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Çäåñü ìû áóäåì ðàññìàòðèâàòü ïåðöåïòðîíû, ó êîòîðûõ íåò

ëèìèòà àêòèâàöèè. Îíè ïðîñòî âûäàþò ëèíåéíóþ ôîðìó îò

ñâîèõ âõîäîâ:

o(x0, . . . , xn) =

n∑
0

wixi .

Ò.å. ó òàêîãî ïåðöåïòðîíà íå äâà, à êîíòèíóàëüíî ìíîãî

âîçìîæíûõ çíà÷åíèé.

Â îñòàëüíîì ýòî âñ¼ òå æå ëèíåéíûå ïåðöåïòðîíû.
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Ìû õîòèì íàéòè ïåðöåïòðîí, êîòîðûé ìèíèìèçèðóåò îøèáêó.

Ïóñòü åñòü m òåñòîâûõ ïðèìåðîâ x
j
i ñ âåðíûìè îòâåòàìè t j ,

j = 1..m.

Îøèáêà � èç ñòàòèñòèêè, ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå:

E (w0, . . . ,wn) =
1

2

m∑
j=1

(tj − o(x
j
0
, . . . , x jn))

2.

Çàäà÷à: ìèíèìèçèðîâàòü ôóíêöèþ E íà ïðîñòðàíñòâå

âîçìîæíûõ âåñîâ {wi }.
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Íóæíî äâèãàòüñÿ â ñòîðîíó, îáðàòíóþ ãðàäèåíòó. Ãðàäèåíò �

íàïðàâëåíèå, â êîòîðîì äîñòèãàåòñÿ íàèáîëüøèé ïðèðîñò

çíà÷åíèé:

∇E (w0, . . . ,wn) =

[
∂E

∂w0

,
∂E

∂w1

, . . . ,
∂E

∂wn

]
.
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Íóæíî äâèãàòüñÿ â ñòîðîíó, îáðàòíóþ ãðàäèåíòó. Ãðàäèåíò �

íàïðàâëåíèå, â êîòîðîì äîñòèãàåòñÿ íàèáîëüøèé ïðèðîñò

çíà÷åíèé:

∇E (w0, . . . ,wn) =

[
∂E

∂w0

,
∂E

∂w1

, . . . ,
∂E

∂wn

]
.

Çíà÷èò, âåñà íóæíî ïîäïðàâëÿòü òàê:

wi ← wi − η
∂E

∂wi

.
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Ãðàäèåíò îò ôóíêöèè îøèáêè

Â íàøåì ñëó÷àå ïîäñ÷èòàòü ãðàäèåíò ñîâñåì ïðîñòî:

∂E

∂wi

=
1

2

m∑
j=1

∂

∂wi

(
t j −

n∑
0

wix
j
i

)2

=

=

m∑
j=1

(
t j −

n∑
0

wix
j
i

)
(−x

j
i ).

Èçìåíåíèÿ âåñîâ ïðèìóò âèä:

wi ← wi + η
∑
j

(
t j −

n∑
0

wix
j
i

)
x
j
i .
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Àëãîðèòì � â êàæäîé ýïîõå ïîäïðàâëÿòü âåñà íà çíà÷åíèÿ

ãðàäèåíòà.

Íåïîíÿòíî, êîãäà îñòàíàâëèâàòüñÿ; ìû áóäåì

îñòàíàâëèâàòüñÿ ïîñëå ôèêñèðîâàííîãî êîëè÷åñòâà øàãîâ.

Åñëè η ìàëåíüêàÿ, ìû íå óñïååì äîéòè äî ìèíèìóìà; åñëè

η áîëüøàÿ � áóäåì ÷åðåç íåãî ¾ïåðåñêàêèâàòü¿. ×òî

äåëàòü?
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Ðåøåíèå: íà÷àòü ñ äîñòàòî÷íî áîëüøîé η, à ïîòîì å¼

ïîñòåïåííî óìåíüøàòü.
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GradientDescent(η, {x
j
i , t

j }n,m
i=1,j=1

)

Èíèöèàëèçèðîâàòü {wi }
n
i=0

ìàëåíüêèìè ñëó÷àéíûìè

çíà÷åíèÿìè.

Ïîâòîðèòü NUMBER_OF_STEPS ðàç:

Äëÿ âñåõ i îò 1 äî n ∆wi = 0.
Äëÿ âñåõ j îò 1 äî m:

Äëÿ âñåõ i îò 1 äî n

∆wi = ∆wi + η

 
t
j −

n∑
0

wix
j
i

!
x
j
i .

wi = wi + ∆wi .

Âûäàòü çíà÷åíèÿ w0,w1, . . . ,wn.
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Àëãîðèòì ãðàäèåíòíîãî ñïóñêà íà Python

def PerceptronGradientDescent(eta0,x,NUMBER_OF_STEPS):

import random

eta,w,deltaw=eta0,[],[]

for i in xrange(len(x[0])):

w.append((random.randrange(-5,5))/50.0)

deltaw.append(0)

for i in xrange(NUMBER_OF_STEPS):

if ((NUMBER_OF_STEPS > 100) and (i % (NUMBER_OF_STEPS/5))==0):

eta = eta/2.0

for i in xrange(len(w)): deltaw[i]=0

for xj in x:

t,o,curx=xj[0],0,[1]+xj[1:len(xj)]

for i in xrange(len(w)): o+=w[i]*curx[i]

for i in xrange(len(w)): deltaw[i]+=eta*(t-o)*curx[i]

for i in xrange(len(w)): w[i]+=deltaw[i]

return w
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Ñòîõàñòè÷åñêèé ãðàäèåíòíûé ñïóñê

Ïðåäûäóùèé àëãîðèòì íå ìîã ïðåîäîëåâàòü ëîêàëüíûå
ìèíèìóìû.

Ïî÷åìó ýòî ïîêà íå ïðîáëåìà?
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Ïîòîìó ÷òî ó ïàðàáîëîèäà ëîêàëüíûõ ìèíèìóìîâ íå

áûâàåò. Íî â áîëåå ñëîæíûõ ñëó÷àÿõ. . .
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áûâàåò. Íî â áîëåå ñëîæíûõ ñëó÷àÿõ. . .

Ìîäèôèêàöèÿ � èçìåíÿòü âåñà ïîñëå êàæäîãî òåñòîâîãî

ïðèìåðà, à íå íàêàïëèâàòü ∆wi .
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GradientDescent(η, {x
j
i , t

j }n,m
i=1,j=1

)

Èíèöèàëèçèðîâàòü {wi }
n
i=0

ìàëåíüêèìè ñëó÷àéíûìè

çíà÷åíèÿìè.

Ïîâòîðèòü NUMBER_OF_STEPS ðàç:
Äëÿ âñåõ j îò 1 äî m:

Äëÿ âñåõ i îò 1 äî n

wi = wi + η

 
t
j −

n∑
0

wix
j
i

!
x
j
i .

Âûäàòü çíà÷åíèÿ w0,w1, . . . ,wn.

Óïðàæíåíèå

Ðåàëèçîâàòü àëãîðèòì ñòîõàñòè÷åñêîãî ãðàäèåíòíîãî ñïóñêà.
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Ãðàäèåíò
Àëãîðèòì ãðàäèåíòíîãî ñïóñêà
Àëãîðèòì ñòîõàñòè÷åñêîãî ãðàäèåíòíîãî ñïóñêà

Ãëàâíàÿ ïðîáëåìà

Êàêîå ãëàâíîå îãðàíè÷åíèå ó ïåðöåïòðîíîâ áåç ëèìèòà

àêòèâàöèè?
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Êàêîå ãëàâíîå îãðàíè÷åíèå ó ïåðöåïòðîíîâ áåç ëèìèòà

àêòèâàöèè?

Îíè ðåàëèçóþò òîëüêî ëèíåéíûå ôóíêöèè.

À êàêàÿ ïðîáëåìà ó ïåðöåïòðîíîâ ñ ëèìèòîì àêòèâàöèè?
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À êàêàÿ ïðîáëåìà ó ïåðöåïòðîíîâ ñ ëèìèòîì àêòèâàöèè?

Ó íèõ íåãëàäêèé âûõîä, è ãðàäèåíò îò íåãî íå ïîäñ÷èòàòü.

Ñîîòâåòñòâåííî, è àëãîðèòì íå ñðàáîòàåò.

×òî æå äåëàòü?
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À êàêàÿ ïðîáëåìà ó ïåðöåïòðîíîâ ñ ëèìèòîì àêòèâàöèè?

Ó íèõ íåãëàäêèé âûõîä, è ãðàäèåíò îò íåãî íå ïîäñ÷èòàòü.

Ñîîòâåòñòâåííî, è àëãîðèòì íå ñðàáîòàåò.

×òî æå äåëàòü?

Ñòðîèòü ãëàäêèå, íî íå ëèíåéíûå ïåðöåïòðîíû.
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Îïðåäåëåíèå
Ìåòîä ãðàäèåíòíîãî ñïóñêà

Outline

1 Ëèíåéíûå ïåðöåïòðîíû

Ïåðöåïòðîí áåç ëèìèòà àêòèâàöèè

Ôóíêöèÿ îøèáêè

2 Ìåòîä ãðàäèåíòíîãî ñïóñêà

Ãðàäèåíò

Àëãîðèòì ãðàäèåíòíîãî ñïóñêà

Àëãîðèòì ñòîõàñòè÷åñêîãî ãðàäèåíòíîãî ñïóñêà

3 Íåëèíåéíûå ïåðöåïòðîíû

Îïðåäåëåíèå

Ìåòîä ãðàäèåíòíîãî ñïóñêà

4 Íåéðîííûå ñåòè

Ôóíêöèÿ îøèáêè è ãðàäèåíò

Àëãîðèòì îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè
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Íåëèíåéíûå ïåðöåïòðîíû

Âñ¼ òî æå ñàìîå, íî ôóíêöèÿ âûõîäà óæå íå ëèíåéíàÿ.

Íî îò ëèíåéíîé ôîðìû âñ¼ æå íå îòêàçûâàåìñÿ, à áåð¼ì å¼

ðåçóëüòàò è ñãëàæèâàåì.

Ïîïóëÿðíàÿ ôóíêöèÿ � ñèãìîèä:

σ(x) =
1

1 + e−x
.

Òî åñòü âûõîä ïåðöåïòðîíà ïîäñ÷èòûâàåòñÿ ïî ôîðìóëå:

o(x1, . . . , xn) =
1

1 + e−
∑

i wixi
.
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Ãðàäèåíò

Ïî÷åìó ñèãìîèä? Ïîòîìó ÷òî ëåãêî ñ÷èòàòü ïðîèçâîäíóþ:

σ ′(x) = σ(x)(1 − σ(x)).

Ñîîòâåòñòâåííî, ïðàâèëî ìîäèôèêàöèè âåñà äëÿ îäíîãî

ïåðöåïòðîíà âûãëÿäèò êàê

wi ← wi + ηo(x)(1 − o(x))(t(x) − o(x))xi ,

ãäå t(x) � öåëåâîå çíà÷åíèå ôóíêöèè.

Óïðàæíåíèå

Ðåàëèçîâàòü îáó÷åíèå îäíîãî íåëèíåéíîãî ïåðöåïòðîíà ñ

ñèãìîèäíûì âûõîäîì.

Ñåðãåé Íèêîëåíêî Èñêóññòâåííûå íåéðîííûå ñåòè II



Ëèíåéíûå ïåðöåïòðîíû
Ìåòîä ãðàäèåíòíîãî ñïóñêà
Íåëèíåéíûå ïåðöåïòðîíû

Íåéðîííûå ñåòè

Ôóíêöèÿ îøèáêè è ãðàäèåíò
Àëãîðèòì îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè

Outline

1 Ëèíåéíûå ïåðöåïòðîíû

Ïåðöåïòðîí áåç ëèìèòà àêòèâàöèè
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Àëãîðèòì ñòîõàñòè÷åñêîãî ãðàäèåíòíîãî ñïóñêà

3 Íåëèíåéíûå ïåðöåïòðîíû

Îïðåäåëåíèå
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Íåéðîííàÿ ñåòü

Òåïåðü ó íàñ íå îäèí ïåðöåïòðîí, à öåëàÿ èõ ñåòü.
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Îáîçíà÷åíèÿ

Ó ñåòè åñòü âõîäû x1, . . . , xn, âûõîäû Outputs è âíóòðåííèå

óçëû.

Ïåðåíóìåðóåì âñå óçëû (âêëþ÷àÿ âõîäû è âûõîäû)

÷èñëàìè îò 1 äî N.

wij � âåñ, ñòîÿùèé íà ðåáðå (i , j).

oi � âûõîä i-ãî óçëà.

Äàíû m òåñòîâûõ ïðèìåðîâ ñ öåëåâûìè çíà÷åíèÿìè

âûõîäîâ {tdk },d=1..m,k∈Outputs.

Ôóíêöèÿ îøèáêè:

E ({wij }) =
1

2

m∑
d=1

∑
k∈Outputs

(
tdk − ok(x

d
1 , . . . , xdn )

)2
.
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Ãðàäèåíò

Êàê ïîäñ÷èòàòü ãðàäèåíò ôóíêöèè îøèáêè äëÿ êàæäîãî

òåñòîâîãî ïðèìåðà?

Ed ({wij }) =
1

2

∑
k∈Outputs

(
tdk − odk

)2
.

Ñëó÷àé 1. Ñ÷èòàåì ∆wij = −η∂Ed

∂wij
, ãäå j ∈ Outputs.

wij âëèÿåò íà âûõîä od òîëüêî êàê ÷àñòü ñóììû

Sj =
∑

i wijxij , ïîýòîìó

∂Ed

∂wij

=
∂Ed

∂Sj

∂Sj

∂wij

= xij
∂Ed

∂Sj
.

Sj âëèÿåò íà îáùóþ îøèáêó òîëüêî â ðàìêàõ âûõîäà j-ãî

óçëà oj (ýòî âûõîä âñåé ñåòè). Ïîýòîìó:
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Ãðàäèåíò

Êàê ïîäñ÷èòàòü ãðàäèåíò ôóíêöèè îøèáêè äëÿ êàæäîãî

òåñòîâîãî ïðèìåðà?

Ed ({wij }) =
1

2

∑
k∈Outputs

(
tdk − odk

)2
.

∂Ed

∂Sj
=

∂Ed

∂oj

∂oj

∂Sj
=

 ∂

∂oj

1

2

∑
k∈Outputs

(tk − ok)
2

(∂σ(Sj)

∂Sj

)
=

=

(
1

2

∂

∂oj
(tj − oj)

2

)
(oj(1 − oj)) = −oj(1 − oj)(tj − oj).
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Ãðàäèåíò

Êàê ïîäñ÷èòàòü ãðàäèåíò ôóíêöèè îøèáêè äëÿ êàæäîãî

òåñòîâîãî ïðèìåðà?

Ed ({wij }) =
1

2

∑
k∈Outputs

(
tdk − odk

)2
.

Ñëó÷àé 2. Ñ÷èòàåì ∆wij = −η∂Ed

∂wij
, ãäå j /∈ Outputs.

Ó óçëà j åñòü ïîòîìêè Children(j). Òîãäà

∂Ed

∂Sj
=

∑
k∈Children(j)

∂Ed

∂Sk

∂Sk

∂Sj
, è

∂Sk

∂Sj
=

∂Sk

∂oj

∂oj

∂Sj
= wjkoj(1−oj).

∂Ed

∂Sk
� ýòî â òî÷íîñòè àíàëîãè÷íàÿ ïîïðàâêà, íî

âû÷èñëåííàÿ äëÿ óçëà ñëåäóþùåãî óðîâíÿ. Òàê ìû è

äîéä¼ì îò âûõîäîâ êî âõîäàì.
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Íåëèíåéíûå ïåðöåïòðîíû

Íåéðîííûå ñåòè
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Ðåçþìå ïîäñ÷¼òà ãðàäèåíòà

Äëÿ óçëà ïîñëåäíåãî óðîâíÿ

δj = −oj(1 − oj)(tj − oj).

Äëÿ âíóòðåííåãî óçëà ñåòè

δj = −oj(1 − oj)
∑

Outputs(j)

δkwjk .

Äëÿ ëþáîãî óçëà

∆wij = −ηδjxij .
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Àëãîðèòì îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè

BackPropagation(η, {xdi , td }n,m
i=1,d=1

, NUMBER_OF_STEPS)

Èíèöèàëèçèðîâàòü {wij }i ,j ñëó÷àéíûìè çíà÷åíèÿìè.

Ïîâòîðèòü NUMBER_OF_STEPS ðàç:
Äëÿ âñåõ d îò 1 äî m:

Ïîäàòü {xd
i } íà âõîä è ïîäñ÷èòàòü âûõîäû oi êàæäîãî óçëà.

Äëÿ âñåõ k ∈ Outputs δk = ok(1 − ok)(tk − ok).

Äëÿ êàæäîãî óðîâíÿ l , íà÷èíàÿ ñ ïðåäïîñëåäíåãî:

� Äëÿ êàæäîãî óçëà j óðîâíÿ l âû÷èñëèòü

δj = oj (1 − oj )
∑

k∈Children(j)

wjkδk .

Äëÿ êàæäîãî ðåáðà ñåòè {ij}

wij = wij + ηδjxij .

Âûäàòü çíà÷åíèÿ wij .
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Ôóíêöèÿ îøèáêè è ãðàäèåíò
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Äîìàøíåå çàäàíèå

Óïðàæíåíèå

Ðåàëèçîâàòü àëãîðèòì îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè õîòÿ

áû äëÿ ñåòè ñ îäíèì ñêðûòûì óðîâíåì (ò.å. âõîäû ïîñòóïàþò

íà íåéðîíû ñêðûòîãî óðîâíÿ, òå ïåðåäàþò ðåçóëüòàò äàëüøå, íà

íåéðîíû, êîòîðûå óæå ôîðìèðóþò âûõîäíûå çíà÷åíèÿ).
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Íåéðîííûå ñåòè

Ôóíêöèÿ îøèáêè è ãðàäèåíò
Àëãîðèòì îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè

Ðåçþìå

×åìó ìû íàó÷èëèñü çà äâå ëåêöèè:

Ïîíÿòèå ïåðöåïòðîíà: ñ ëèìèòîì àêòèâàöèè è áåç,

ëèíåéíîãî è íåëèíåéíîãî.

Êàê îáó÷àòü ïåðöåïòðîíû ïîîäèíî÷êå, â òîì ÷èñëå:

àëãîðèòìîì îáó÷åíèÿ ïåðöåïòðîíà,

ìåòîäîì ãðàäèåíòíîãî ñïóñêà.

Êàê îáó÷àòü ñåòü èç ïåðöåïòðîíîâ ñ ãëàäêèì âûõîäîì

àëãîðèòìîì îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè.
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Ëèíåéíûå ïåðöåïòðîíû
Ìåòîä ãðàäèåíòíîãî ñïóñêà
Íåëèíåéíûå ïåðöåïòðîíû

Íåéðîííûå ñåòè

Ôóíêöèÿ îøèáêè è ãðàäèåíò
Àëãîðèòì îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè

Ñïàñèáî çà âíèìàíèå!

Lecture notes, ñëàéäû è êîäû ïðîãðàìì ïîÿâÿòñÿ íà ìîåé

homepage:

http://logic.pdmi.ras.ru/∼sergey/index.php?page=teaching

Ïðèñûëàéòå ëþáûå çàìå÷àíèÿ, êîäû ïðîãðàìì íà äðóãèõ

ÿçûêàõ, ðåøåíèÿ óïðàæíåíèé, íîâûå ÷èñëåííûå ïðèìåðû è

ïðî÷åå ïî àäðåñàì:

sergey@logic.pdmi.ras.ru, smartnik@inbox.ru
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