Approximation of Riemann's Zeta Function
by Finite Dirichlet Series. |l

YU. V. MATIYASEVICH

Steklov Institute of Mathematics at St.Petersburg, Russia

http://logic.pdmi.ras.ru/ yumat/personaljournal/finitedirichlet


http://logic.pdmi.ras.ru/~yumat/personaljournal/finitedirichlet

Zeta zeroes are very knowledgable

Zeta zeroes "know about"
» prime numbers (via von Mangoldt's theorem)

the initial trivial zeroes

v

» other non-trivial zeroes

v

the pole of the zeta functionvia the zeroes of the factor 1 —2.27°
cancelling the pole



Theorem of von Mangoldt




Approximations by Dirichlet series
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Approximations by Dirichlet series
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Trivial zeroes for M = 1550, N =2M + 1 = 3101
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(—2—1.884...-1071°10)
(=4 +2.013...-1071%)
(—6 —1.158...-10714%)
(—8 +4.508...-10714%)
(—10 — 1.316...- 1071487
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Non-trivial zeroes for M = 1550, N = 2M + 1 = 3101

O O O O OO O o o o o o o

An(prma1 —5.154 ... - 107157 £ 1.120. .. - 107 11%6))
An(pmy201 —4.922. .. 10780 _9.905. ... 10—8911)
An(pmsaor —3.159... 1077 —2.750. .. - 1077%j)
An(prreo1 + 8.765 ... - 1070 + 4575 ... 107018))
An(pmogor +2.075...-107°%4 4 1.197... - 1075%4)
An(pme1001 +1.980. .. - 107*7 —3.397... . 107%8))
An(pms1201 — 1.034...- 10738 — 1354 ... 10738%)
An(pris1401 +1.466...-107326 —1.835. ... 1073%%)
An(pris1601 +2.281...-10728 —3.603. .. 107278)
An(prsigor — 7.799...- 10727 —3.726. .. - 10~ 271)
An(pma2001 +5.921...-1072%1 —6.855. .. - 10720%4)
An(pri2201 + 8.049...- 10770 4+ 1.350 . ... 10710%)
An(prs2401 —2.001...-10712 —7.023. ... 107 14?%)



Extra zeroes for M = 1550, N = 2M + 1 = 3101

An(s)=n(s) = 17°5—25435—454...=(1-2-275)((s)
1207520 = s—s—1+ K5 k—041,42,...
In(2)
0 = Ap(sso—5.481...-10713% —5546...-107133%)
0 = Apn(sioo—1.109...-107132 —1.306...- 107 134)
0 = Apn(sis0—5.743...- 107133 1 5543.... 10*1331)
0 = Ap(sw0—6.157...-10713¢ 4 2.613...- 107 134)
0 = Ap(sos0—5.220...-1071383 —5537....107133%)
0 = Ap(s300—1.108...- 107132 - 3017.... 10_134i)
0 = Ap(ssso—6.004...-10713 £ 5528, ...107133)
0 = Apn(sapo—2.461...- 107135 £ 5220.... 10—1341)



Notation
MNn—Z:U’ 6Nm

—1)™  if k is the product of m different primes
L) {( ) P p

0, otherwise

pn1 = 1

Un2 = On2—1

Un3 = On3z—1

UN4 = Ona—ON2

uns = Ons—1

UNG = One—On3—On2+ 1
pn7 = On7—1

Ung = Ong—Ong

UN9 = Ono9 — ON3



Case N = 2001

20012 = —2+49.93613....107%°
20013 = —1.49042...-107%
20014 = —1.35392....107%%°
{20015 = +4.28708...-107%
20016 = —1.39904...-1073%77
{20017 = —8.46908...-107*
fi20018 = —3.00897...-1074%
fi2o010 = -+2.56119...-107°4°
p200110 = +9.47153...-107°%7
p200111 = —2.22088...-107%%
p200112 = +1.65346...-1079%3
p200113 = —1.33219...-107%%0
f200114 = —2.89063...-107'%

p200115 = —2.27283...-107'%



Case N = 2001

N3 — 0N

Ona —ON2

Ons — N1

One — 0Nz — On2 + 0Nt
ON7 — ON1

Ong — ON4

Ono — ON3

ON,10 — Ons — Ony2 + O 1
On,11 — ON1

ON,12 — One — ONya + On 2
On13 — 0Nt

On1a —On7 —ON2 + 0N 1
On,15 — Ons — On3 + N3

—1.49042. .. -
—1.35392...-
+4.28708. ..
—1.39904. ..
—8.46908. ..
—3.00897...-
+2.56119...
+9.47153.. .-
—2.22088. .. -
+1.65346... -
—1.33219...-
—2.89063. .. -
—2.27283 .. .-

10*85
107199

. 10-297

10-377
10444

10—499

. 10—546

10—587
10—622
10—653
10—680
107705
107726



Coefficients 031015, red for even n, blue for odd n
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03101, — 1



1031010 — 1|



logyo|03101,0 — 1]



Plot of logyq [03101.0 — 1]



Plot of logyg 931010 — 1
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Plot of logyq [03101.0 — 1]
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Plot of logyq [03101.0 — 1]
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Plot of logyg 931010 — 1
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Plot of logyq [03101.0 — 1]
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Plot of logyg 931010 — 1
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Plot of logyg 931010 — 1
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Plot of logyq [03101.0 — 1]
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Plot of logyq [03101.n — 1| = Sieve of Eratosthenes
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Plot of logyg 931010 — 1
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Scaled Plot of In|dpn, — (—1)""t/N for N = 6001

n/N
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Plot of logyg |d6001.n — 1| (repeated)
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Finer Structure: Plot Of|0g10‘6i000L3n7'_ 51000L3
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Finer Structure: Plot of |Og10 ‘51000173,,7 — 510001’3‘
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Finer Structure: Plot of |Og10 ‘51000173,77 — 510001’3
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Finer Structure: Plot of |Og10 ‘510001’3,77 — 510001’3‘
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Finer Structure: Plot of |Og10 ‘510001’3,77 — 510001’3
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Finer Structure: Plot of |Og10 ‘510001’3,77 — 510001’3
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Finer Structure: Plot of |Og10 ‘510001’3,,7 — 51000173

= Eratosthenes Sieve with primes order 2, 5, 7, 3, 11, 13, ...
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Expected Fractal Structure
Let n range over the arithmetical progression d,2d,...,md,... with
d = 2ke3kagks

Corresponding Eratosthenes sublevel splits according to the divisibility of m
by p1, p2, ...where these prime numbers are ordered in such a way that

koy+1  kpy+1 ko +1
pt < py? <-~<pjp’ <...

In the previous example m =3, hence kp =0, ks =1, ks = k; =--- =0
and p1 =2, po=5, p3=7, p4 =3, ps =11, ps =13, ... according to

el « P11t <132 < ...



Zeroes from Euler Product

¢(s)

C(s)

= 17°4+27° 4+ k+...

1
- I

p is prime

1
—

p is prime

p#2

1754354+ (2k+1)° +...

L(2, Xl,S)
(1—=27°)¢(s)



An Example

Gfs) = (1-27°)(s)

Let us take 100 (pairs of conjugate) zeros of the zeta function,

1
5 k=1,...,100,

and 201 zeros of 1 —27°,

27 27

m,...,j:looln(z)

calculate corresponding 402 determinants of size 401 and normalize them
getting numbers

0,+

02,200,402,1, - - - » 02,200,402,402
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Blue for n =1 (mod 2), Red for n =0 (mod 4), Green for n =2 (mod 4)
n<120 = the §'s are close to the coefficients of (1 —275)(1 —2-27°){(s)
190 <n<290 = the d's are close to the coefficients of —27°(1 —2-27%)((s)

330< n = the §'s are very small
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Theorem of von Mangoldt
Teopema (Hans Carl Fridrich von Mangoldt [1895]).

) =x— Z X—p—z_2n In(27)

&(p)=0




Davenport—Heilbronn function

f(s)= Z d(n)n—°

n=1

where
0, ifn=0 (modD5)
1, fn=1 (modb5)
din)=q7, fn=2 (modb5)
-7, ifn=3 (mod)5)
(-1, ifn=4 (mod5)

and
__ T2+ V10-2v5

—1++5



Sieve of Eratosthenes for f(s), red whenever 5|n
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Sieve of Eratosthenes for f(s)
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Sieve of Eratosthenes for f(s)
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Sieve of Eratosthenes for f(s)
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Approximation of the zeta function

s 2l — ((s)
25 | 4.2671...-10713°
2 [3.9256...-1071%8
1000i | 4.4184...-1071%8
1 410i | 1.0953... 1071
—1+4100i | 3.6324...-107127
—25 | 1.6415...-107126
2 4 1000i | 2.3063...-1071%®
1 +1000i | 3.9630...- 107124
—1+1000i | 1.4867...-107118
—10 + 1000i | 8.2377...-107103
145000 | 6.5116...- 1074




Function vy 1(5s)

N 00
s) = ZéN,nn_s = Z(—U”Hﬁ_s =(1-2-27°)((s)
n=1 n=1

:UJNn—ZM 5Nn 5N,n:0; if n>N

L
vn,L(s) =D pnan®
n=1

An(s) _ Y1 Onan~
V/V,L(s) Z,%:]_ HNan°

?
S)~




Calculation of ((s) at s = § + 1000i for N = 3001

L KN, L ((s) — A

VN,L(S)

2| —2+1.43...-107127 | 2.24128...- 10" 1%
3| —2.14787...-1071%7 | 1.57968...- 10299
4| —1.62673...-1072%9 | 4.85859....10 8
5 | +5.29034...-107448 | 1.00748...-107°69
6 | —1.14817...-1075%9 | 1.83153....107672
7 | 4+2.16930...-107%72 | 3.15150...-10" 7%
8 | —3.85941...-1077%6 | 2.34266...- 10829
9 | —2.95462...-107829 | 3.17791....10°8%
10 | +4.11503...-10781 | 6.45307...-107946
11 | —8.55748...-107946 | 6.55682... 107994
12 | +8.88627...-1079%* | 1.00011...-101036
13 | +1.38282...-1071036 | 2.32048....10 1074
14 | —3.26844...-1071074 | 118994 ... .10 1108




Numbers log;q |£23001,n|
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