
ËÅÊÖÈß 7. ÀÍÀËÈÇ ÃËÀÂÍÛÕ ÊÎÌÏÎÍÅÍÒ

Ñåðãåé Íèêîëåíêî

1. Ðàçìåðíîñòè
Ïóñòü çàäàíû äâà ïðîñòðàíñòâà: Rn è Rm ⊂ Rn, m < n. Ïðè ïåðåõîäå â

êàêîé-ëèáî çàäà÷å ê ïðîñòðàíñòâó ìåíüøåé ðàçìåðíîñòè íåîáõîäèìî ñïðîåê-
òèðîâàòü â íåãî áîëüøåå ïðîñòðàíñòâî òàêèì îáðàçîì, ÷òîáû íå èñïîðòèëèñü
âàæíûå ñâîéñòâà. Íàïðèìåð, ðàññìîòðèì ðàâíîìåðíîå ðàñïðåäåëåíèå òî÷åê íà
ñôåðå â Rn. Âûäåëèì êàêóþ-ëèáî ïðÿìóþ, ïðîõîäÿùóþ ÷åðåç ñôåðó. Ñïðîåê-
òèðóåì íà íåå òî÷êè ñôåðû. Â êàæäîé òî÷êå ïðÿìîé ïëîòíîñòü ðàñïðåäåëåíèÿ
îïðåäåëÿåòñÿ ôîðìóëîé:

ρ(ξ) ∼ (1− ξ2)
n−1

2 ,

ãäå n �ðàçìåðíîñòü ïðîñòðàíñòâà, ξ = cos θ.
Â îáùåì ñëó÷àå ïîëó÷åííîå ðàñïðåäåëåíèå áëèçêî ê ãàóññîâîìó, à â R3 ñîâ-

ïàäàåò ñ ðàñïðåäåëåíèåì äëÿ V1.

2. Ïðèáëèæåíèå âåêòîðîâ
Ïóñòü çàäàí x̄ = {~xi| i = 1..m} � íàáîð âåêòîðîâ. Íåîáõîäèìî íàéòè ~n �

âåêòîð, âäîëü êîòîðîãî ëó÷øå âñåãî îïèñûâàåòñÿ x̄. Ïðåäïîëîæèì ñíà÷àëà, ÷òî
âñå ~xi ëåæàò íà îäíîé ïðÿìîé, òî åñòü :

~xi = ~µ + θi · ~n, |~n| = 1

Ñîñ÷èòàåì ñëåäóþùóþ âåëè÷èíó:

Sn =
1
m

m∑

i

((~xi − ~µ) · ~n)2 =
1
m

m∑

i

θi
2

Ïóñòü òåïåðü çà íàèëó÷øåå îïèñàíèå âûáðàí êàêîé-ëèáî äðóãîé âåêòîð ~n′:

Sn′ =
1
m

m∑

i

((~xi − ~µ) · ~n′)2 =
1
m

m∑

i

θi
2(~n · ~n′)2

Òîãäà ïðèõîäèì ê èäåå, ÷òî ëó÷øå âñåãî ïîäõîäèò òàêîé âåêòîð ~n′, êîòîðûé
ìàêñèìèçèðóåò çíà÷åíèå Sn′ .

3. Ìåòîä àíàëèçà ãëàâíûõ êîìïîíåíò
Çàïèøåì âûáîðî÷íóþ äèñïåðñèþ âäîëü âåêòîðà ~n:

~nT · C · ~n,

ãäå C �ìàòðèöà êîâàðèàöèé, òî åñòü:
Cij = (~xi − ~µ) · (~xj − ~µ)

Çàêîíñïåêòèðîâàëè Ñåðãåé Ãèíäèí è Àíäðåé Äàâûäîâ.
1
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Îòìåòèì, ÷òî C ÿâëÿåòñÿ ìàòðèöåé Ãðàììà äëÿ âåêòîðîâ (~xi − ~µ) è, ñëåäîâà-
òåëüíî, îíà ñèììåòðè÷íà.

C �ïîëîæèòåëüíàÿ ïîëóîïðåäåëåííàÿ ìàòðèöà (Äîêàçàòåëüñòâî îñòàâèì ÷è-
òàòåëþ â êà÷åñòâå óïðàæíåíèÿ):

∀~z : ~zT · C · ~z > 0,

ïîýòîìó, åñëè ó C åñòü ñîáñòâåííûé âåêòîð (C · ~e = λ · ~e), òî
~eT · C · ~e = λ(~eT · ~e) = λ|~e|2 > 0 ⇒ λ > 0

Ïóñòü òåïåðü íàéäåí îðòîíîðìèðîâàííûé íàáîð áàçèñíûõ âåêòîðîâ {~e1 . . . ~ed},
êîòîðîìó ñîîòâåòñòâóþò ñîáñòâåííûå ÷èñëà λ1 ≥ λ2 ≥ · · · ≥ λd > 0. Òîãäà
ìîæíî ïðåäñòàâèòü ~n =

∑d
a αa~ea è ïåðåïèñàòü:

~nT ·C·~n =

(
d∑
a

αa~ea

)T

·C·
(

d∑
a

αa~ea

)
=

(
d∑
a

αa~ea

)T

·
(

d∑
a

(λaαa)~ea

)
=

d∑
a

λaαa
2

Íåîáõîäèìî ìàêñèìèçèðîâàòü ïîëó÷åííîå âûðàæåíèå:
∑d

a λaαa
2 ñ ó÷åòîì óñëî-

âèÿ
∑

αa
2 = 1.

Âûðàæåíèå áóäåò ìàêñèìàëüíûì, åñëè |α1| = 1, òî åñòü íóæíî ïðèíÿòü
~n = ±~e1. Òåïåðü, ÷òîáû íàéòè ñëåäóþùóþ êîìïîíåíòó, íóæíî ñïðîåêòèðîâàòü
âñå â ïîäïðîñòðàíñòâî ⊥ ~e1, òî åñòü ïîëîæèòü α1 = 0.

Ýòîò ìåòîä ïîëó÷èë íàçâàíèå PCA (Principal Component Analysis) �àíàëèç
ãëàâíûõ êîìïîíåíòîâ.

Òåïåðü ðàññìîòðèì äðóãîé áàçèñ ~ua, a = 1..d:

∀~z =
d∑
a

za~ua ⇒ ~z =
d∑
a

z̃a~ea, ãäå z̃a = ~z · ~ea

Â ýòîì ñëó÷àå ìàðèöà C áóäåò âûãëÿäåòü òàê (äîêàçàòåëüñòâî ïðåäëàãàåòñÿ â
êà÷åñòâå óïðàæíåíèÿ):

C =




λ1 0 . . . 0
0 λ2 . . . 0
...

... . . . ...
0 0 . . . λd




4. Íåêîòîðûå ñâîéñòâà
Ðàññìîòðèì ïðîåêöèþ âåêòîðà ~x íà d′ ïåðâûõ êîìïîíåíòîâ â åãî ðàçëîæå-

íèè.

~x′ =
d′∑
a

x̃aea

Ïåðå÷èñëèì íåêîòîðûå èíòåðåñóþùèå íàñ ñâîéñòâà ìåòîäà PCA.
(1) Äåêîðåëëèðîâàíèå � PCA äåêîðåëëèðóåò êîìïîíåíòû âåêòîðíûõ äàí-

íûõ.
(2) Ìèíèìèçàöèÿ îøèáêè � ïðè ïðîåöèðîâàíèè íàêîïèëàñü îøèáêà:

m∑

i

‖~xi − ~x′i‖2

PCA ìèíèìèçèðóåò ýòó îøèáêó.
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Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî: âûáåðåì ïðîèçâîëüíûé îðòîíîðìèðîâàííûé
áàçèñ:

~x =
d∑
a

xa~ua

~x′ =
d′∑
a

xa~ua

Ïðåîáðàçóåì êâàäðàò íîðìû ðàçíîñòè:

‖~xi − ~x′i‖2 = ‖xi‖2−2(~xi·~x′i)+‖~x′i‖2 = ‖xi‖2−2
d′∑
a

x2
a+

d′∑
a

x2
a = ‖xi‖2−

d′∑
a

(~x·~ua)2

Òîãäà:
1
m

m∑

i

‖~xi − ~x′i‖2 =
1
m

m∑

i

‖~xi‖2 − 1
m

d′∑
a

m∑

i

(~xi · ~ua)2

Çàìåòèì, ÷òî
m∑

i

(~xi · ~ua)2 =
m∑

i

(
(~uT

a · ~xi)(~xT
i · ~ua)T

)
=

m∑

i

(~uT
a · ~xi)

m∑

i

(~xT
i · ~ua) =

= ~uT
a

((∑
~xi

)
·
(∑

~xi

)T
)

~ua = ~uT
a · C · ~ua

Ðàçëîæèâ ~ua ïî èñõîäíîìó áàçèñó: ~ua =
∑d

a βap~ep, ãäå
∑d

p β2
ap = 1, ïîëó÷àåì

îöåíêó îøèáêè:

1
m




m∑

i

‖~xi‖2 −
d′∑
a

m∑

i

(~xi · ~ua)2


 =

=
1
m




m∑

i

‖~xi‖2 −
d′∑
a

(~uT
a · C · ~ua)


 =

=
1
m




m∑

i

‖~xi‖2 −
d′∑
a

d∑
p

(β2
apλp)




×òîáû ìèíèìèçèðîâàòü îøèáêó, íóæíî ìàêñèìèçèðîâàòü âûðàæåíèå:
d′∑
a

d∑
p

(β2
apλp).

Íåòðóäíî ïîêàçàòü, ÷òî ýòîìó óñëîâèþ ñîîòâåòñòâóåò âûáîð βij = δij , ãäå

δij =
{

1, i = j
0, i 6= j

¤

Èòàê, ìû äîêàçàëè, ÷òî ôóíêöèÿ îøèáêè ìèíèìèçèðóåòñÿ åñëè âûáðàòü ïåðâûå
d′ âåêòîðîâ, ñîâïàäàþùèõ ñ ei.
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7.6. Ïðèìåíåíèå ôèëüòðà Õåááà äëÿ âûäåëåíèÿ ìàêñèìàëüíîãî ñîáñòâåííîãî

çíà÷åíèÿ

5. Ïðàêòè÷åñêîå ïðèìåíåíèå
Ïóñòü åñòü íàáîð âåêòîðîâ X = (~x1 . . . ~xm) ∈ Rd

(1) Íàõîäèì ~µ = 1
m

∑m
i ~xi

(2) Óñðåäíÿåì íàáîð B = (~x1 − ~µ . . . ~xm − ~µ)
(3) Ñ÷èòàåì ìàòðèöó êîâàðèàöèé: C = 1

m (B ·BT )
(4) Èùåì ñîáñòâåííûå âåêòîðû è ÷èñëà äëÿ C
(5) Ïîëó÷àåì äèàãîíàëèçèðîâàííóþ ìàòðèöó V: V −1 · C · V
(6) Îñòàâëÿåì òîëüêî ïåðâûå d′ êîìïîíåíò Vd×d −→ Wd′×d

(7) Ñ÷èòàåì íîðìàëèçîâàííóþ ìàòðèöó Z = B/
√

Ci

(8) Ïîëó÷àåì ïðîåêöèþ Y = WT · Z
Ïîñëåäóþùèå ðàçäåëû êîíñïåêòà (âòîðàÿ ÷àñòü) ïîñâÿùåíà ïðèìåíåíèþ

îáó÷åíèÿ ïî Õåááó äëÿ àíàëèçà ãëàâíûõ êîìïîíåíò.

6. Ïðèìåíåíèå ôèëüòðà Õåááà äëÿ âûäåëåíèÿ ìàêñèìàëüíîãî
ñîáñòâåííîãî çíà÷åíèÿ

Ïîêàæåì, êàê ëèíåéíûé íåéðîí ñ Õåááîâñêèì ïðàâèëîì àäàïòàöèè ñèíàïòè-
÷åñêèõ âåñîâ ìîæåò èñïîëüçîâàòüñÿ â êà÷åñòâå ôèëüòðà äëÿ âûäåëåíèÿ ïåðâîãî
ãëàâíîãî êîìïîíåíòà âåêòîðà âõîäíûõ ñèãíàëîâ.

Ïóñòü âûõîäíîé ñèãíàë íåéðîíà ðàâåí ëèíåéíîé êîìáèíàöèè âõîäíûõ ñèã-
íàëîâ.

(1) y =
m∑

i=1

wixi

Íàøà çàäà÷à ïîäîáðàòü âåñà wi òàêèì îáðàçîì, ÷òîáû y áûë ðàâåí ìàêñèìàëü-
íîìó ãëàâíîìó êîìïîíåíòó âåêòîðà x = {xi}.

Ñîãëàñíî ïîñòóëàòó Õåááà, ñèíàïòè÷åñêèé âåñ wi âîçðàñòàåò, åñëè ïðåäñè-
íàïòè÷åñêèé ñèãíàë xi è ïîñòñèíàïòè÷åñêèé ñèãíàë y ñîâïàäàþò äðóã ñ äðóãîì.
Ýòî ïðàâèëî ìîæíî âûðàçèòü, ê ïðèìåðó, ñëåäóþùèì îáðàçîì:

wi(n + 1) = wi(n) + ηy(n)xi(n), i = 1, 2, . . . , m,

ãäå n � íîìåð øàãà ïî âðåìåíè; η � ïàðàìåòð èíòåíñèâíîñòè îáó÷åíèÿ.
Ïðîáëåìà â òîì, ÷òî ýòî ïðàâèëî îáó÷åíèÿ ïðèâîäèò ê íåîãðàíè÷åííîìó

ðîñòó ñèíàïòè÷åñêèõ âåñîâ. Ýòî ìîæíî îáîéòè èñïîëüçóÿ íîðìàëèçàöèþ:

(2) wi(n + 1) =
wi(n) + ηy(n)xi(n)

(
∑m

j=1[wj(n) + ηy(n)xj(n)]2)1/2

Çàìåòèì, ÷òî Åâêëèäîâà íîðìà îïðåäåëåííîãî òàêèì îáðàçîì âåêòîðà w =
{wi} ðàâíà 1:

‖w(n + 1)‖2 =
m∑

i=1

w2
i (n + 1) =

m∑

i=1

[wi(n) + ηy(n)xi(n)]2∑m
j=1[wj(n) + ηy(n)xj(n)]2

=

=
∑m

i=1[wi(n) + ηy(n)xi(n)]2∑m
j=1[wj(n) + ηy(n)xj(n)]2

= 1
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Èñïîëüçîâàíèå íîðìàëèçàöèè îáåñïå÷èâàåò ââåäåíèå êîíêóðåíöèè ìåæäó ñè-
íàïñàìè íåéðîíà çà îáëäàíèå îãðàíè÷åííûìè ðåñóðñàìè, êîòîðàÿ ÿâëÿåòñÿ ñó-
ùåñòâåííûì óñëîâèåì ñòàáèëèçàöèè ñåòè (ïîêà ÷òî ñîñòîÿùåé èç îäíîãî íåé-
ðîíà). Ïðåäïîëîæèì, ÷òî η ìàëî, òîãäà

wi(n + 1) = wi(n) + ηy(n)[xi(n)− y(n)wi(n)] + O(η2)

Äîêàçàòåëüñòâî. Ýòî äîêàçûâàåòñÿ íåñêîëüêèìè ïðèìåíåíèÿìè ôîðìóëû Òåé-
ëîðà:

wi(n + 1) =
wi(n) + ηy(n)xi(n)

(
∑m

j=1[wj(n) + ηy(n)xj(n)]2)1/2
=

=
wi(n) + ηy(n)xi(n)

(
∑m

j=1[wj(n)2 + 2ηy(n)wj(n)xj(n) + O(η2)])1/2
=

=
wi(n) + ηy(n)xi(n)

(
∑m

j=1 [wj(n)2] + 2ηy(n)
∑m

j=1 wj(n)xj(n) + O(η2))1/2
=

wi(n) + ηy(n)xi(n)
(1 + 2ηy2(n) + O(η2))1/2

=

=
wi(n) + ηy(n)xi(n)
1 + ηy2(n) + O(η2)

= [wi(n) + ηy(n)xi(n)][1− ηy2(n) + O(η2)] =

= wi(n)+η[y(n)xi(n)−wi(n)y2(n)]+O(η2) = wi(n)+ηy(n)[xi(n)−y(n)wi(n)]+O(η2)

¤

Òàêèì îáðàçîì, ìû ìîæåì àïïðîêñèìèðîâàòü (2) ñëåäóþùèì îáðàçîì:
(3) wi(n + 1) = wi(n) + ηy(n)[xi(n)− y(n)wi(n)].

Ñëàãàåìîå y(n)xi(n) ó÷àñòâóåò â ïðîöåññå ñàìîóñåëåíèÿ. Îòðèöàòåëüíîå ñëàãà-
åìîå (−y2(n)wi(n)) îòâå÷àåò çà ñòàáèëèçàöèþ.

7. Ìàòðè÷íàÿ ôîðìóëèðîâêà àëãîðèòìà
Ââåäåì îáîçíà÷åíèÿ

x(n) = [x1(n), x2(n), . . . , xm(n)]T

w(n) = [w1(n), w2(n), . . . , wm(n)]T .

Òîãäà ôîðìóëû (1), (3) ïðåîáðàçóþòñÿ ñëåäóþùèì îáðàçîì:
(4) y(n) = 〈x(n),w(n)〉 = xT (n)w(n) = wT (n)x(n)

(5) w(n + 1) = w(n) + ηy(n)[x(n)− y(n)w(n)].

Ïîäñòàâëÿÿ (4) â (5) ïîëó÷àåì:
(6) w(n + 1) = w(n) + η[x(n)xT (n)w(n)−wT (n)x(n)xT (n)w(n)w(n)].

8. Äîêàçàòåëüñòâî êîððåêòíîñòè ôèëüòðà Õåááà
Àëãîðèòì îáó÷åíèÿ (6) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì àëãîðèòìà ñòîõàñòè÷å-

ñêîé àïïðîêñèìàöèè:
(7) w(n + 1) = w(n) + η(n)h(w(n),x(n)), n = 0, 1, 2, . . .

Ïóñòü äëÿ âåëè÷èí èç àëãîðèòìà (7) âûïîëíåíû ñëåäóþùèå óñëîâèÿ.
(1) η(n) � óáûâàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ äåéñòâèòåëü-

íûõ ÷èñåë, òàêàÿ ÷òî:
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(a)
∞∑

n=1

η(n) = ∞,

(b)
∞∑

n=1

ηp(n) < ∞, p > 1,

(c)
η(n) → 0 ïðè n →∞.

(2) Ïîñëåäîâàòåëüíîñòü w(n) îãðàíè÷åíà ñ âåðîÿòíîñòüþ 1.
(3) Ôóíêöèÿ êîððåêöèè h(w,x) íåïðåðûâíî äèôôåðåíöèðóåìà ïî w è x, è

åå ïðîèçâîäíûå îãðàíè÷åíû ïî âðåìåíè.
(4) Ïðåäåë

(8) h̄ = lim
n→∞

E[h(w,X)]

cóùåñòâóåò äëÿ âñåõ w. X � ñëó÷àéíàÿ âåëè÷èíà, ïðèíèìàþùàÿ çíà-
÷åíèÿ x.

(5) Ñóùåñòâóåò ëîêàëüíî àñèìïîòè÷åñêè óñòîé÷èâîå (â ñìûñëå Ëÿïóíîâà)
ðåøåíèå îáû÷íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

(9) d

dt
w(t) = h̄(w(t)),

ãäå t � íåïðåðûâíîå âðåìÿ.

Óñòîé÷èâîñòü â ñìûñëå Ëÿïóíîâà. Ðàññìîòðèì àâòîíîìíóþ äèíà-
ìè÷åñêó ñèñòåìó îïèñûâàåìóþ óðàâíåíèåì

(10) d

dt
x(t) = F(x(t)).

Îïðåäåëåíèå 1. Âåêòîð x̄ íàçûâàåòñÿ ñòàöèîíàðíûì ñîñòîÿíèåì
ñèñòåìû, åñëè F(x̄) = 0.

Î÷åâèäíî, ÷òî x(t) = x̄ áóäåò ðåøåíèåì ñèñòåìû (10).
Îïðåäåëåíèå 2. Ñòàöèîíàðíîå ñîñòîÿíèå x̄ íàçûâàåòñÿ ðàâíîìåðíî
óñòîé÷èâûì, åñëè äëÿ ëþáîãî ïîëîæèòåëüíîãî ε ñóùåñòâóåò òàêîå
ïîëîæèòåëüíîå δ, ÷òî èç óñëîâèÿ

‖x(0)− x̄‖ < δ

ñëåäóåò, ÷òî
‖x(t)− x̄‖ < ε äëÿ âñåõ t > 0.

Ãðóáî ãîâîðÿ, åñëè íà÷àëüíîå ñîñòîÿíèå x(0) áëèçêî ê x̄, òî òðàåêòî-
ðèÿ ñèñòåìû (10) ëåæèò â ìàëîé îêðåñòíîñòè x̄.
Îïðåäåëåíèå 3. Ñòàöèîíàðíîå ñîñòîÿíèå x̄ íàçûâåòñÿ ñõîäÿùèìñÿ,
åñëè ñóùåñòâóåò òàêîå ïîëîæèòåëüíîå δ, ÷òî èç óñëîâèÿ

‖x(0)− x̄‖ < δ

ñëåäóåò, ÷òî
x(t) → x̄ ïðè t →∞.



Ëåêöèÿ 7. Àíàëèç ãëàâíûõ êîìïîíåíò 7

Ãðóáî ãîâîðÿ, åñëè íà÷àëüíîå ñîñòîÿíèå x(0) áëèçêî ê x̄, òî òðàåêòî-
ðèÿ ñèñòåìû (10) äîñòèãàåò x̄ ïðè óñòðåìëåíèè t ê áåñêîíå÷íîñòè.

Îïðåäåëåíèå 4. Ñòàöèîíàðíîå ñîñòîÿíèå x̄ íàçûâåòñÿ àñèìòîòè-
÷åñêè óñòîé÷èâûì, åñëè îíî îäíîâðåìåííî ÿâëÿåòñÿ óñòîé÷èâûì è
ñõîäÿùèìñÿ.

Òåîðåìà 1. Ñòàöèîíàðíîå ñîñòîÿíèå x̄ ÿâëÿåòñÿ óñòîé÷èâûì, åñëè
â ìàëîé îêðåñòíîñòè ýòîé òî÷êè ñóùåñòâóåò ïîëîæèòåëüíî îïðå-
äåëåííàÿ ôóíêöèÿ V (x), òàêàÿ, ÷òî åå ïðîèçâîäíàÿ ïî âðåìåíè â ýòîé
îáëàñòè ÿâëÿåòñÿ îòðèöàòåëüíî ïîëóîïðåäåëåííîé.

Òåîðåìà 2. Ñòàöèîíàðíîå ñîñòîÿíèå x̄ ÿâëÿåòñÿ àñèìïòîòè÷åñêè
óñòîé÷èâûì, åñëè â ìàëîé îêðåñòíîñòè ýòîé òî÷êè ñóùåñòâóåò ïî-
ëîæèòåëüíî îïðåäåëåííàÿ ôóíêöèÿ V (x), òàêàÿ, ÷òî åå ïðîèçâîäíàÿ
ïî âðåìåíè â ýòîé îáëàñòè ÿâëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííîé.

Ôóíêöèÿ V (x), óäîëåòâîðÿþùàÿ âñåì ýòèì òðåáîâàíèÿì, íàçûâàåòñÿ
ôóíêöèåé Ëÿïóíîâà äëÿ ñòàöèîíàðíîãî ñîñòîÿíèÿ x̄. Ãðóáî ãîâîðÿ, ýòî
êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû (10).

Ôóíêöèÿ V (x) íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, åñëè âûïîë-
íÿþòñÿ ñëåäóþùèå óñëîâèÿ.
(a) V (x) èìååò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïî âñåì êîìïîíåí-

òàì âåêòîðà x.
(b) V (x̄) = 0.
(c) V (x) > 0 ïðè x 6= x̄.

Òåîðåìà 3. Ïðè âûïîëíåíèè óñëîâèé (1)�(5)

(11) lim
n→∞

w(n) = q, áåñêîíå÷íî ÷àñòî ñ âåðîÿòíîòüþ 1,

ãäå q � ðåøåíèå óðàâíåíèÿ (9).

Ïðèâåäåì óðàâíåíèå (6) ê âèäó (7). Ïóñòü

η(n) =
1
n

,

óñëîâèå (1) áóäåò âûïîëíåíî;

(12) h(w,x) = x(n)xT (n)w(n)− [wT (n)x(n)xT (n)w(n)]w(n),

óñëîâèå (3) òàêæå, î÷åâèäíî, âûïîëíåíî.

(13) h̄ = lim
n→∞

E[X(n)XT (n)w(n)− (wT (n)X(n)XT (n)w(n)]w(n))] =

= Rw(∞)− [wT (∞)Rw(∞)]w(∞),

ãäå R � ìàòðèöà êîððåëÿöèè X, w(∞) � ïðåäåëüíîå çíà÷åíèå w. Òàêèì îáðà-
çîì, óñëîâèå (4) âûïîëíåíî.

Äëÿ âûïîëíåíèÿ óñëîâèÿ 5 íàéäåì óñòîé÷èâûå òî÷êè äèôôåðåíöèàëüíîãî
óðàâíåíèÿ

(14) d

dt
w(t) = h̄(w(t)) = Rw(t)− [wT (t)Rw(t)]w(t).
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Ðàññìîòðèì ðàçëîæåíèå w(t) â áàçèñå íîðìàëèçîâàííûõ ñîáñòâåííûõ âåêòîðîâ
{qk} ìàòðèöû R:

(15) w(t) =
m∑

k=1

θk(t)qk

Ïîäñòàâèì (15) â (14) è âîñïîëüçóåìñÿ ñëåäóþùèìè îïðåäåëåíèÿìè
Rqk = λkqk

è
qT
k Rqk = λk,

ãäå λk � ñîáñòâåííîå ÷èñëî, ñîîòâåòñòâóþùåå âåêòîðó qk. Ïîëó÷èì:
m∑

k=1

dθk(t)
dt

qk =
m∑

k=1

λkθk(t)qk −
[

m∑

l=1

λlθ
2
l (t)

]
m∑

k=1

θk(t)qk,

èëè ïîëüçóÿñü ëèíåéíîé íåçàâèñèìîñòüþ íàáîðà {qk}:

(16) dθk(t)
dt

= λkθk(t)−
[

m∑

l=1

λlθ
2
l (t)

]
θk(t).

Ðàññìîòðèì äâà ñëó÷àÿ.

Ñëó÷àé 1. 1 < k ≤ m. Îïðåäåëèì

(17) αk(t) =
θk(t)
θ1(t)

, 1 < k ≤ m.

Ïðåäïîëàãàåòñÿ, ÷òî θ1(t) 6= 1 ñ âåðîÿòíîñòüþ 1. Äèôôåðåíöèðóÿ ïî t óðàâíå-
íèå (17) ïîëó÷èì:

dαk(t)
dt

=
1

θ1(t)
dθk(t)

dt
− θk(t)

θ2
1(t)

dθ1(t)
dt

=
1

θ1(t)
dθk(t)

dt
− αk(t)

θ1(t)
dθ1(t)

dt
.

Ïîäñòàâèâ (16) è (17) è óïðîñòèâ, íàõîäèì αk(t):
dαk(t)

dt
= −(λ1 − λk)αk(t), 1 < k ≤ m,

òî åñòü
αk(t) = αk(0) ∗ exp(−(λ1 − λk)t).

Òàêèì îáðàçîì
(18) lim

t→∞
θk(t) = θ1(∞) ∗ lim

t→∞
αk(t) = 0, 1 < k ≤ m,

òàê êàê ïîñëåäîâàòåëüíîñòü λk ïîëîæèòåëüíàÿ óáûâàþùàÿ.

Ñëó÷àé 2. k = 1. Ïîäñòàâëÿÿ â (16) k = 1 ïîëó÷àåì:

dθ1(t)
dt

= λ1θ1(t)−
[

m∑

l=1

λlθ
2
l (t)

]
θ1(t) = λ1θ1(t)− λ1θ

3
1(t)−

[
m∑

l=2

λlθ
2
l (t)

]
θ1(t),

ïåðåõîäÿ ê ïðåäåëó t →∞ è âîñïîëüçîâàâøèñü (18) îêîí÷àòåëüíî ïîëó÷àåì:

(19) dθ1(t)
dt

= λ1θ1(t)[1− θ2
1(t)] ïðè t →∞.
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Ôóíêöèåé Ëÿïóíîâà ñèñòåìû (19) áóäåò V (t) = [θ2
1(t)− 1]2. Ýòî ïðîâåðÿåòñÿ

íåïîñðåäñòâåííî ïî îïðåäåëåíèþ. Åå ìèíèìóì äîñòèãàåòñÿ ïðè
(20) θ1(t) = ±1 ïðè t →∞.

Ýòî è åñòü åäèíñòâåííîå àñèìïòîòè÷åñêè óñòîé÷èâîå ðåøåíèå (14).
Â èòîãå ïîëüçóÿñü ðàçëîæåíèåì (15) è ïðåäåëüíûìè ñîîòíîøåíèÿìè (20),

(18) ïîëó÷àåì:
(21) w(t) → q1 ïðè t →∞.

Òàêèì îáðàçîì ìû óäîëåòâîðèëè âñå óñëîâèÿ òåîðåìû 3, ñëåäîâàòåëüíî
(22) lim

n→∞
w(n) = q1 áåñêîíå÷íî ÷àñòî ñ âåðîÿòíîñòüþ 1.

Òî åñòü
(23) y(n) = 〈x(n),w(n)〉 = 〈x(n),q1〉 = λ1, ïðè n →∞.

À ìû çíàåì, ÷òî ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî λ1 ìàòðèöû êîððåëÿöèè R =
E[XXT] åñòü ïåðâûé ãëàâíûé êîìïîíåíò âåêòîðà x.

9. Àíàëèç ãëàâíûõ êîìïîíåíò íà îñíîâå ôèëüòðà Õåááà
Â ïðåäûäóùèõ ðàçäåëàõ ìû íàó÷èëèñü èçâëåêàòü ïåðâûé ãëàâíûé êîìïî-

íåíò âåêòîðà x = {xi}m
i=1. Ýòîò àëãîðèòì åñòåñòâåííûì îáðàçîì îáîáùàåòñÿ

äëÿ èçâëå÷åíèÿ l <= m ãëàâíûõ êîìïîíåíò.
Ïóñòü òåïåðü ó íàñ åñòü íå 1 a l ëèíåéíûõ íåéðîíîâ, íà âõîä êàæäîìó èç

êîòîðûõ ïîäàåòñÿ âåêòîð ñèãíàëîâ x. Îáîçíà÷èì y = {yj}l
j=1 âåêòîð âûõîäíûõ

ñèãíàëîâ, yj � âûõîä j-ãî íåéðîíà. wij � âåñ i-ãî ñèíàïñà j-ãî íåéðîíà. yj(n) =∑m
i=1 wij(n)xi(n).
Ìîæíî ïîêàçàòü (àíàëîãè÷íî ñëó÷àþ îäíîãî íåéðîíà), ÷òî åñëè èñïîëüçî-

âàòü ïðàâèëî îáó÷åíèÿ Õåááà

(24) ∆wij(n) = ηyj(n)

[
xi(n)−

j∑

k=1

wki(n)yk(n)

]
,

òî
lim

n→∞
wj(n) = qj ,

à ñëåäîâàòåëüíî, yj(n) áóäåò ñòðåìèòüñÿ ê j-ìó ãëàâíîìó êîìïîíåíòó x.


