåò ðàâåíñòâî ýíåðãèé èñõîäíîãî è ïðåîáðàçîâàííîãî ñèãíàëîâ.
¤

Ôàêòè÷åñêè, X(iw) ïîêàçûâàåò íàñêîëüêî ÷àñòîòà w ïðåäñòàâëåíà â çàäàí-
íîì âõîäíîì ñèãíàëå x(t):

X(iw) =

∞∫

−∞
x(t)e−iwt dt

5. Ïðèìåðû

Ïðèìåð 1
Â êà÷åñòâå ïðèìåðà, ðàññìîòðèì âõîäíîé ñèãíàë x(t) = sin(t). Â ýòîì ñëó÷àå:

X(iw) =

∞Z

−∞

sin(t)e−iwt dt

Âîñïîëüçóåìñÿ ðàçëîæåíèåì ñèíóñà ÷åðåç ýêñïîíåíòó:

sin(t) =
1

2i

h
eit − e−it

i

Ïîëó÷àåì âûðàæåíèå 1
2i

∞R
−∞

e−i(w−1)t dt − 1
2i

∞R
−∞

e−i(w+1)t dt, êîòîðîå ìîæíî ïåðå-

ïèñàòü ñ èñïîëüçîâàíèåì δ-ôóíêöèè: X(iw) = iπ (δ(w − 1)− δ(w + 1)).

Ïîëó÷åííûé ðåçóëüòàò ãîâîðèò î òîì, ÷òî ó ñèíóñîèäàëüíîãî ñèãíàëà èìååòñÿ îäíà
÷àñòîòà, çàòî êàêàÿ!

Ïðèìåð 2
Èíòåðåñíûé ïðèìåð ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå � ôèëüòð íèçêèõ ÷àñòîò.

Â äàííîì ñëó÷àå, èìåÿ íà âõîäå ñèãíàë eiwt, íà âûõîäå ïîëó÷àåì H(iw)eiwt. Íàøåé çà-
äà÷åé ÿâëÿåòñÿ ôèëüòðàöèÿ íèçêèõ ÷àñòîò, ÷òî äîñòèãàåòñÿ âûáîðîì ôóíêöèè H(iw)
ñëåäóþùåãî âèäà:

-

6

w

1

−w0 w0

Òàêèì îáðàçîì ìû îòñåêàåì ÷àñòîòû äèàïàçîíà [−w0, w0]

Òåïåðü äîêàæåì ôàêò î ïðåîáðàçîâàíèè Ôóðüå äëÿ ñëó÷àÿ, êîãäà äëÿ âõîä-
íîãî ñèãíàëà ïðèìåíÿåòñÿ îïåðàöèÿ ñâåðòêè.
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Óòâåðæäåíèå 1. Ïóñòü x = y ∗ z, òîãäà X(iw) = Y (iw)Z(iw).

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå ê ôóíêöèè X(iw):

X(iw) =
∫ ∫

y(τ)z(t− τ) dτe−iwt dt =
∫ [∫

z(t− τ)e−w(t−τ) dt

]
y(τ)e−iwτ dτ

Çàìå÷àÿ, ÷òî ïðè âû÷èñëåíèè âëîæåííîãî èíòåãðàëà τ èãðàåò ðîëü êîíñòàíòû,
à ñëåäîâàòåëüíî d(t− τ) = dt, ïîëó÷àåì

X(iw) =
∫

z(t)eiwt dt

∫
y(τ)e−iwτ dτ

×òî è îçíà÷àåò âûïîëíåíèå äîêàçûâàåìîãî ðàâåíñòâà X(iw) = Y (iw)Z(iw)
¤

Ïðèìåð 3
Ðàññìîòðèì òåïåðü ñãëàæèâàíèå äèñêðåòíîãî ñèãíàëà. Íàøà çàäà÷à ïðåîáðàçîâàòü

âõîäíîé ñèãíàë x[n] â ñèãíàë âèäà 1
3
(x[n−1]+x[n]+x[n+1]). Ôóíêöèÿ ïðåîáðàçîâàíèÿ

â ýòîì ñëó÷àå âûãëÿäèò ñëåäóþùèì îáðàçîì: h[n] = 1
3
(δ[n− 1] + δ[n] + δ[n + 1], ãäå δ

� äåëüòà-ôóíêöèÿ.

Â ðåçóëüòàòå ïðåîáðàçîâàíèÿ ÷àñòîòà âûõîäíîãî ñèãíàëà èçìåíèòñÿ:

H(iw) =
X

n

h[n]e−iwn =
e−iw + 1 + eiw

3
=

1

3
+

2

3
cos(w)

Ìû ðàññìîòðåëè ïðîñòåéøèé ñëó÷àé ñãëàæèâàíèÿ äèñêðåòíîãî ñèãíàëà, â êîòîðîì
â êà÷åñòâå âûõîäíîãî ñèãíàëà áðàëîñü ñðåäíåå àðèôìåòè÷åñêîå èç çíà÷åíèé ôóíêöèè
â òåêóùèé, ïðåäûäóùèé è ñëåäóþùèé ìîìåíòû âðåìåíè. Ïîëó÷åííûé ðåçóëüòàò ìîæ-
íî îáîáùèòü íà ñëó÷àé, êîãäà ñðåäíåå àðèôìåòè÷åñêîå ôóíêöèè áåðåòñÿ ïî íåêîòîðî-
ìó ôèêñèðîâàííîìó îòðåçêó âðåìåíè [n−N, n + M ]: x[n] → 1

N+M+1

PM
k=−N x[n− k].

Òî åñòü ïðè ñãëàæèâàíèè ìû ó÷èòûâàåì òåêóùèé, N ïðåäûäóùèõ è M ïîñëåäóþ-
ùèõ ìîìåíòîâ âðåìåíè. Â ýòîì ñëó÷àå ôóíêöèÿ ïðåîáðàçîâàíèÿ ïðåäñòàâèìà â âèäå:
h[n] = 1

N+M+1

PM
k=−N δ[n− k].

Ïîñìîòðèì, ÷òî ïðîèçîéäåò ñ ÷àñòîòîé âûõîäíîãî ñèãíàëà:

H(iw) =
X

n

h[n]e−iwn =
X

n

"
1

N + M + 1

MX

k=−N

δ[n− k]

#
e−iwn.

Ñóììà äåëüòà-ôóíêöèé
PM

k=−N δ[n− k] îòëè÷íà îò íóëÿ, åñëè −N ≤ n ≤ M . Äëÿ
äàííûõ çíà÷åíèÿõ n îíà ðàâíà 1

N+M+1
. Ïðè äðóãèõ çíà÷åíèÿõ n ñóììà îáðàùàåòñÿ

â 0. Òàêèì îáðàçîì, íàøå âûðàæåíèå ìîæíî óïðîñòèòü:

H(iw) =
1

N + M + 1

MX
n=−N

e−iwn

Âûíåñåì çà çíàê ñóììû e−iw M−N
2 , ÷òî ñäåëàåò ñòåïåíè ñëàãàåìûõ ýêñïîíåíò ñèì-

ìåòðè÷íûìè îòíîñèòåëüíî 0:

H(iw) =
e−iw M−N

2

N + M + 1

MX
n=−N

e−iw(n−M−N
2 )
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Ïîëó÷åííóþ ñóììó
PM

n=−N e−iw(n−M−N
2 ) ìîæíî ïðåîáðàçîâàòü ê âèäó

eiw M+N+1
2 − e−iw M+N+1

2

e
1
2 iw − e−

1
2 iw

.

Ó÷èòûâàÿ äàííûé ôàêò, ïîëó÷àåì îêîí÷àòåëüíîå âûðàæåíèå äëÿ ÷àñòîòû ñãëàæåí-
íîãî ñèãíàëà:

H(iw) =
e−iw M−N

2

N + M + 1

sin w M+N+1
2

sin w
2


