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Ö ×EØ HÍF�HGMON�H

Ù ^c���V��ÚÛ�7^cdf^�ÜÝ��ÞV�c���V�"e<ß�ki^ml3^in�^mß�à»á
â�ã �fä�bcdfeO�<^må�l��VæOÞV�c���V�"�Væ�ki^ml3^onfe

_�e<l�efbçaW^m��h`�f�V��^m��è<���Vbc�Vd�^m�
_�bm^cd�^ch`bV_Å�OgVj%ÞVd�^cbc�7_Å����^cdfä7å¤ä â

é bc���fh%k`��^onfefboècnfbc��ÞV�c���V�"efhGki^ml3^on<e���^#_`^Va)�7a�l�h���hG�fgc�f�fê�bV_Å�¤aW^m��h`�f�V�fe�a)e
ki^ml3^in�^Va)e�èi^%k`��^onfefboèinfbc��gV�fä�bce"_�h`Þo���V�<e"_��il�h`d7å�^cb�aW^m��h`�f�V�fefh¡ki^ml3^onfe�è`�7�Vbc�Vdfj%h
��^ml��¤_���^in�^m�3^��VÞV��^cdfä7å¤efbc��^�ëf�Vbc�7aìdfh`�"efbc��\

íWîïí ð�ñWò@ò?ó�ñ)ô)õ�ö�÷¡ñ)ø�ó�ùúøüû�ñ¢ý#ñ�þ�ö

ÿ ^c�f��^m� ��h`� � e<�pëf�7_�gc���"h`��^|bc�Vnf�fj�a ^m���`�VdfefbVaW^VaGè�bm\ hV\#^m���`�VdfefbVaW^Va�lf�f�bcdfäil��fjGß�ki^ml3^on�è��¸l�h�a)j|ki^cef�fbch`dfhi_��Vg7^c�fj _G��^mß7�oå�l�h��fefe��fh�ëfdfefÞc��efk`efbch����V�f���`��è
^Obc�Vnf�f���`�Odfh`�"h`�fe<��\¢���c���V�"ef��_�bcgV�Oki^ml3^on$_	�#�Vd�a)äo��efdf�Vg7^c�f��g�q�
�
7���`�il�ä�e+efk
dfh`�"h`�fefh�ëf�V�<^��fef���7a)ä��fh�efk`gVhi_�bc�f��\@])^V_`_`aW^cbcdfefg7^cê�bV_Å�$��^c�+_»���oå¤�<j%h�ki^ml3^onfe�è
bo^c� eìëfdf�7_�bcj%hVè)�7�VbV�Vd<j%hO�V�fe _��ol�h`dVå�^cbo\ ÿ �f� aW^m��h`�f�V�fe<ß5ki^ml3^onì_�ä�"hi_�bcgVä�ê�b
ëf�c��ef�f�7a)e�^m���V�fj%h#^m���`�VdfefbVa)j�\
Ù ^ml3^onfe�á

• � ä<aWaW^�d�^ckia)h`df�Vg
� ��^m��h`�f�V��^m�Oki^ml3^on�^fá�bm^cÞc��efnf��^m��_�ä<aWaW^

•
�#�Ve�_���aW^c�<_�e�aW^m���V�f���`��d�^ck`dfh`ki^
� ��^m��h`�f�V��^m�Oki^ml3^on�^fá�ëf�Ve�_��ObVd<h`ä�`�c���V�fef�<^�g��`d�^��#h

� ����� K�����N��OM����! #"%$&$(') #"%$&$.H I�K+*,$.HGI�D Ø
-Gîïí .0/Íò?ô�ñ213/¡÷54Gñ�û�ñ¢ý#ñ�þ�ö
 ¡u�UWuVx)u�P76 ÿ ^c�fjú��^cbcä�d�^m���V�fj%h�nfe�_»�3^

w1, w2, . . . , wn
e���^cbcä�d�^m���V�f�Vh

s
\�8�dfh`ÞVä «h`bV_ï��gVjG��_��fefbc��è3_�ä�"hi_�bcgVäVh`b���e�ëf�il3a)�f�oå�hi_�bcgV�

w1, w2, . . . , wn
è?_�ä<aWaW^�9���hia)h`� «bc�Vg����Vbc�Vdf���`�"l3^ch`b�df�VgV�f�

s
\

: �:Y)~#T7� P76 ÿ ^c�f��á
17 43 23 38 14 20 36 47; _�bc����e�ëf�il3a)�f�oå�hi_�bcgV�¤_#_�ä<aWa)�Væ+[<
�
>=

-Gî?- @ ñBAÛøC13D54GñBE�û¢ñ¢ý#ñ@þ�ñ
 ¡u�UWuVx)u$ZF6HG a)h`h`bV_Å�çbo^cÞc��e � ^ 2×n

e¤ki^ml3^c�f�f�Vh�nfe�_»���
s
\8�dfh`ÞVäch`bV_Å�çgVjG��_��fefbc��è

hi_�bc����e�q"nfe�_»�3^�efk#d�^ck`�fjGßO_�bcdf�Vnfh`��è<l3^cê3�"e<ß�gç_�ä<aWa)h
s
\

£¤w)¥V���:Y:tf~ P76 �#�c���fj%æOëfh`dfh`ÞV�Vd�\ ã dfhia:��d�^cÞV�VbcjJI
O(n2)

\
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£¤w)¥V���:Y:tf~ ZF6 �#h`dfh`ÞV�Vd�_"_��Vdfbcefdf�VgV�7�Væ�\@��bV_��Vdfbcefdf�Vg7^cbc�çëfh`dfgVä�ê _�bcdf�V�fäVè�lf�f�
��^må�l����`�c9���hia)h`�fbm^"efkÛgVbc�Vdf�Væ�_�bcdf�V�feOgVj%nfhi_�bc�"h	�`�"efk

s
e�e�_��<^cbc�d9`bcä¤d�^ck`�f�7_�bc�

g�ëfh`dfgV�Væ�_�bcdf�V�7hV\ ã dfhia:��d�^cÞV�VbcjJI
O(n log n)

\
 ¡u�UWuVx)u��C6`G a)h`h`bV_Å�çbo^cÞc��e � ^ k×n

eçki^ml3^c�<�f�Vh�nfef_»���
s
\>8�dfh`ÞVäVh`bV_ï�çgVjG��_��fefbc��è

hi_�bc����e
k
nfef_�h��úÜÝëf�¤�ol��f�7a)äçefk#�<^må�l��Væ�_�bcdf�V�fe3à»è<l3^cê3�"e<ßOg¤_�ä<aWa)h

s
\

£¤w)¥V���:Y:tf~
�C6 �#�c���fj%æOëfh`dfh`ÞV�Vd�\ ã dfhia:��d�^cÞV�VbcjJI
O(nk)

\
£¤w)¥V���:Y:tf~E²e6 � gVh�l�h`�fefh��¤bm^cÞc��efnf�f�Væ 2« _�ä<aWa)hV\7])^ck�l�h���efbc�"bm^cÞc��e � ä�ëf�Vëf�c�3^VaG\ÿ �f�ì�<^må�l��Væìëf�c���VgVef�fj ë<h`dfh`ÞVd�^cbc�$g7_�hOgV�Vkia)�oå¤�fj%h�g7^cdfe�^c�fbcj�\¡�#�c��ä�nfefbV_ï�|q
lf��ef�f�fj%h¤_�bcdf�V�fe�\Cf �fe�a�ëfdfe�a)h`�fefbc��^m���`�VdfefbVa�lf�f�

2 « _�ä<aWa)j�\ ã dfhia:�$d�^cÞV�VbcjI
O(ndk/2e log n)

\
 ¡uf~#T7x)u<X:Y)TOP76hg ��ä�nf�"h`�fefh�lf�f�

n = 3
\ ÿ �f�"�ol��f�Væ�_�bcdf�V�fe���^cæfbce�g7_�h�d�^ck`�f�7_�bce

_
s
è<lf�f�Ol�gVä7ßçl�dfä�`e<ß�I¤ëfh`dfh`ÞVd�^cbc��g7_�h#g7^cdfe�^c�fbcj�\ ã dfhia:��d�^cÞV�VbcjiI

O(n2)
\

r�t<�:�:y�t<y�j�S?��¨:�)�3{¤P76 � ä�"hi_�bcgVäVh`b���e�^m���`�VdfefbVa�lf�f� 3 « _�ä<aWa)j�èod�^cÞV�Vbm^cê3�"efæÞVj�_�bcdfh`hVè<nfhiaìki^
O(n2)

=
 ¡uf~#T7x)u<X:Y)T"ZF6 ÿ �f�

4« _�ä<aWa)j5_�ä�"hi_�bcgVäch`b%^m���`�VdfefbVa�kEdfh`ëfëfh��f� « k ^Va)efd�^f\ ã dfh «a:��d�^cÞV�VbcjiI
O(n2 log n)

èfbcdfh`ÞV�Vg7^c�fefhÛë�^Va:�fbce�I
O(n)
\

l ¨:�)unm+X)T7X:Y)T�P76 ã �7_�ëfdf�Vefk`gVhi_�bce�^m���`�VdfefbVa^kEdfh`ëfëfh��f� « k ^Va)efd�^Ûlf�f��bm^cÞc�fefn «�f�Væ
4 « _�ä<aWa:j�\
���<^ck`j%g7^ch`bV_ï��è3nfbc��ki^ml3^on�^¤bm^cÞc��efnf�f�Væ

k « _�ä<aWa)j�è3gO�7_��VÞVh`�f�f�7_»bce�bo^cÞc��efnf�f�Væ
3« _�ä<aWa)j�èc�Vnfh��f��_�e<���V�f�#_�gc�fki^c��^Û_�ki^ml3^on�^Va)e"gVj%nfe�_»��efbch����V�f�Væd�`h`�7a)h`bcdfefe�\c])^V_ «_`a)�Vbcdfe�aìki^ml3^onfä â 8�dfe�bc�Vnf�fe���^�ëfd7��a)�Væ â á
 ¡u�UWuVx)u�²e6 ÿ ^c�fj|�7�V�Vd7l�ef��^cbcj

n
bc�Vnfh`�¤��^�ë<���7_����7_�bce�\>8�dfh`ÞVäVh`bV_ï�ç�Vëfdfh�l�h���efbc��è

��h�å�^cb���e��<^c�fefh « �fefÞVäil���bcdfe�efk#�fe<ßO��^��ol��f�VæOëfd7��a)�Væ�\
���<^ck`j%g7^ch`bV_ï��è�nfbc�

O(n2)
lf�f��ki^ml3^onfe â bcdfe « bc�Vnf�fe « ��^ « ëfdV��a)�Væ â Io9`bc��bm^c��^m�å"h�bcdfäol���^m���`d�^c�fe � ^fèf�<^c��e�g¤bm^cÞc��efnf�fjGß 3 « _�ä<aWaW^mß@\ g bcgVh`d7å�l3^ch`bV_ï��è�nfbc�çbm^cÞ «��efnf�fä�ê

3 « _�ä<aWa)äqp��il�ef��^c���VgVj�a)eì_�bcdf�V�<^Va)e a)�oå¤�f�$_�gVhi_�bceì� â bcdfhia « bc�Vnf�<^Va «��^ « ëfdV��a)�Væ â \ G ��e�èfÞV�c��h`h��#�Vd�aW^m���V�f��á
l t<S?T7�Fm$UWT7X:Y)T�P763r,sut7v�sxw�y�z	sx{�|�w>zx{~}	t������7v�{+����tn�d��zx��zx��v����{3��z�����{d�R��zx���
�7}������n�n�+�R�,�0{3�7w>�<��zu�+����sx{dv

f(n) � {d�Wz	sx{d��v�}	t������7v�{+����tn��{�}���t7v��n���R� 3
�

sxwR�3�+��{3�7w>�<��zu�+����sx{dv
c · f(n) �

8¢^c�fe��VÞVd�^ck`�7aGè�hi_»��e�ÞVj�ëf�i�fgVe<�3_Å��ÞV�c��h`h�9<�+�#h`�fbcefgV�fj%æ�^m���`�Vdfe�a|dfh`�"h`�fe<�
ki^ml3^infe â bcdfe « bc�Vnf�fe « ��^ « ëfd7��a)�Væ â è@bc��e+ki^ml3^on�^���bo^cÞc��efnf�f�Væ 3 « _�ä<aWa)h¤ÞVjG�3^OÞVjdfh`�"h`��^�ÞV�c��h`h�9<�+�#h`�fbcefgV�f��\ ã h`df�f��eú�VÞVd�^cbc�f�VhVè:^�e�a)h`�f�f��á¢l���bch�ß5ëf�Vd�è:ëf�V�<^
�fh%ÞVäil�h`b#��^cæ<l�h`�¤ÞV�c��h`h,9<�+�#h`�fbcefgV�fj%æ�^m���`�VdfefbVa$dfh`��h`�fe<�¤ki^ml3^infe���bo^cÞc��efnf�f�Væ
3« _�ä<aWa)hVè3ki^ml3^on�^ â bcdfe « bc�Vnf�fe « ��^ « ëfdV��a)�Væ â �fh"ÞVäil�h`bçdfh`�"h`��^çÞV�c��h`h�9<�+�#h`�fbcefg «�f��\�8¢^c�fe�a��VÞVd�^ck`�7aGè�ki^ml3^on�^¤ëfdf��bm^cÞc��efnf�fj%h

3 « _�ä<aWa)j�e��`d�^ch`b�g7^må¤�fä�êEdf�c���çg��^mßV�oå�l�h`�fefeOÞV�c��h`h�9<�+�#h`�fbcefgV�fjGß�^m���`�VdfefbVa)�Vg�dfh`�"h`�fe<�Ol�dfä�`e<ß�ki^ml3^on�\
�#dfefgVh�l�hia��#�Vd�aW^m���V�f�VhO_�gVh�l�h`�fefhOki^ml3^onfeì�+bo^cÞc��efnf�f�Væ

3« _�ä<aWa)h�� ki^ml3^onfhâ bcdfe « bc�Vnf�fe « ��^ « ëfdV��a)�Væ â \
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 ¡u�UWuVx)uú©F6 ÿ ^c��^"ëf�7_»��h�l��Vg7^cbch����V�f�7_�bc�
x1, x2, . . . , xn

e�_�ä<aWaW^
s
\ Ü�8¢^c���<^c�Od�^V_ «_`aW^cbcdfefg7^cê�bV_ï���ol�ef��^c���VgVj%h�_�bcdf�V�fe�èmbc�#�V�fe�ki^Va)h`�<�fê�bV_Å���ol��f�Væ"ëf�7_»��h�l��Vg7^cbch���� «�f�7_�bc�Vê#à»\?��ëfd<h�l�h���efbc��è�_�ä�"hi_�bcgVä�ê�b

xi, xj , xk
èfbm^c�fefh�n<bV�

xi + xj + xk = s
\

r�t<S?T7tçP76 ��bVa)h`bce�a���^,�`d�^��#ef�7h
f(x) = x3−s·x2

bc�Vnf�fe
(x1, f(x1)), (x2, f(x2)), . . . , (xn, f(xn))

\
; _»��e�bcdfe"efkÍ�fe<ßçÜ _¡�f�7a)h`df^Va)e

i
è
j
e

k
à?��h�å�^ch`b���^��fh`�7�Vbc�Vdf�Væ�ëfdV��a)�Væ

y = ax+b
è

bc�
xi
è
xj
e

xk
�fgc�f�fê�bV_Å�����Vdf�<��a)e�ä�d�^cgV�fh`�fe<�

x3 − sx2 − ax − b = 0
è3bc��hi_�bc��è

ëf��bch`�Vdfhia)h ã efh`bo^fè
xi + xj + xk = s

\
� u<�:tçP76h `z��7���Hvd�R���n}�{d����z<¡�z	sut7v

xi+xj+xk = s � {d� (xi, f(xi)), (xj , f(xj)), (xk, f(xk))t�z�¢£}�{¤�7}%���n�n�+�R�
l ¨:�)unm+X)T7X:Y)T�ZF6 �#df�VgVh`d<efbc��gVj%�"h`efk����oå"h`�f�f�Vh�dfh`�"h`�fefh¤lf�f�ú_��VgVë�^ml3^cê3�"e<ß
bc�Vnfh`��\
l ¨:�)unm+X)T7X:Y)Tì�C6 �#dfe�a)h`�fefbc��^m���`�VdfefbVa�lf�f�$�ol�ef��^c���VgVjGß�_�bcdf�V�$�$ki^ml3^infhVè?g
�7�Vbc�Vdf�Væ�_�bcdf�V�fe��fh`�ol��fef��^c�7�VgVj�\

-Gî?¥ ¦§/[A¨D5©EñBE
û�ñ¢ý#ñ�þ�ñ
8�h`ëfh`df�"�Vëfef�"hia$ëfdfe�a)h`�fh`�fefh�ki^ml3^onfe���bm^cÞc��efnf�f�Væ

k « _�ä<aWa)h%lf�f�çdfh`�"h`�fe<�¤ki^ml3^ «nfe��¤_�ä<aWa)h�d�^ckia)h`df�Vg�\
 ¡u�UWuVx)u�ªC6,G a)h`h`bV_ï�

n
��^cbcä�d�^ml�ÞV�fjGß�nfe�_�h���e���^cbcä�d�^m���V�f�VhÍnfe�_»���

s
\�8�dfh`ÞVäVh`bV_ï�

�Vëfdfh�l�h���efbc��è�_�ä�"hi_�bcgVäch`b���e�ëf�il3a)�f�oå�hi_�bcgV��l3^c�f�fjGß¤nfe�_�h��¢è7e�a)h`ê3�"h`h#_�ä<aWa)ä
s
\

£¤w)¥V���:Y:tf~ ©F6 ])^ck�l�h���efbc�$a)�f�oå"hi_�bcgV����^�l�gVhçn�^V_�bce�è)_��7_�nfefbm^cbc��g7_�hçëf�ol3a)�f� «å"hi_�bcg7^�g�n�^V_�bi�<ß@\?�#�7_»��hc9`bc���`��ëf�c��ä�nfefbV_Å�+qç_�bcdf�V�fe�d�^ckia)h`df�7a
2n/2
\ ÿ �f���fe<ß

ëfdfe�a)h`�fefbc�Û^m���`�VdfefbVa�lf�f��bo^cÞc��efnf�f�Væ
2« _�ä<aWa)j�\ ÿ ^c�f�fj%æ�^m���`�VdfefbVa�e�a)h`h`b��fh�l�� «_�bo^cbc�V��I¤bcdfh`ÞV�Vg7^c�fefh#ë<�¤ë�^Va:�fbce

O(2n/2)
\

: �:Y)~#T7� ZF6 ]W^V_`_`a)�Vbcdfe�a l3^c�f�fj%æ�ëf�ilfß7�ol���^5ëfdfefgVh�l�h`�f�f�7a gVj%�"h�ëfdfe�a)h`dfhV\
�#äV_�bc��l3^c�fj�nfe�_»�3^

17 43 23 38 14 20 36 47
\@�#ä7_�bc�

s = 100
\?]W^ck�l�h���e�a�e<ß���^

l�g7^�ëf�il3a)�f�oå"hi_�bcg7^fá

{17, 43, 23, 38}
︸ ︷︷ ︸

{14, 20, 36, 47}
︸ ︷︷ ︸

ÿ �f����^må�l����`��ëf�il3a)�f�oå�hi_»bVg7^�_��7_�bm^cgVe�a
g7_�h`gV�Vkia)�oå¤�fj%hú_�ä<aWa)j�\#�#�c��ä�nfe�a q
a)�f�iå�hi_�bcg7^�a)���"�f�7_�bce

2n/2
\

{17, 43, 23, 38, 60, 40, 55 . . .}
e
{14, 20, 36, 47, 34, 50, 61 . . .}

ÿ �f��gVbc�Vdf���`�#a)�f�iå�hi_�bcg7^#_��7_�bm^cgVe�a�d�^ck`�f�7_�bce�h	�`��9���hia)h`�fbc�Vg�_
s
e�ÞVäol�hia�e�_���^cbc�

9`bce�d�^ck`�f�7_�bceOg�ëfh`dfgV�7aìa)�f�oå�hi_�bcgVhV\
���oå¤�f�%ëfdfe�a)h`�fefbc��^m���`�VdfefbVa�kEdfh�ëfëfh��f� « k ^Va)efd�^Glf�f��bo^cÞc��efnf�f�Væ 4 « _�ä<aWa)j�á

£¤w)¥V���:Y:tf~«ªC6 ]W^ck�l�h���efbc�.a)�f�iå�hi_�bcgV����^���n�^V_�bcepe�ëfdfe�a)h`�fefbc� ^m���`�VdfefbVa
kEdfh`ëfëfh��f� « k ^Va)e<d�^f\ ã dfhia:�Od�^cÞV�VbcjJI O(2n/2)

èfbcdfh`ÞV�Vg7^c�fefhÛë�^Va:�fbce
O(2n/4)

\
 ¡uf~#T7x)u<X:Y)Tç�C6 8¢^c���<^c��nfe�_»�3^fèol3^cê3�"efhGg�_�ä<aWa)h

s
èca)���`ä�b#g7_�hÍ��h�å�^cbc�#g#�il��f�7a

ëf�il3a)�f�oå�hi_�bcgVhVèVbc���fh`�VÞoß7�il�e�a)��gV�<��ê�nfefbc�"g�d�^ck`�f�7_�bce¤g7^cdfe�^c�fb
s−0
èVbc�"hi_�bc�

s
\
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-Gî¶µ ·úô24�õ�ùúô)ùúø�û�ñ¢ý#ñ�þ�ö
r�t<�:�:y�t<y�j5S?��¨:�)�3{çZF6 �#�7_�bcdf�Vefbc��^m���`�VdfefbVa�lf�f�¤bo^cÞc��efnf�f�Væ

6« _�ä<aWa)j�èVd�^cÞV� «bo^cê3�"efæ�ki^
O(m3 log m)

e�bcdfh`ÞVä�ê3�"efæ
O(m)

ë�^Va:�fbce�\
r�t<�:�:y�t<y�jpS?��¨:�)�3{ú�C6 �#�7_�bcdf�Vefbc��^m���`�VdfefbVa�lf�f�5bm^cÞc�fefnf�f�Væ

k « _�ä<aWa)j�è¢d�^ «ÞV�Vbo^cê3�"efæOki^
O(mdk/2e− ε)

\
r�t<�:�:y�t<y�j�S?��¨:�)�3{�²e6 �#�7_�bcdf�Vefbc�¤^m���`�VdfefbVaúlf�f��_�ä<aWa)j.d�^ckia)h`df�Vg�è<d�^cÞV�Vbm^ «ê3�"efæ�ki^

O(1, 4n)
\

r�t<�:�:y�t<y�j�S?��¨:�)�3{�©F6 �#�7_�bcdf�Vefbc�¤^m���`�VdfefbVaúlf�f��_�ä<aWa)j.d�^ckia)h`df�Vg�è<d�^cÞV�Vbm^ «ê3�"efæ�ki^
O(1, 99n)

è<�f� ����t7v�������v7}	t������[� ëf��ë�^Va:�fbce�\

¸ ¹ KÛF�KH��K D~'o��N�'¤H N»º¼�°½ÍD�ION � $ × No�°¾�¿�$& �K¤À�D�N� #'¤K
$.K+'% ÍN�$.K��°¾�M�D�½ÍD I�K+*�I�H,*GK

¥Gîïí .0/Íò?ô�ñ213/¡÷54Gñ�û�ñ¢ý#ñ�þ�ö
 ¡u�UWuVx)uWÁF6 ÿ ^c�d�`d�^��

G
_��#gVk`gVh`�"h`�f�fj�a)e�dfh`ÞVd�^Va)e�ème�a)h`ê3�"efæ

n
gVh`df�"ef��\�8�dfh «ÞVäch`bV_Å����^cæfbce¤bm^c���Vh%d�^ck`ÞVefh`�<efh�a)�f�oå�hi_�bcg7^#gVh`df�"ef���`d�^���^

G
��^Ûl�gVh%n�^V_�bce�èVnfbc�

_�ä<aWaW^�gVhi_��Vg�dfh`ÞVh`d�a)h�å�l�ä��fe�a)e�aW^c��_�e�aW^m���V��^f\
� u<�:t+ZF6�ÂF}��R}���}��d�Rt7v��>z+v�Ã�}��R}���}��+��}��>sxv��}	t7�������J�n}<Ã���z�Ã�z3��|	tn�7Ä`{�s��

NP
�

����t7���e�+v

¥Gî?- @ ñBAÛøC13D54GñBE�û¢ñ¢ý#ñ@þ�ñ
r�¨:�)TVUWTVwWT7X:Y)T�P76 ��äV_�bc�Ûl3^c�d�`d�^��

G
\>Å ���Rt7v����R� ��^ck`j%g7^ch`bV_Å�"ëf�c���fj%æ�ëf�ol��`d�^��

efk
k « gVh`df�"ef��\

: �:Y)~#T7���C6hÆ ^%dfe�_�ä��f��hÍefk`�VÞVd�^må�h`�+�`d�^��|efk�[<
%gVh`df�"ef��èo_��ol�h`d7å�^��"efæ�ëf�c���fj%æ
ëf�il��`d�^��pefk���gVh`df�"ef��è<bc�¤hi_�bc�

4 « ����ef�fä7\
��^m��h`�f�V���Væ�ki^ml3^onfh`æ�gìki^ml3^onfh�ëf�Ve�_��<^ìaW^c�<_�e�aW^m���V�f���`�úd�^ck`dfh`ki^5�fgc�f�fh`bV_Å�

ki^ml3^in�^�ëf�Ve�_���^
3 « �<��ef�fe�e<��e�bcdfh`ä�`�c���V�fef��^�g��`d�^��#hVá
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 ¡u�UWuVx)uÈÇC6 �#äV_�bc�"l3^c���`d�^���\n8�dfh`ÞVäVh`bV_ï����^cæfbce�� « �<��ef�fäVè<bc��hi_�bc��ëf�c���fj%æOëf�ol «�`d�^���efk�bcdfh�ßOgVh`df�"ef��\
£¤w)¥V���:Y:tf~�ÁF6 �#df�7_�bc�Væú_�ëf�7_��VÞ�I$ëfh`dfh�ÞVd�^cbc��g7_�hçgV�Vkia)�iå¤�fj%hçbcdfh`ä�`�c���V�fef�fe�\
ã dfhia:�Od�^cÞV�VbcjJI

O(n3)
ÿ �f�$�Vëfe�_`^c�fefh�ÞV�c��h`h�ÞVj�_�bcdf���`��^m���`�VdfefbVaW^Oëf�V��^ml��VÞVefbV_Å��g7_�ëf�7a)�fefbc��bm^c�7�Vh

ëf�V�<�fbcefhVèf��^c��aW^cbcdfe � ^¤_`a:h�å¤�f�7_�bce�\
r�¨:�)TVUWTVwWT7X:Y)T�ZF6 �#ä7_�bc��l3^c�]�`d�^��

G = 〈V,E〉
è2�¸l�h

V « a)�f�oå�hi_�bcgV��gVh`df�"ef��è
E « a)�f�iå�hi_�bcgV�¤dfh`ÞVh`d�\��#äV_�bc� |V | = n

\���^cbcdfe � h`æ�_`a)h�å¤�f�7_�bce°�`d�^���^ G
�f^ck`j%g7^ «h`bV_ï�úaW^cdfe � ^ Mn×n

è
M = {mi,j}

èC�Ål�h
mi,j 6= 0

bc���Ål3^�e+bc�c���V����bc���¸l3^fè@�����¸l3^
_�ä�"hi_�bcgVäch`b�dfh`ÞVdf�

e ∈ E
efk�gVh`df�"ef�fj

i
g�gVh`df�"ef�fä

j
èfbc�¤hi_�bc�

e = (i, j)
\

: �:Y)~#T7��²e6�Æ ^"dfe�_�ä��f��h�ëfdfefgVh�l�h`�fjüëfdfe�a)h`dfj aW^cbcdfe � _`a)h�å¤�f�7_�bce�\
�#ä7_�bc��l3^c��^�aW^cbcdfe � ^ An×n

\ ã �Vk`gVh�l�hia�h`h�g��fg7^mlfd�^cbm\@�#ä7_�bc�
B = A2, B =

{bi,j}
\,8����¸l3^

bi,j =
∑

ai,k · ak,j
\��#dfeJ9`bc�7a�_`a)j�_»�

bi,j
Iì���c��efnfhi_�bcgV�úëfä�bch`æ

lf��ef�fj
2
efk

i « bc�Væ�gVh`df�"ef�fj+g j « bcä�ê"\c�Û_��f�VgVj%g7^m��_��G��^Gl3^c�f�f�7a���^c�fbchVè`ëf�c��ä�n�^chia_»��h�l�ä�ê3�"efæ�^m���`�Vd<efbVaGá
£¤w)¥V���:Y:tf~ÉÇC6 ã �Vk`gVhi_�bce�aW^cbcdfe � ä|_`a)h�å¤�f�7_�bce�g5�fä�Þ�\Í�#ä7_�bc� C = A3

è
C =

{ci,j}
\58����¸l3^^9���hia)h`�fbcj

ci,i
è¡bc�+hi_�bc�5_�bc�o���"efh���^^�Å�3^cgV�f�Væìl�ef^��`�V��^m��e�èWÞVäil�ä�b

ëf�V��^ck`j%g7^cbc�����c��efnfhi_�bcgV��ëfä�bch`æOlf��ef�fj
3
e<k

i « bc�VæOgVh`df�"ef�fj.g i « bcä�ê"èfef��^infh+�`� «gV�VdV��è3���c��efnfhi_�bcgV��bcdfh`ä�`�c���V�fef���Vg�\3�#dfe�e�_�ëf�c���Vk`�Vg7^c�fefe�ÞVj�_�bcdf���`��ä<a)�f�iå�h`�fe<�
aW^cbcdfe � gVdfhia:��df^cÞV�VbVjü^m���`�VdfefbVaW^cI O(n2.376)

\

¥Gî?¥ ·úô24�õ�ùúô)ùúø�û�ñ¢ý#ñ�þ�ö ý¨A3E
k Ê 4HAÛö34

� u<�:t+�C6�ËH�7v7|�zx�Rzu�Ìt7w��n�dv7z+}	t������7v�{+�+�i��tn�����Rv7sx�>}%�Rt7v��¡

3
���Rt7v��>}

4
���Rt7v��>}

5
���Rt7v��>}

6
���Rt7v��>}

7
���Rt7v��>}

O(n2.376) O(n3.334) O(n4.220) O(n4.752) O(n5.714)
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 2��zu�3�%�n}��R�R{d�0��tn���Rt7v���vW���7�RvnÃ�|���t7�����������n}<Ã	��z��}�Í
O(1.2108n) �

r�t<�:�:y�t<y�j�S?��¨:�)�3{�ªC6 ã �Vkia)�iå¤�f����e�äi��ä�nf�"efbc�%9`bce�^m���`�VdfefbVa)j3=
r�t<�:�:y�t<y�j S?��¨:�)�3{�ÁF6 ã �Vkia)�iå¤�f�"��e���^cæfbceOÞV�c��h`h�ÞVj�_�bcdfj%h#^m���`�VdfefbVa)j�lf�f�
l�dfä�`e<ß�n�^V_�bc�fjGß�_»��ä�n�^ch`g��<��ef��èf��^cëfdfe�a)h`d�_�ä�"h<p�bcgVäVh`b"��e�^m���`�VdfefbVaúlf�f�
10 « �<��e<�fe�è�gVdfhia:�Od�^cÞV�Vbcjü�7�Vbc�Vdf���`�dI O(n7.5)

=
r�t<�:�:y�t<y�j�S?��¨:�)�3{°ÇC6 ã h`df�f����e�è�nfbc�

3« �<��ef�<^�bm^c��å"h�bcdfäol���^fè���^c��e�äfa:�f� «å"h`�fefh�aW^cbcdfe � = G �fj�a)e�_»���Vg7^Va)e�è¡_�ä�"hi_�bcgVäVh`b���e�ÞV�c��h`h�ÞVj�_�bcdfj%æ�^m���`�VdfefbVa
ëf�Ve�_���^

3 « �<��ef�fe�èf�7�Vbc�Vdfj%æ��fh�e�_�ë<�c���Vk`äVh`b�ä<a)�f�oå�h`�<efh�aW^cbcdfe � =

¥Gî¶µ ¦§/[A¨D5©EñBE
û�ñ¢ý#ñ�þ�ñ
r�¨:�)TVUWTVwWT7X:Y)Tç�C6 �#äV_�bc�#l3^c���`d�^��

G
\Î }<Ã���z�Ã���� �`d�^���^

G
��^ck`j%g7^ch`bV_Å��d�^ck`ÞVe «h`�fefh%a)�f�oå"hi_�bcg7^Ûh	�`�#gVh`df�"ef�

V
��^�l�g7^#a)�f�oå"hi_�bcg7^

V0

e
V1

èmëfdfefnfhia
V0∩V1 = ∅

\
r�¨:�)TVUWTVwWT7X:Y)T�²e6 �#ä7_�bc�%l3^c�c�`d�^��

G
\>Ï }��>sxv��}	t7�����e�È�n}<Ã���z�Ã�����Ð?Ñ�ÒHÓ+��Ô¨ÕHÖn×

�`d�^���^
G
��^ck`j%g7^ch`bV_Å��bm^c���Væ�d�^ck`dfh`kVècg��7�Vbc�Vdf�7a+_�ä<aWaW^#gVhi_��Vg#dfh`ÞVh`dça)h�å�l�ä"l�gVä «a:��a)�f�iå�hi_�bcg7^Va)e

V0

e
V1

aW^c�<_�e�aW^m���V��^f\
�#h`dfh`æ<l�hia$�çki^ml3^infh�ëf�Ve�_���^�aW^c�<_�e�aW^m���V�f���`�#d�^ck`dfh`ki^f\ ã q�
�
c���`�ol�ä ã e<���c��aW_

ëfdfe<l�ä<aW^m� �<�VgVj%æ.^m���`�VdfefbVa ëf�Ve�_��<^ìaW^c�<_�e�aW^m���V�f���`�ìd�^ck`dfh`ki^f\ G k����iå¤e�a h	�`�
�7_��f�VgV�fj%hÛe<l�h`e�á

•
]W^ck�l�h���efbc�çgVh`df�"ef�fj e�_Åß7�il��f���`�¤gVk`gVh`�"h`�f�f���`���`d�^���^

G
��^ç�¤d�^cgV�fj%h�n�^ «_�bce�á

A
è
B
e

C
\

•
ã ��^må�l��Væ¤n�^V_�bce¤_Ål�h��3^cbc��ëf�c���fj%æ¤ëfh`dfh`ÞV�Vd�ècbc��h`_�bc��d�^V_`_`a)�Vbcdfh`bc��g7_�h%gV�Vk «a)�oå¤�fj%h�d�^ck`dfh�k`j�\

•
�#�7_�bcdf�Vefbc��g7_�ëf�7a)����^cbch����V�fj%æ�bcdfh�ß�l��c���V�fj%æ��`d�^��

H
d�^ckia)h`d�^

2n/3 × 2n/3 × 2n/3
\ ã h`df�"ef�fj gÈ9`bc�7a��`d�^��#h�ÞVäol�ä�b5_��V�VbcgVh`bV_�bcgV�Vg7^cbc�

d�^ck`dfh`ki^Vaúg�n�^V_�bi�<ß
A
è
B
e

C
\

•
�#�Ve�_��úaW^c�<_�efaW^m���V�f���`��df^ck`dfh`ki^�_�gV�ol�efbV_ï�5�úëf�Ve�_��fä$bcdfh`ä�`�c���V�fef�<^�aW^c� «_�e�aW^m���V�f���`��gVhi_`^f\

� u<�:t ²e6�Ød}R¢£�<�[��{3��zxw>����t7����v��i|���|�sx�����+����}�{�zut7�������Ù�?�n}�Ú#z
H
sx�R�R{�|�zx{d�

sx{�|�w>zx{Ì�n}<Ã���z�Ã�w�|�v7s������<�����¤�?�n}�Ú#z
G �

8�dfh`ÞVäVh`bV_Å���Vë<dfh�l�h���efbc��èf��^c�fefh�efk#gVh`df�"ef�O�Vbc�fhi_�bce��O�ol��f�VæOn�^V_�bceOd�^ck`dfh`ki^fè
^��<^c�<efh�I¤�Ol�dfä�`�Væ�\
� u<�:tì©F6 Î }�s	su�+�R{3�7v�¤�?�n}�Ú

H ��Û tn�^�>}R¢£�<�R�Èz	�����<��t7v i
��{�}	�§|�z��7�dv��7}dÜR{d�R�

�<��t7vJsx�R�R{�|�zx{�sx{�|�w>zx{
i
��{d���+w��n}<Ã���z�Ã�wqsx�R�R{�|�zx{�sx{3�7w�Ä`y�z	���^�������+���<¢£z	sx{�|�}

|�z��7�dv��ÈÐ
A � B vt7v

C
×�|�v7s������<�����¤�?�n}�Ú#z

G �
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��ÞV�Vk`��^onfe�a
i « bcj%h#d�^ck`dfh`k`j a:�f�oå�hi_�bcg A

è
B
e

C
_��V�VbcgVh`bV_�bcgVh`�f�f�

A = A0

i ∪ A1

i , B = B0

i ∪ B1

i , C = C0

i ∪ C1

i .

8¢^c�ç�<^c�çe�_ÅßV�ol��fj%æ��`d�^��
G
I"gVk`gVh`�"h`�f�fj%æ�èVbc�"bcdfh`ÞVäVh`bV_Å��è7nfbc�VÞVj�gVhi_%bcdfh`ä�`�c��� «�fef��^�Ü¶Þ è�ß»è�àfà�g��`d�^��#h

H
d�^cgV�<�<�3_Å� â gVhi_»ä â d�^ck`dfh`ki^

A0

i ∪ B0

j ∪ C0

k − A1

i ∪ B1

j ∪ C1

j

�#äV_�bc�
W (M,N)

Iç_�ä<aWaW^�gVhi_��Vg�dfh`ÞVh`dOefk
M
g

N
è<bc���¸l3^�ëfdfe�_�gV�Ve�aGá

dfh`ÞVdfä
(i, j)

IçgVh`_
W (A0

i , A
1

i ) + W (A1

i , B
0

j ) + W (A0

i , C
1

k)dfh`ÞVdfä
(j, k)

I¤gVhi_
W (B0

j , B1

j ) + W (B1

j , C0

k) + W (B0

j , B1

j )dfh`ÞVdfä
(k, i)

I¤gVhi_
W (C0

k , C1

k) + W (C0

k , A1

i ) + W (C1

k , A0

i )

: �:Y)~#T7�|©F6 ]¡e�_�ä��f�V�¤e<�f��êÛ_�bcdfefdfäVh`bd�#�Vd�aW^cdf�Vg7^c�fefh%gVhi_`^�ä�dfh`ÞVh`d
(i, j)
è
(j, k)
è

e
(k, i)
\ � �7_�bo^cgc�f�fê3�"efhGgVhi_`^Û�VÞV�Vk`��^onfh��fjì�fdf^V_��fj�aGèVk`h»��h`�fj�a$e¤_�ef�fe�a � gVh`bm^Va)e_��V�VbcgVh`bV_�bcgVh`�f�f��\

£¤w)¥V���:Y:tf~
´C6 Ü�á%���`�VdfefbVa ã e<���c��aW_`^7à

•
�#�7_�bcdf�Vefbc��g7_�ëf�7a)����^cbch����V�fj%æo�`d�^���\

•
�#�7_�nfefbm^cbc��gVhi_`^"g7_�h�ß�gVh`df�"ef��\

•
�#df�VgVh`d7�fbc��è<_�ä�"hi_�bcgVäVh`b"��e�d�^ck`dfh`k#gVhi_��7aúÞV�c���V�"h

z
\

•
ÿ h��3^cbc��ëfh`dfh`ÞV�VdOëf��g7_�hiaúbcdf�Væf�<^Va

zab + zbc + zca = z
\

•
�Û_�bm^cgc�f�fbc�Oa)h»å�l�ä�ëfh`dfgV�Væ�e�gVbc�Vdf�Væ�lf�c��h`æ

H
bc�c���V���çdfh`ÞVd�^çgVhi_��7a ß7�Vb`�

ÞVj
zab
è�^c��^m�����`efnf�f��ëf��l�dfä�`e�aì��^cëfd�^cgc��h`�fe<��aG\

•
G k��`d�^���^

H
äol3^m��efbc�$g7_�hVèWnfbc�5a)h`�f�V�"h�e e�_��<^cbc�$bcdfh`ä�`�c���V�fef�fe�\ ; _»��e

ß7�Vbi�OÞVjE[#bcdfh`ä�`�c���V�fef��hi_�bc��è<nfbc�¤d�^ck`dfh`k�_�ä�"hi_�bcgVäVh`bo\
8�dfäol��Vhia)�7�7_�bc��I

O(2n/3)2.376 = 20.792·n < 1.732n
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r�t<�:�:y�t<y�j�S?��¨:�)�3{#´C6 �#dfe<l�ä<aW^cbc��^m���`�VdfefbVa�lf�f� Ñ�ÒHÓ+��Ô�ÕHÖ ÞVj�_�bcdfh`h

O(1, 732n)
\

r�t<�:�:y�t<y�j+S?��¨:�)�3{OPnåC6 �#dfe<l�ä<aW^cbc�
O(1, 99n)

^m���`�VdfefbVa�lf�f� Ñ�ÒHÓ+��Ô¨ÕHÖ èc�f�
ëf�c��ef�f�7a)e�^m���V�fj%æOëf��ë�^Va:�fbce�\

æ ¹ K+'o�°çè��HGMON�H
; _»��e�efk�gVj%�"h`efk����iå�h`�f�f���`���fefnfh	�`���fh�ki^cëf�7a)�fe<���7_»��è<bc��á

•
�#df���`dfhi_`_�ëf�

NP « bcdfäol��fj�a5ki^ml3^on�^Va+k`^cgVe�_�efb"�Vbc9<�+�#h`�fbcefgV�fjGß¤^m���`�Vdfefb «a)�Vg�dfh`�"h`�fe<�Olf�f���Vnfh`�f��ë<df�7_�bcjGßOki^ml3^on�\

•
��l�ef��^c���VgVj%æ$Þ7^cdf�Vh`d§9<�+�#h`�fbcefgV�f�7_�bce+hi_�bc���il��f�VgVdfhia)h`�f�f��g�bo^cÞc��efnf�fjGß
_�ä<aWaW^mßOeOgVj%nfe�_»��efbch����V�f�Væ��`h`�7a:h`bcdfefe�\

•
��j�_�bcdf�Vh�ä<a)�f�iå�h`�fefh�a)^cbVd<e � ëf�7a)���»^ch`b"lf�f���Vëfbce�a)efki^ � efe���^��`d�^���^mß@\


