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Ñóòü

Ïóñòü íàì, êàê îáû÷íî, íóæíî ïîíÿòü, êàêàÿ ãèïîòåçà

ëó÷øå äðóãèõ îïèñûâàåò èìåþùèåñÿ äàííûå.

Ïðåäëàãàåòñÿ àëãîðèòì: ïåðå÷èñëèòü âñå ãèïîòåçû è

ñðàâíèòü èõ ïðàâäîïîäîáèÿ (likelihoods).

Ìû ñíà÷àëà ðàññìîòðèì, êàê ýòîò ìåòîä ðàáîòàåò â

äèñêðåòíîì áóëåâñêîì ñëó÷àå, à çàòåì â íåïðåðûâíîì

ñëó÷àå íîðìàëüíîãî ðàñïðåäåëåíèÿ.
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Áàéåñîâñêèå ñåòè

Âñïîìíèì î áàéåñîâñêèõ ñåòÿõ, êîòîðûå ìû èçó÷àëè â

ïðîøëîì ñåìåñòðå.

Áàéåñîâñêàÿ ñåòü � íàïðàâëåííûé ãðàô, â êîòîðîì

ñòðåëêè ïîêàçûâàþò ïðè÷èííî-ñëåäñòâåííóþ ñâÿçü.

Ó íàñ áûëè ðàçðàáîòàíû àëãîðèòìû âûâîäà íà áàéåñîâñêèõ

ñåòÿõ, íî ñåé÷àñ ìû áóäåì äåéñòâîâàòü ãðóáîé ñèëîé.
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Áàéåñîâñêèå ñåòè: ïîëíûé ïåðåáîð

×òîáû ðåøèòü áàéåñîâñêóþ ñåòü ïîëíûì ïåðåáîðîì,

íóæíî ïðåäñòàâèòü å¼ â âèäå áîëüøîãî ïðîèçâåäåíèÿ âñåõ

âåðîÿòíîñòåé, êîòîðûå â íåé ó÷àñòâóþò, à çàòåì

ìàðãèíàëèçîâàòü ïî âåðîÿòíîñòÿì, êîòîðûå íàì èçâåñòíû.
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Ïðèìåð: ðàçðàáîòàåì ñåòü

Ñèòóàöèÿ: Âàñÿ ïîåõàë íà ðàáîòó, è òóò âäðóã åìó çâîíèò

ñîñåä è ãîâîðèò, ÷òî ó åãî äîìà çâîíèò ñèãíàëèçàöèÿ

ïðîòèâ ãðàáèòåëåé.

Âàñÿ óæå áûëî âîçâðàùàåòñÿ, íî òóò ñëûøèò ïî ðàäèî, ÷òî

ðÿäîì ñ åãî äîìîì áûëî ìèêðîçåìëåòðÿñåíèå.

Âàñÿ çíàåò, ÷òî âïîëíå âîçìîæíî, ÷òî ìèêðîçåìëåòðÿñåíèå

ñàìî ñîáîé âûçâàëî ñðàáàòûâàíèå ñèãíàëèçàöèè.

Êàêàÿ äîëæíà áûòü ìîäåëü òàêîé ñèòóàöèè?
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Ïðèìåð

Âîò íåñëîæíàÿ ñåòü (äàæå

áåç öèêëîâ), îïèñûâàþùàÿ

çàòðóäíèòåëüíîå

ïîëîæåíèå Âàñè.

Ñîâìåñòíàÿ âåðîÿòíîñòü

âñåé ñåòè:

p(b, e, a, p, r) = p(b)p(e)p(a|b, e)p(p|a)p(r |e).
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Âåðîÿòíîñòè

p(b = 1) = β = 0.001;

p(e = 1) = ε = 0.001;

p(p = 1|a = 0) = 0,

p(p = 1|a = 1) = 1;

p(r = 1|e = 0) = 0,

p(r = 1|e = 1) = 1.
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Âåðîÿòíîñòè: Noisy-OR

Îñòàëîñü ñïåöèôèöèðîâàòü ðàñïðåäåëåíèå p(a|b, e).

Äàâàéòå ïðåäïîëîæèì, ÷òî ñóùåñòâóåò íåêàÿ (ìàëàÿ)

âåðîÿòíîñòü αb òîãî, ÷òî ñèãíàëèçàöèÿ ñðàáîòàåò íà

ãðàáèòåëÿ, âåðîÿòíîñòü αe òîãî, ÷òî ñèãíàëèçàöèÿ

ñðàáîòàåò íà çåìëåòðÿñåíèå, è âåðîÿòíîñòü αf ïðîñòî

ëîæíîãî ñðàáàòûâàíèÿ. Òî åñòü íà ñàìîì äåëå

alarm = burglar ∨ earthquake ∨ false_alarm,

íî íå òî÷íî ëîãè÷åñêè, à ñ íåêîòîðûìè âåðîÿòíîñòÿìè.

Òàêàÿ ñèòóàöèÿ íàçûâàåòñÿ Noisy-OR (åñòü åù¼

àíàëîãè÷íûé Noisy-AND).

Êàêèå òîãäà áóäóò óñëîâíûå âåðîÿòíîñòè?
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Âåðîÿòíîñòè: Noisy-OR

p(a = 1|b = 0, e = 0) = αf ,

p(a = 1|b = 1, e = 0) = 1 − (1 − αf )(1 − αb),

p(a = 1|b = 0, e = 1) = 1 − (1 − αf )(1 − αe),

p(a = 1|b = 1, e = 1) = 1 − (1 − αf )(1 − αb)(1 − αe).

Íàïðèìåð, ïðè αf = 0.001, αe = 0.01 è αb = 0.99

p(a = 1|b = 0, e = 0) = 0.001,

p(a = 1|b = 1, e = 0) = 0.99001,

p(a = 1|b = 0, e = 1) = 0.01099,

p(a = 1|b = 1, e = 1) = 0.9901099.
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Ñîáñòâåííî âûâîä

Òåïåðü äàâàéòå ïðîâîäèòü ìàðãèíàëèçàöèþ.

Â ïåðâîé ñèòóàöèè ìû çíàåì, ÷òî íàì ïîçâîíèëè, è õîòèì

âûÿñíèòü ðàñïðåäåëåíèå âåðîÿòíîñòåé âèçèòà ãðàáèòåëÿ è

çåìëåòðÿñåíèÿ, ò.å. íàéòè p(b, e |p = 1).

Èñïîëüçóåì òåîðåìó Áàéåñà:

p(b, e |p = 1) =
p(p = 1|b, e)p(b)p(e)

p(p = 1)

è ìàðãèíàëèçóåì p(p = 1|b, e) è p(p = 1) èç íàøåé ñåòè:

p(b, e |p = 1) =

∑
a
p(p = 1|a)p(a|b, e)p(b)p(e)∑

a,b,e p(p = 1|a)p(a|b, e)p(b)p(e)
.

Ñåðãåé Íèêîëåíêî Áàéåñîâñêèé âûâîä ãðóáîé ñèëîé è èíòåãðèðîâàíèåì



Ìåòîä ïîëíîãî ïåðåáîðà
Ìàðãèíàëèçàöèÿ èíòåãðèðîâàíèåì

Ââåäåíèå
Ïîëíûé ïåðåáîð íà áàéåñîâñêèõ ñåòÿõ
Ïîëíûé ïåðåáîð â íåïðåðûâíîì ñëó÷àå

Âûâîä cont'd

Â èòîãå ïîëó÷àåòñÿ

p(b = 0, e = 0|p = 1) = 0.4993,

p(b = 1, e = 0|p = 1) = 0.4947,

p(b = 0, e = 1|p = 1) = 0.0055,

p(b = 1, e = 1|p = 1) = 0.0005.

Òî åñòü âåðîÿòíîñòü ðåàëüíîãî ãðàáèòåëÿ � îêîëî 50%.

À åñëè ïåðåñ÷èòàòü ñ ó÷¼òîì ñîáûòèÿ r = 1, òî ïîëó÷èòñÿ

p(b = 0|p = 1, r = 1) = 0.92,

p(b = 1|p = 1, r = 1) = 0.08.

Âîò ïîýòîìó Âàñÿ è ìîæåò óñïîêîèòüñÿ.
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Äîìàøíåå çàäàíèå

Óïðàæíåíèå Ðàçðàáîòàòü è îáñ÷èòàòü åù¼ îäèí àíàëîãè÷íûé

ïðèìåð, íî òàêîé, ÷òîáû â í¼ì ôèãóðèðîâàë Noisy-AND.

Óïðàæíåíèå Ðåàëèçîâàòü ïðîãðàììó, êîòîðàÿ ìåòîäîì ãðóáîé

ñèëû îáñ÷èòûâàåò áàéåñîâñêèå ñåòè äîâåðèÿ (ïåðå÷èñëÿÿ âñå

âîçìîæíûå ãèïîòåçû.
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Ñóòü

Ïóñòü ìû õîòèì íàéòè ñêðûòûå ïàðàìåòðû, íàïðèìåð,

íîðìàëüíîãî ðàñïðåäåëåíèÿ ìåòîäîì ïîëíîãî ïåðåáîðà.

Êàê ýòî ñäåëàòü, âåäü ïàðàìåòðû íåïðåðûâíûå, âñåõ íå

ïåðåáåð¼øü?
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Ñóòü

Ïóñòü ìû õîòèì íàéòè ñêðûòûå ïàðàìåòðû, íàïðèìåð,

íîðìàëüíîãî ðàñïðåäåëåíèÿ ìåòîäîì ïîëíîãî ïåðåáîðà.

Êàê ýòî ñäåëàòü, âåäü ïàðàìåòðû íåïðåðûâíûå, âñåõ íå

ïåðåáåð¼øü?

Ïðîñòî ñäåëàòü ïðîñòðàíñòâî äèñêðåòíûì, ïåðåáðàòü

ïàðàìåòðû ñ êàêèì-òî øàãîì.

Ñåðãåé Íèêîëåíêî Áàéåñîâñêèé âûâîä ãðóáîé ñèëîé è èíòåãðèðîâàíèåì



Ìåòîä ïîëíîãî ïåðåáîðà
Ìàðãèíàëèçàöèÿ èíòåãðèðîâàíèåì

Ââåäåíèå
Ïîëíûé ïåðåáîð íà áàéåñîâñêèõ ñåòÿõ
Ïîëíûé ïåðåáîð â íåïðåðûâíîì ñëó÷àå

Âàæíîå çàìå÷àíèå

Êîãäà ìû ïðîâîäèì áàéåñîâñêèé âûâîä, ó íàñ, êðîìå

ïðàâäîïîäîáèÿ, äîëæíî áûòü åù¼ àïðèîðíîå

ðàñïðåäåëåíèå (prior distribution) ïî âñåì âîçìîæíûì

çíà÷åíèÿì ïàðàìåòðîâ.

Ìû áóäåì ïîäñ÷èòûâàòü òîëüêî ïðàâäîïîäîáèÿ, ò.å.

ïðåäïîëàãàòü, ÷òî àïðèîðíîå ðàñïðåäåëåíèå ðàâíîìåðíîå

íà èíòåðâàëå, êîòîðûé ìû äèñêðåòèçóåì.

Ïîçæå ìû ðàññìîòðèì áîëåå ðàçóìíûå àïðèîðíûå

ðàñïðåäåëåíèÿ.
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Íîðìàëüíîå ðàñïðåäåëåíèå

Âîçüì¼ì íîðìàëüíîå ðàñïðåäåëåíèå:

p(x |µ, σ) =
1

σ
√
2π

e
−

(x−µ)2

2σ2 .

Ó íåãî äâà ïàðàìåòðà, ïî êîòîðûì ìîæíî ïåðåáèðàòü.

Òî åñòü àëãîðèòì áóäåò ïðîñòî ïåðåáèðàòü ïàðàìåòðû µ è

σ è ïîäñ÷èòûâàòü ôóíêöèþ ïðàâäîïîäîáèÿ p({xi }|µ, σ).
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Íîðìàëüíîå ðàñïðåäåëåíèå
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Ìàðãèíàëèçàöèÿ èíòåãðèðîâàíèåì

Ââåäåíèå
Ïîëíûé ïåðåáîð íà áàéåñîâñêèõ ñåòÿõ
Ïîëíûé ïåðåáîð â íåïðåðûâíîì ñëó÷àå

Ñìåñü íîðìàëüíûõ ðàñïðåäåëåíèé

Áîëåå ñëîæíûé ñëó÷àé � êîãäà ðàñïðåäåëåíèå

ïðåäñòàâëÿåò ñîáîé ñìåñü ãàóññèàíîâ, êîòîðûå áåðóòñÿ ñ

âåñàìè α1 è α2, α1 + α2 = 1:

p(x |µ1, σ1, α1, µ2, σ2, α2) =

=
α1

σ1

√
2π

e
−

(x−µ1)2

2σ2
1 +

α2

σ2

√
2π

e
−

(x−µ2)2

2σ2
2 .

Òóò óæå... ñêîëüêî ïàðàìåòðîâ?
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Ââåäåíèå
Ïîëíûé ïåðåáîð íà áàéåñîâñêèõ ñåòÿõ
Ïîëíûé ïåðåáîð â íåïðåðûâíîì ñëó÷àå

Ñìåñü íîðìàëüíûõ ðàñïðåäåëåíèé
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Ââåäåíèå
Ïîëíûé ïåðåáîð íà áàéåñîâñêèõ ñåòÿõ
Ïîëíûé ïåðåáîð â íåïðåðûâíîì ñëó÷àå

Äîìàøíåå çàäàíèå

Óïðàæíåíèå Ðåàëèçîâàòü àëãîðèòì, êîòîðûé íàõîäèò ñêðûòûå

ïàðàìåòðû ñìåñè çàäàííîãî êîëè÷åñòâà ãàóññèàíîâ ãðóáîé

ñèëîé.
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Outline

1 Ìåòîä ïîëíîãî ïåðåáîðà

Ââåäåíèå

Ïîëíûé ïåðåáîð íà áàéåñîâñêèõ ñåòÿõ

Ïîëíûé ïåðåáîð â íåïðåðûâíîì ñëó÷àå

2 Ìàðãèíàëèçàöèÿ èíòåãðèðîâàíèåì
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Ìàðãèíàëèçàöèÿ

Âñïîìíèì, ÷òî ìàðãèíàëèçàöèÿ � ýòî ñóììèðîâàíèå ïî

íåêîòîðûì ïåðåìåííûì òàê, ÷òîáû èõ èç ïðîèçâåäåíèÿ

èçãíàòü.

Ìàðãèíàëèçàöèÿ � îñíîâà áàéåñîâñêîãî âûâîäà, ãëàâíûé

(è ñàìûé âû÷èñëèòåëüíî ñëîæíûé) èíñòðóìåíò.

Êîãäà ìû äåëàëè âûâîä ãðóáîé ñèëîé, ìû ïðîâîäèëè

ìàðãèíàëèçàöèþ, ñóììèðóÿ ïî âñåì âîçìîæíûì

çíà÷åíèÿì, à äëÿ íåïðåðûâíûõ ïåðåìåííûõ ðàññìàòðèâàëè

âñå âîçìîæíûå çíà÷åíèÿ ñ íåêîòîðûì øàãîì.

Íî âåäü ìîæíî è ïðîñòî âçÿòü îïðåäåë¼ííûé èíòåãðàë.

Ýòèì ìû ñåé÷àñ è çàéì¼ìñÿ.
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Àïðèîðíûå ðàñïðåäåëåíèÿ

Ìû ñåé÷àñ îïðåäåëèì ïàðó àïðèîðíûõ ðàñïðåäåëåíèé, íî

ïîëüçîâàòüñÿ èìè íå áóäåì. :)

Êîãäà ìû õîòèì âûïîëíÿòü òî÷íóþ ìàðãèíàëèçàöèþ,

çà÷àñòóþ ïîëåçíî èñïîëüçîâàòü òàê íàçûâàåìûå

ñîïðÿæ¼ííûå àïðèîðíûå ðàñïðåäåëåíèÿ (conjugate priors),

ïîòîìó ÷òî ñ íèìè âû÷èñëåíèÿ óïðîùàþòñÿ.

Äëÿ ïàðàìåòðà µ íîðìàëüíîãî ðàñïðåäåëåíèÿ ñîïðÿæ¼ííîå

àïðèîðíîå ðàñïðåäåëåíèå � ýòî òîæå íîðìàëüíîå

ðàñïðåäåëåíèå ñ ïàðàìåòðàìè µ0, σµ.

À äëÿ σ, òî÷íåå, äëÿ β = 1/σ2, åñòåñòâåííûì àïðèîðíûì

ðàñïðåäåëåíèåì áóäåò ãàììà-ðàñïðåäåëåíèå:

p(β|kβ, θβ) = βkβ−1
e−β/θβ

θ
kβ

β Γ(kβ)
, β > 0.
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Íåïðàâèëüíûå àïðèîðíûå ðàñïðåäåëåíèÿ

Íî ìû áóäåì ïîëüçîâàòüñÿ íå èìè, à èõ ïðåäåëüíûìè

ñëó÷àÿìè.

Äëÿ µ áóäåì ðàññìàòðèâàòü p(µ) = const; ýòî ñîâåðøåííî

íåïðàâèëüíîå ðàñïðåäåëåíèå.

Äëÿ σ áóäåì ðàññìàòðèâàòü ïðåäåë ïðè kβθβ = 1, cβ → 0,

ò.å. ïëîñêîå ðàñïðåäåëåíèå lnσ (îí æå lnβ).

Ýòî è íå ðàñïðåäåëåíèÿ âîâñå (íå èíòåãðèðóþòñÿ); òàê è

íàçûâàþòñÿ � improper priors. Íî äëÿ ïðîñòîòû èõ ÷àñòî

èñïîëüçóþò.
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Îöåíêè ïàðàìåòðîâ

Ïóñòü åñòü äàííûå D = {xi }
n
i=1

. Òîãäà îöåíêà ñðåäíåãî

�x =

n∑
i=1

xi/n,

à äâå âîçìîæíûå îöåíêè äèñïåðñèè �

σn =

√∑
n

i=1
(�x − xn)2

n
, σn−1 =

√∑
n

i=1
(�x − xn)2

n − 1
.

σn � îöåíêà ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ, íî biased:

îæèäàíèå σN ïðè óñëîâèè σ íå ðàâíî σ. Ó σn−1 bias

ïðîïàäàåò.
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Îöåíêè ïàðàìåòðîâ

Ìû óæå äîêàçûâàëè, ÷òî (�x , σn) � ãèïîòåçà

ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ.

Òåïåðü äàâàéòå ïîïðîáóåì íàéòè àïîñòåðèîðíîå

ðàñïðåäåëåíèå µ ïðè äàííîì σ:

p(µ|{xi }
n
i=1, σ) =

p({xi }
n
i=1

|µ, σ)p(µ)

p({xi }
n
i=1

|σ)
e−n(µ−�x)2/(2σ2).

Òî åñòü ïîëó÷èëè íîðìàëüíîå ðàñïðåäåëåíèå íà µ ñ

ïàðàìåòðàìè (�x , σ2/n).
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Ìàðãèíàëèçàöèÿ èíòåãðèðîâàíèåì

Ìàðãèíàëèçàöèÿ

Òåïåðü � ñîáñòâåííî çàäà÷à ìàðãèíàëèçàöèè.

Ïóñòü ìû õîòèì íàéòè íàèáîëåå âåðîÿòíóþ σ ïðè

èìåþùèõñÿ äàííûõ.

Ýòî çíà÷èò, ÷òî íàì ïðèä¼òñÿ ìàðãèíàëèçèðîâàòü µ èç

äàííûõ, êîãäà ìû áóäåì ïîäñ÷èòûâàòü

p(σ|{xi }
n
i=1) =

p({xi }
n
i=1

|σ)p(σ)

p({xi }
n
i=1

)
.
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Ìàðãèíàëèçàöèÿ èíòåãðèðîâàíèåì

Ìàðãèíàëèçàöèÿ

Çäåñü ìû, êàê è ðàíüøå, ïðåäïîëàãàåì, ÷òî

p(µ) = 1/σµ = const. Òîãäà

p({xi }
n
i=1|σ) =

∫
p({xi }

n
i=1|σ, µ)p(µ)dµ =

=
1

σµ

∫
1

σ
√
2π

e
−

∑
n

i=1

(xi−µ)2

2σ2 dµ,

è

ln p({xi }
n
i=1|σ) = −n ln(

√
2πσ)−

∑
n

i=1
(�x − xn)

2

2σ2
+ln

√
2πσ/

√
n

σµ
.

Çà ñ÷¼ò ïîñëåäíåãî ÷ëåíà (òàê íàçûâàåìîãî ôàêòîðà

Îêêàìà � ìû ýòè ôàêòîðû åù¼ îáñóäèì) ìàêñèìóì è

ñäâèãàåòñÿ ñ σn íà σn−1.
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Êðàòêèé èòîã

Ìû âû÷èñëèëè îäèí ïðîñòîé èíòåãðàë, êîòîðûì

ìàðãèíàëèçîâàëè îäíó èç ïåðåìåííûõ.

Â ýòîì ñóòü òî÷íîé ìàðãèíàëèçàöèè ñ íåïðåðûâíûìè

ïåðåìåííûìè: íóæíî ïðîâîäèòü òî÷íîå èíòåãðèðîâàíèå (à

êàê èíà÷å...).

Èíòåãðàë áûë òàêîé ïðîñòîé, ïîòîìó ÷òî ìû ïðåäïîëàãàëè

î÷åíü ïðîñòûå (íåïðàâèëüíûå) àïðèîðíûå ðàñïðåäåëåíèÿ.

Óïðàæíåíèå Ïðîâåñòè òàêóþ æå ìàðãèíàëèçàöèþ äëÿ

íàñòîÿùèõ ñîïðÿæ¼ííûõ àïðèîðíûõ ðàñïðåäåëåíèé.
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×òî áóäåò äàëüøå

Íà ñëåäóþùåé ëåêöèè íàêîíåö-òî áóäóò ðåàëüíî

ïðèìåíÿåìûå àëãîðèòìû.

Ìû ðàññìîòðèì òî÷íóþ ìàðãèíàëèçàöèþ íà ðåø¼òêàõ

(trellises), ïðè÷¼ì íå ïðîñòî òàê, à â ïðèìåíåíèè ê çàäà÷àì

äåêîäèðîâàíèÿ êîððåêöèîííûõ êîäîâ (êîäîâ,

èñïðàâëÿþùèõ îøèáêè). Çàîäíî è ïðî ñàìè êîäû

ïîãîâîðèì.
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Ìàðãèíàëèçàöèÿ èíòåãðèðîâàíèåì

Ñïàñèáî çà âíèìàíèå!

Lecture notes, ñëàéäû è êîäû ïðîãðàìì ïîÿâÿòñÿ íà ìîåé

homepage:

http://logic.pdmi.ras.ru/∼sergey/index.php?page=teaching

Ïðèñûëàéòå ëþáûå çàìå÷àíèÿ, êîäû ïðîãðàìì íà äðóãèõ

ÿçûêàõ, ðåøåíèÿ óïðàæíåíèé, íîâûå ÷èñëåííûå ïðèìåðû è

ïðî÷åå ïî àäðåñàì:

sergey@logic.pdmi.ras.ru, smartnik@inbox.ru
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